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PREFACE. 


rpHE following work is not a republication of a former trea- 
tise by the Author, entitled, “ The Mathematical Analysis 
of Logic” Its earlier poition is indeed devoted to the Bame 
object, and it begins by establishing the same system of funda- 
mental laws, but its methods arc more general, and its range of 
applications far wider. It exhibits the results, matured by some 
years of study and reflection, of a principle of investigation re- 
lating to the intellectual operations, the picvious exposition of 
which was wiitten within a few weeks alter its idea had been 
conceived. 

That portion of this work which relates to Logic presupposes 
in its reader a knowledge of the most important terms of the 
science, as usually heated, and of its general object. On these 
points there is no better guide than Archbishop Whately’s 
“ Elements of Logic,” or Mi. Thomson’s “ Outlines of the Laws 
of Thought” To the former of these ticatises, the present re- 
vival of attention to this class of studies seems in a great measure 
due. Some acquaintance with the principles of Algebra is also 
requisite, but it is not necessary that this application should have 
been carried beyond the solution of simple equations For the 
study of those chapters which relate to the theory of probabilities, 
a somewhat larger knowledge of Algebra is required, and espe- 
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daily of the doctrine of Elimination, and of the solution, of Equa- 
tions containing moic than one unknown quantity Picliminary 
information upon the subject-matter w ill be found in the special 
tieatiscs on Probabilities m “ Laidncr’s Cabinet Cyclopedia,” 
and the “ Libuuy of Useful Knowledge,” the fonner of these by 
Piofest-or Do Moigan, the latter by Sn John Lubbock; and in 
an intcicstinir sciies of Letters translated fiom the Fiench of 
M. Quctclet Other lefcicnccs will be given in the work On a 
first peiusal the rcadci may omit at his discretion, Chapters x., 
xiv , and xix , together w ith any of the applications which he 
may deem uninviting or lirelcvant 

In diffcicnt parts of the work, and especially in the notes to 
the concluding chapter, will be found references to vaiious wiiters, 
ancient and modern, chiefly designed to illustiate a certain view of 
the histoiy of philosophy. With respect to these, the Author 
thinks it piopei to add, that he ha9 in no instance given a cita- 
tion which he has not believed upon caicful examination to be 
supported cither by paiallel authoiities, or by the general tenor 
of the woik from which it was taken. While he would gladly 
have avoided the intioductiou of anything which might by pos- 
sibility be coils ti ucd into the paiadc of learning, he felt it to be 
due both to his subject and to the tiuth, that the statements in 
the text should be accompanied by the means of verification. 
And if now, in bunging to its close a labour, of the extent of 
which few poisons will be able to judge fiom its appaient fruits, 
he may be pci mitted to speak foi a single moment of the feelings 
with which he has puiuicd, and with which he now lays aside, 
Ins task, he would say, that he never doubted that it was worthy of 
his best cffoits , that he felt that whatever of truth it might bring 
to light v\ as not a pm ate or aibitrary thing, not dependent, as to 
its essence, upon anj human opinion. He was fully aware that 
learned and able men maintained opinions upon the subject of 
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Logic directly opposed to the views upon which the entire argu- 
ment and procedure of his work rested While he believed those 
opinions to be erroneous, he was conscious that his own views 
might insensibly be warped by an influence of another kind. He 
felt in an especial mannei the danger of that intellectual bias which 
long attention to a particulai aspect of truth tends to produce. 
But he trusts that out of this conflict of opinions the same truth 
will but emerge the more fiee fioni any peisonal admixtuie ; that 
its different parts will be seen in then just proportion; and that 
none of them will eventually be too highly valued or too lightly 
regarded because of the prejudices which may attach to the 
mere form of its exposition. 

To his valued friend, the Rev. George Stephens Dickson, 
of Lincoln, the Author desires to record his obligations for much 
kind assistance in the revision of this work, and for some impor- 
tant suggestions. 

5, Gkenvii.le-pi.ace, Cork, 

Nov. 30M, 1853 
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NOTE 

In Prop II, p 261, by the “absolute probabilities" of the events i, y, t is 
meant simply what the probabilities of those events ought to be, in order that, 
regarding them as independent, and their probabilities as our only data, the cal- 
culated probabilities of the same events undo the condition V should be p, q, r 
The statement of the appended problem of the urn must be modified in a similar 
way. The true solution of that problem, as actually stated, is p' = cp, q = cq, 
in which c is the arbitrary piobability of the condition that the ball drawn shall 
be either white, or of maible, or both at once —See p 270, Case II 

Accordingly, since by the logical reduction the solution of all questions in 
the theory of probabilities is brought to a form in which, from the probabilities 
of simple events, s, t, &c under a given condition, V, it is requued to determine 
the probability of some combination, //, of those cicnts under the same condi- 
tion, the principle of the demonstration m Prop IV is really the following — 
“The probability of such combination 4 undei the condition V must be calcu- 
lated as if the events s, (, &c wei e independent, and possessed of such probabi- 
lities as would cause the derived probabilities ol the said events under the same 
condition V to be such as are assigned to them m the data ” This principle 1 
regard as axiomatic At the same lime it admits of indefinite verification, as 
well directly as through the results of the method of which it forms the basis 
I think it right to add, that it was in the above foim that the principle first pre- 
sented itself to my mind, and that it is thus that I have always understood it, 
the error in the particular problem referred to having arisen from inadvertence 
in the choice of a material illustration 
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CHAPTER I. 

NATURE AND DESIGN OF THIS WORK. 

1. r I ''HE design of the following treatise is to investigate the 
fundamental laws of those operations of the mind by which 
reasoning is performed; to give expression to them in the symboli- 
cal language of a Calculus, and upon this foundation to establish the 
science of Logic and construct its method ; to make that method 
itself the basis of a general method for the application of the ma- 
thematical doctrine ol Piobabilities ; and, finally, to collect from 
the various elements of tiuth brought to view in the course of 
these inquincs some piobablc intimations conceining the nature 
and constitution of the human mind. 

2 That this design is not altogether a novel one it is almost 
needless to rcmaik, and it is well known that to its two main 
practical divisions of Logic and Probabilities a i ery considerable 
share of the attention of plulosopheis has been directed. In its 
ancient and scholastic form, indeed, the subject of Logic stands 
almost exclusively associated with the great name of Aristotle. 
As it was presented to ancient Greece in the partly technical, 
partly metaphysical disquisitions of the Organon, such, with 
scarcely any essential change, it has continued to the present 
day. The stream of original inquiry has rather been directed 
towards questions of general philosophy, which, though they 
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have arisen among the disputes of the logicians, have outgrown 
their origin, and given to successive ages of speculation their pe- 
culiar bent and character. The eras of Porphyry and Pioclus, 
of Anselm and Abclaid, of Ramus, and of Descartes, together 
with the final piotcsts of Bacon and Locke, rise up before the 
mind as examples of the lemotei influences of the study upon the 
course of human thought, partly in suggesting topics fertile of 
discussion, partly in provoking icmonstiance against its own un- 
due pretensions. The histoiy of the theory of Probabilities, on 
the other hand, has presented far moie of that character of steady- 
growth which belongs to science. In its origin the early genius 
of Pascal, — in its matuici stages of development the most recon- 
dite of all the mathematical speculations of Laplace, — were diiect- 
ed to its linpiovcment ; to omit here the mention of other names 
scarcely less distinguished than these. As the study of Logic has 
been remarkable foi the kindled questions of Metaphysics to 
which it has given occasion, so that of Probabilities also has been 
remarkable for the impulse which it has bestowed upon the 
higher departments of mathematical science Each of these sub- 
jects has, moi cover, been justly legal ded as having 1 elation to a 
speculate c as well as to a piacticai end. To enable us to deduce 
correct inferences fiom giicn premises is not the only object of 
Lope ; nor is it the sole claim of the theory of Probabilities that 
it teaches us how to establish the business of life assurance on a 
secure basis ; and how to condense whatever is valuable in the 
records of innumerable obsen ations in asti onomy, in physics, or 
in that field of social inquiry which is fast assuming a character 
of peat importance. Both these studies have also an interest 
of another kind, derived fiom the light which they shed upon 
the intellectual powers They instruct us concerning the mode 
in which language and number serve as instrumental aids to the 
processes of reasoning ; they reveal to us in some degree the 
connexion between different powers of our common intellect; 
they set before us what, in the two domains of demonstrative and 
of probable knowledge, are the essential standards of truth and 
correctness, — standards not derived from without, but deeply 
founded in the constitution of the human faculties. These ends 
of speculation yield neither in interest nor in dignity, nor yet, it 
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may be added, in importance, to the practical objects, with the 
pursuit of which they ha\c been histoiically associated. To un- 
fold the seciet laws and relations of those high faculties of 
thought by which all beyond the merely pciceptive knowledge 
of the world and of ourseli es is attained or matured, is an object 
which does not stand in need of commendation to a lational 
mind. 

3 But although certain parts of the design of this work have 
been entertained by otheis, its general conception, its method, 
and, to a considerable extent, its lesults, arc believed to be ori- 
ginal. For this leason I shall offer, in the present chapter, some 
preparatory statements and explanations, in order that the real 
aim of this tieatise may be undci stood, and the treatment of its 
subject facilitated. 

It is designed, in the first place, to investigate the fundamen- 
tal laws of those opeiations of the mind by which reasoning is 
performed. It is unnecessary to enter here into any aigumcnt to 
prove that the operations of the mind arc in a certain real sense 
subject to laws, and that a science of the mind is therefore possible. 
If these are questions which admit of doubt, that doubt is not 
to be met by an endeavour to settle the point of dispute a, priori, 
but by directing the attention of the objector to the evidence of 
actual laws, by referring him to an actual science. And thus the 
solution of that doubt would belong not to the introduction to 
this treatise, but to the treatise itself. Let the assumption be 
granted, that a science of the intellectual powers is possible, and 
let us for a moment consider how the knowledge of it is to be 
obtained 

4. Like all other sciences, that of the intellectual operations 
must primaiily rest upon obscuation, — the subject of such ob- 
servation being the vciy opeiations and processes of which we 
desire to determine the laws. But while the necessity of a foun- 
dation in experience is thus a condition common to all sciences, 
there are some special differences between the modes in which 
this principle becomes a\ailable for the determination of general 
truths when the subject of inquiry is the mind, and when the 
subject is external nature. To these it is necessary to direct 
attention. 
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The general laws of Nature arc not, for the most pait, imme- 
diate objects of perception. They are cithei inductive inferences 
from a large body of facts, the common truth in which they ex- 
press, 01, in their origin at least, physical hypotheses of a causal 
nature serving to explain phamomena with undcviating piecision, 
and to enable us to predict new combinations of them They 
are in all cases, and in the stuctest sense of the teim, -probable 
conclusions, approaching, indeed, ever and ever neaiei to cer- 
tainty, as they receive more and moie of the confirmation of ex- 
perience. But of the character of piobability, in the strict and 
propei sense of that term, they aie never wholly divested On the 
other hand, the knowledge of the laws of the mind does not require 
as its basis any extensive collection of obsen ations The general 
truth is seen m the particular instance, and it is not confirmed 
by the lepetition of instances We may illustiate this position 
by an oln ions example. It may he a question whether that for- 
mula of i caponing, which is called the dictum of Aiistotlc, de omni 
et nullo, expresses a pmnaiy law of human lcasonmg or not ; but 
it is no question that it explores a geneial tiutli in Logic Now 
that tiuth is made manifest in all its gcnciahty by leflection 
upon a single instance of its application. And this is both an 
evidence that the paiticulai pi maple oi foimula in question is 
founded upon some geneial law oi laws of the mind, and an illus- 
tration of the docti ine that the pci ccption of such gonei al truths 
is not deiivcd fiom an induction fiom many instances, but is in- 
volved in the clear apprehension of a single instance. In con- 
nexion with this tiuth i» «een the not less important one that 
our knowledge of the laws upon which the science of the intellec- 
tual poweis rests, whatever may be its extent oi its deficiency, is 
not probable knowledge. For we not only see in the particular 
example the geneial tiuth, but we see it also as a certain truth, — 
a truth, our confidence in which will not continue to increase 
with increasing experience of its practical verifications. 

5 . But if the geneial truths of Logic are of such a nature that 
when presented to the mind they at once command assent, 
wherein consists the difficulty of constructing the Science of 
Logic ? Not, it may be answered, in collecting the materials of 
knowledge, but in discriminating their natuie, and detei mining 
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their mutual place and relation. All sciences consist of general 
truths, but of those truths some only arc primary and fundamen- 
tal, othcro are secondaiy and derived. The laws of elliptic mo- 
tion, discoveied by Kcplci, are general tiutlis in astronomy, but 
they are not its fundamental tmths. And it is so also in the 
purely mathematical sciences. An almost boundless diversity of 
theorems, which aie known, and an infinite possibility of others, 
as yet unknown, rest together upon the foundation of a few sim- 
ple axioms, and yet these aie all general truths. It may be 
added, that they aie truths which to an intelligence sufficiently 
refined would shine forth in their own unboi lowed light, with- 
out the need ot those connecting links of thought, those steps 
of wcaiisomc and often painful deduction, by which the know- 
ledge of them is actually acquit cd. Let us define as fundamental 
those laws and piinciples fiom which all other general truths of 
science may be deduced, and into which they may all be again 
resolved Shall we then err in regarding that as the true science 
of Logic which, laying down certain elemental y laws, confirmed 
by the very testimony of the mind, pci nuts us thence to deduce, 
by unifoim processes, the entue chain of its secondary conse- 
quences, and furnishes, foi its practical applications, methods of 
perfect geneiality ? Let it be considcicd whcthci in any science, 
viewed either as a system of truth 01 as the foundation of a prac- 
tical art, tlieic can piopcily be any other tot of the completeness 
and the fundamental character of its laws, than the completeness 
of its system of deiived truths, and the generality of the methods 
which it serves to establish. Other questions may indeed pie- 
sent themselves Com cnicncc, prcscuption, individual prefe- 
rence, may uige their claims and dcseive attention. But as 
respects the question of what constitutes science in its abstract 
integrity, I apprehend that ijo otlici considerations than the 
above are properly of any value. 

6 . It is designed, m the next place, to give expression in this 
treatise to the fundamental laws of reasoning in the symbolical 
language of a Calculus Upon this head it will suffice to say, that 
those laws arc such as to suggest this mode of expression, and 
to give to it a peculiar and exclusive fitness foi .the ends in view. 



6 


NATURE AND DESIGN OF THIS WORK. [CHAP. I. 


There is not only a close analogy between the operations of the 
mind in general reasoning and its operations in the particular 
science of Algebra, but there is to a consideiable extent an exact 
agreement in the laws by which the two classes of operations are 
conducted. Of course the laws must in both cases be determined 
independently ; any foimal agreement between them can only be 
established a posteriori by actual comparison. To borrow the 
notation of the science of Numbei, and then assume that in its 
new application the laws by which its use is governed will remain 
unchanged, would be mcie hypothesis Theie exist, indeed, 
certain general principles founded in the veiy nature of language, 
by which the use of symbols, which arc but the elements of 
scientific lanjniage, is determined. To a ccitain extent these 
elements are arbitrary. Then intci prctation is piuely conven- 
tional : we are permitted to cniiiloy them in whatever sense we 
please But this permission is limited by two indispensable con- 
ditions, — fiist, that fiom the sense once conventionally established 
wenevci, in the same process of leasoning, depart; secondly, 
that the laws by which the process is conducted be founded ex- 
clusively upon the above fixed sense or meaning of the symbols 
employed. In accordance with these piinciplcs, any agi cement 
which may be established between the laws of the symbols of 
Logic and those of Algebra can but issue in an agreement of pro- 
cesses. The two piovinccs of interpretation lemain apart and 
independent, each subject to its own laws and conditions. 

Now the actual investigations of the following pages exhibit 
Logic, in its practical aspect, as a system of pioeesscs canied on 
by the aid of symbols having a definite intci prctation, and sub- 
ject to laws founded upon that interpretation alone. But at the 
same time they exhibit those laws as identical in form with the 
laws of the general symbols of algebia, with this single addition, 
viz., that the symbols of Logic aie fuither subject to a special 
law (Chap. 11.), to which the symbols of quantity, as such, are 
not subject Upon the nature and the evidence of this law it is not 
purposed here to dwell. These questions will be fully discussed 
in a future page. But as constituting the essential ground of 
difference between those formB of inference with which Logic is 
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conversant, and those which present themselves in the particular 
science of Numbei, the law in question is deserving of more 
than a passing notice. It may be said that it lies at the very 
foundation of general reasoning, — that it governs those intellec- 
tual acts of conception or of imagination which are prelupinary to 
the processes of logical deduction, and that it gives to the pro- 
cesses themseh es much of their actual fonn and expression. It 
may hence be affirmed that this law constitutes the germ or semi- 
nal principle, of which every approximation to a general method 
in Logic is the moie oi less perfect development 

7. The principle has already been laid down (5) that the 
sufficiency and tiuly fundamental character of any assumed sys- 
tem of laws in the science of Logic must partly be seen in the 
perfection of the methods to which they conduct us. It remains, 
then, to consider what the requirements of a general method in 
Logic are, and how far they are fulfilled in the system of the pre- 
sent work. 

Logic is conversant with two kinds of relations, — relations 
among things, and relations among facts. But as facts are ex- 
pressed by propositions, the lattei sjiecies of relation may, at 
least for the purposes of Logic, be ie»olvcd into a relation among 
piopositions The assertion that the fact or event A is an inva- 
riable consequent of the fact 01 event D may, to this extent at 
least, be regarded as equivalent to the asscition, that the truth 
of the proposition affiiming the occunence of the event B always 
implies the truth of the proposition affiiming the occurrence of 
the event A. Instead, then, of saying that Logic is conversant 
with relations among things and relations among facts, we are 
permitted to say that it is concerned with lelations among things 
and relations among propositions. Of the former kind of relations 
we have an example in the pioposition — “All men are mortal 
of the latter kind in the proposition — “ If the sun is totally 
eclipsed, the stars will become visible ” The one expresses a re- 
lation between “men” and “mortal beings,” the other between 
the elementary propositions — “The sun is totally eclipsed;” 
“ The stars will become visible.” Among such relations I sup- 
pose to be included those which affirm or deny existence with 
respect to things, and those which affirm or deny truth with re- 
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speot to propositions. Now let those things or those propositions 
among which relation is expicssed be termed the elements of 
the propositions by which such relation is expressed. Proceed- 
ing from this definition, we may then say that the premises of any 
logical argument express given relations among ceitain elements, 
and that the conclusion must express an implied relation among 
those elements, or among a pait of them, i. e. a 1 elation implied 
by or inferentially iniolved in the pi onuses. 

8. Now this being premised, the requirements of a general 
method in Logic seem to be the following : — 

1st. As the conclusion must cxpicss a relation among the 
whole or among a part of the elements im oh cd in the premises, 
it is requisite that wc should possess the means of eliminating 
those elements which we dcsiie not to appear in the conclusion, 
and of determining the whole amount of 1 elation implied by the 
premises among the elements which wc wish to retain. Those 
elements which do notpiesent themsehes in the conclusion are, 
in the language of the common Logic, called middle teims ; and 
the species of elimination exemplified in ticatiscs on Logic consists 
in deducing fiom two pioposilions, containing a common element 
or middle term, a conclusion connecting the ti\ o remaining terms. 
But the problem of elimination, as contemplated m this work, 
possesses a much wider scope It proposes not mciely the elimi- 
nation of one middle tarn from two piopo&itions, but the elimi- 
nation generally of middle teims from piopositions, without 
regard to the number of citliei of them, or to the nature of their 
connexion. To this object neither the processes of Logic nor 
those of Algebra, in their actual state, picsent any stuct parallel 
In the lattei science the pioblem of elimination is known to be 
limited in the following manner : — From two equations we can 
eliminate one symbol of quantity, fiom three equations two 
symbols ; and, generally, from n equations n - 1 symbols But 
though this condition, necessary in Algebra, seems to prevail in 
the existing Logic also, it has no essential place in Logic as a 
science There, no relation whatevei can be proved to picvail 
between the number of terms to be eliminated and the number 
of propositions from which the elimination is to be effected. 
From the equation repiesenting a single proposition, any num- 
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ber of symbols representing terms or elements in Logic may be 
eliminated ; and from any number of equations lcpresenting pro- 
positions, one or any other number of symbols of this kind may 
be eliminated in a similar manner For such elimination there 
exists one general process applicable to all cases. This is One of 
the many remarkable consequences of that distinguishing law of 
the symbols of Logic, to which attention has been already 
diiccted. 

2ndly. It should be within the province of a general method 
in Logic to express the final 1 elation among the elements of the 
conclusion by any admissible kind of proposition, or in any se- 
lected order of teims. Among vancties of kind we may reckon 
those which logicians have designated by the terms categorical, 
hypothetical, disjunctive, &c. To a choice or selection in the 
order of the terms, we may lefei vvhatsoevei is dependent upon 
the appearance cf paiticulai elements in the subject or in the 
piedicate, in the antecedent or in the consequent, of that propo- 
sition which foims the “ conclusion ” But wan mg the language 
of the schools, let us considei what ic.illy distinct species of 
problems may piescnt themselves to oui notice We have seen 
that the elements of the final 01 mfened i elation may either be 
things 01 propositions. Suppose the foinici ease, then it might 
be required to deduce fiom the premises a definition or description 
of some one thing, or class of things, constituting an clement of 
the conclusion in teims of the other things mi olved in it. Or 
we might form the conception of some thing 01 class of things, 
involving more than one of the elements of the conclusion, and 
requiie its expression in teims of the other elements. Again, 
suppose the elements retained in the conclusion to be propo- 
sitions, we might dcsne to asccitain such points as the following, 
viz., Whether, in vntue of the piemisos, any of those pi opo- 
sitions, taken singly, aie tiue or false? — Whether particular 
combinations of them are true or false ? — Whether, assuming a 
particular proposition to be true, any consequences will follow, 
and if so, what consequences, with respect to the other propo- 
sitions ? — Whether any pai ticulai condition being assumed with 
reference to certain of the pi opositions, any consequences, and 
what consequences, will follow with respect to the others ? and 
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so on. I say tliat these are general questions, which it should 
fall within the scope or province of a general method in Logic to 
solve. Perhaps we might include them all under this one state- 
ment of the final problem of practical Logic. Given a set of 
premises expressing relations among certain elements, whether 
things or propositions: requued explicitly the whole 1 elation 
consequent among any of those elements under any proposed 
conditions, and in any proposed foim That this problem, under 
all its aspects, is resolvable, will heieaftcr appear. But it is not 
for the sake of noticing this fact, that the above inquiry into the 
nature and the functions of a general method in Logic has been 
introduced It is necessary that the reader should apprehend 
what are the specific ends of the investigation upon which we 
are entering, as well as the pimciples which aae to guide us to 
the attainment of them 

9. Possibly it may here be said that the Logic of Aristotle, 
in its rules of syllogism and conveision, sets forth the elementary 
processes of which all reasoning consists, and that beyond these 
there is neither scope nor occasion for a general method. I have 
no desire to pomt out the defects of the common Logic, nor do I 
wish to refer to it any further than is neccssaiy, in older to place 
in its true light the nature of the present treatise. With this 
end alone in view, I would lemark . — 1st. That syllogism, con- 
version, &c., are not the ultimate piocc&ses of Logic. It will 
be shown in this treatise that they ai c founded upon, and are re- 
solvable into, ulterior and nioic simple processes which constitute 
the real elements of method in Logic. Nor is it true in fact that 
all inference is leducible to the pai ticular foims of syllogism and 
conveision. — Vide Chap. xv. 2ndly. If all inference were re- 
ducible to these two pioccsses (and it has been maintained that 
it is reducible to syllogism alone), theie would still exist the 
same necessity for a general method For it would still be re- 
quisite to determine in what order the processes should succeed 
each other, as well as their particular nature, in older that the 
desired relation should be obtained. By the desired relation I 
mean that full relation which, in virtue of the premises, connects 
any elements selected out of the premises at will, and which, 
moreover, expresses that 1 elation in any desired form and order. 
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If we may judge from the mathematical sciences, which are the 
most perfect examples of method known, this directive function 
of Method constitutes its chief office and distinction. The fun- 
damental piocesses of authmctic, for instance, are in themselves 
but the elements of a possible science. To assign their nature is 
the fiist business of its method, but to anange their succession 
is its subsequent and lughei function In the more complex 
examples of logical deduction, and especially in those which form 
a basis for the solution of difficult questions in the theory of 
Probabilities, the aid of a dn cctivc method, such as a Calculus 
alone can supply, is indispensable. 

10. Whence it is that the ultimate laws of Logic are mathe- 
matical in their form ; why they ai e, except in a single point, 
identical with the gcneial laws of Number ; and why in that par- 
ticular point they differ ; — are questions upon which it might not 
be veiy remote fiom presumption to endeaiour to pronounce a 
positive judgment. Piobably they he beyond the reach of our 
limited faculties. It may, peihaps, be pcimitted to the mind to 
attain a knowledge of the laws to which it is itself subject, with- 
out its being also given to it to undo stand their ground and 
origin, or e\eu, except in a t, ety limited degice, to comprehend 
then fitness foi then end, as conipai ed with othci and conceivable 
systems of law. Such knowledge is, indeed, unnecessary for the 
ends of science, which propcily concerns itself with what is, and 
seeks not for grounds of picfeicncc or reasons of appointment. 
These considerations furnish a sufficient answer to all piotests 
against the exhibition of Logic in the foim of a Calculus. It is 
not because we choose to assign to it such a mode of manifes- 
tation, but because the ultimate laws of thought 1 ender that mode 
possible, and pi escribe its chaiactcr, and foibid, as it would 
seem, the perfect mamfestation of the science in any other form, 
that such a mode demands adoption. It is to be remembered 
that it is the business of science not to create laws, but to discover 
them. We do not originate the constitution of our own minds, 
greatly as it may be in our power to modify their character. 
And as the laws of the human intellect do not depend upon our 
will, so the forms of the science, of which they constitute the ba- 
sis, arc in all essential lcgaids independent of individual choice. 
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11. Beside the general statement of the principles of the 
above method, this treatise will exhibit its application to the 
analysis of a considerable \aiiety of pi opositions, and of tiains of 
propositions constituting the premises of demonstiative argu- 
ments These examples have been selected fiom \auous wntcrs, 
they differ gieatly in complexity, and they embiace a wide lange 
of subjects Though in this particular lespect it may appear to 
some that too gieat a latitude of choice has been exei ciscd, I do 
not deem it necessary to offer any apology upon this account. 
That Logic, as a science, is susceptible of veiy wide applications 
is admitted ; but it is equally certain that its ultimate foims and 
processes arc mathematical Any objection a puuu which may 
therefore be supposed to lie against the adoption of such forms 
and processes in the discussion of a pioblem of moials 01 of ge- 
neral philosophy mu«t be founded upon misapprehension 01 false 
analogy It is not of the essence of mathematics to be coni cisant 
with the ideas of liumbei and quantity. Whether as a geneial 
habit of mind it would be de«ii able to apply symbolical piocesses 
to moral aigument, is anothei question. Possibly, as I have 
elsewheie obsci v cd, * the pcifection of the method of Logic may 
be chiefly valuable as an eudence of the speculative tiuth of its 
principles. To supcisedc the employment of common reasoning, 
or to subject it to the ligoui of technical foims, would be the last 
desire of one who knows the value of that intellectual toil and 
warfare which imparts to the mind ail athletic v igoui, and teaches 
it to contend with difficulties, and to lcly upon itself in emer- 
gencies. Nevertheless, cases may aiise in which the value of a 
scientific pioccduic, even in those things which fall confessedly 
"under the oidmary dominion of the icasoii, may be felt and ac- 
knowledged. Some examples of this kind will be found in the 
present woi k. 

12 The geneial doctiinc and method of Logic above ex- 
plained form also tlic basis of a theory and coiicspondmg method 
of Probabilities. Accordingly, the development of such a theory 
and method, upon the aboie punciplc-, will constitute a distinct 
object of the present treatise Of the natmc of this application 
it may be desirable to give licic some account, moic especially a<- 

• Mathematical Analysis of Logic London G Boll 1847 
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regards tlie character of the solutions to which it leads. In con- 
nexion with this object some further detail will be requisite con- 
cerning the forms in which the results of the logical analysis axe 
presented. 

The ground of tins necessity of a piior method in Logic, as 
the basis of a thorny of Probabilities, may be stated in a few 
woids. Bcfoie wc can determine the mode in which the expected 
ficquency of occunencc of a particulai event is dependent upon 
the known ficquency of occun ence of any other e\ ents, we must be 
acquainted with the mutual dependence of the ei ents themselves. 
Speaking technically, we must be able to express the event 
whose piobability is sought, as a function of the events whose 
piobabihties aie given Now this explicit dctcimination belongs 
in all instances to the depaitinent of Logic. Piobability, how- 
ever, 111 its mathematical acceptation, admits of numerical mea- 
suiemcnt. Hence the subject of Piobabihties belongs equally to 
the science of Numbci and to that of Logic In recognising the 
co-ordinate existence of both these elements, the present tieatise 
differs fiom all picvious ones; and as this diffcicnce not only 
affects the question of the possibility of the solution of problems 
in a large numbci of instance', but also introduces new and im- 
portant element' into the solutions obtained, I deem it necessary 
to state licie, at some length, the peculiar consequences of the 
them y dc\ eloped in the follow ing pages 

13 . The meaMiie of the piobability of an event is usually 
defined as a fi action, of which the numciator lcpiesents the num- 
ber of cases favourable to the event, and the denominator the 
whole number of cases fav oiu able and unfavoui able ; all cases 
being supposed equally likely to happen That definition is 
adopted in the present work At the same time it is shown that 
there is anotliei aspect of the subject (shoitly to be referred to) 
which might' equally be regarded as fundamental, and which 
w" aid actually lead to the same system of methods and conclu- 
sions It may be added, that so far as tl.e rccciv ed conclusions 
of the theory of Probabilities extend, and so far as they are con- 
sequences of its fundamental definitions, they do not differ from 
the results (supposed to be equally coirect in inference) of the 
method of this woik 
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Again, although questions in the theory of Probabilities 
present themselves under vaiious aspects, and may be variously 
modified by algebiaical and other conditions, tlicie seems to be 
one geneial type to which all such questions, or so much of each 
of them as tiuly belongs to the theoiy of Probabilities, may be 
referred. Considered with lcfcicncc to the data and the quassi- 
tum, that type may be descubed as follows : — 1st. The data are 
the piohabihties of one oi moic given events, each probability 
being either that of the absolute fulfilment of the event to which 
it relates, or the piobability of its fulfilment undci given sup- 
posed conditions. 2ndly. The qumsitum , 01 object sought, is the 
probability of the fulfilment, absolutely 01 conditionally, of some 
other event differing in expression fiom those m the data, but 
more 01 less involv ing the same elements. As concei 11s the data, 
they arc either causally given , — as when the piobability of a par- 
ticular thiow of a die is deduced fiom a knowledge of the consti- 
tution of the piece, — or they aie derived fiom obscivation of 
repeated instances of the success or fiuluie of events. In the 
latter case the probability of an event may be defined as the 
limit towaid which the latio of the fav 0111 able to the whole num- 
ber of observed cases approaches (the unifoinnty of natuic being 
presupposed) as the observations aie indefinitely continued. 
Lastly, as concei ns the natuic or 1 elution of the events in ques- 
tion, an linpoitant distinction lemains. Those events aie cither 
simple or compound. I3y a compound event is meant one of 
which the cxpiession in language, oi the conception 111 thought, 
depends upon the expression 01 the conception of other events, 
which, mielation to it, may be legarded as simple events. To 
say “it rains,” or to say “it thundeis,” is to express the occur- 
rence of a simple event; but to say “it rains and thunders,” or 
to say “ it eitlici rains 01 tliundeis,” is to cxpiess that of a com* 
pound event. F01 the expiession of that event depends upon 
the elementary expressions, “ it rains,” “ it thunders ” The cri- 
terion of simple events is not, therefore, any supposed simplicity 
in their nature. It is founded solely on the mode of their ex- 
piession m language or conception in thought. 

14. Now one general problem, which the existing theory of 
Probabilities enables us to solve, is the following, viz : — Given 
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the probabilities of any simple events : required the probability of 
a given compound event, i. e. of an event compounded in a given 
manner out of the given simple events. The pioblem can also 
be solved when the compound event, wlio«c probability is re- 
quired, is subjected to given conditions, i. e to conditions de- 
pendent also in a given manner on the given simple events. 
Beside this gencial pioblem, theic exist also paiticular problems 
of which the principle of solution is known. Various questions 
relating to causes and effects can be solved by known methods 
under the particular hypothesis that the causes are mutually ex- 
clusive, but appiuently not otherwise. Beyond this it is not 
clear that any advance has been made towaid the solution of 
what may be 1 eg.u ded as the genei al pi oblcm of the science, viz. : 
Given thcpiobabihties of any events, simple or compound, con- 
ditioned or unconditioned • lcquned the piobability of any other 
event equally aibitiaiy in expression and conception. In the 
statement of this question it is not even postulated that the 
events whose piobabilitics are given, and the one whose proba- 
bility is sought, should mv olv e some common elements, because 
it is the office of a method to deteiminc whethci the data of a 
problem are sufficient foi the end in view, and to indicate, when 
they aienot so, whcicm the deficiency consists. 

This pioblem, in the most umc&tucted form of its statement, 
is resolvable by the method of the piesent treatise; or, to speak 
moie piecisely, its thcoictic.il solution is completely given, and 
its practical solution is biouglit to depend only upon processes 
puiely mathematical, such as the resolution and analysis of equa- 
tions. The older and cliaiacter of the general solution may be 
thus dcsciibcd. 

15. In the first place it is always possible, by the preliminary 
method of the Calculus of Logic, to express the event whose 
probability is sought as a logical function of the events whose 
probabilities are given. The result is of the following character : 
Suppose that X represents the event whose probability is sought, 
A, B, C, &c. the events whose probabilities are given, those 
events being either simple or compound. Then the whole rela- 
tion of the event X to the events A, B, C, <tc. is deduced in the 
form of what mathematicians term a development, consisting, in 
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the most general case, of four distinct classes of terms By the 
first class aic expies&ed those combinations of the events .4, B y C, 
which both necessarily accompany and necessarily indicate the 
occurrence of the e\ ent X ; by the second class, those combina- 
tions which nccessanly accompany, but do not necessanly imply, 
the occurrence of the event JST j by the thud class, those combi- 
nations whose occuncnce in connexion with the event X is im- 
possible, but not otherw isc impossible ; by the fourth class, 
those combinations whose occuncnce is impossible undei any cir- 
cumstances I shall not dwell upon this statement of the lesult 
of the logical anal} sis of the problem, fuither than to lemaik 
that the elements which it piesents aic piccisely those by which 
the expectation of the ev ent A', as dependent upon our know- 
ledge of the ci cuts A, B, C , is, 01 alone can be, affected. General 
reasoning would venfy this- conclusion, but gcncial icasoning 
would not usually av ail to disentangle the complicated web of 
events and cue unis tances fiom which the solution above de- 
scribed must be evolved. The attainment of this object consti- 
tutes the fiist step towaids the complete solution of the question 
proposed. It is to be noted that thus flu the process of solution 
is logical, i. c. conducted by symbols of logical significance, and 
resulting in an equation mtci pi ctablc into a pi opoution. Let this 
result be termed the Jinnl logical equation. 

The second step of the pioccss de&civcs attentive lcnuuk. 
From the final logical equation to which the pici ions step has 
conducted us, aic deduced, by inspection, a seiies of algebraic 
equations implicitly ini oh ing the complete solution of the pro- 
blem pioposed. Of the mode in which this tiansition is effected 
let it suffice to say, that thcic exists a definite 1 elation between 
the laws by wlucli the probabilities of events are expressed as 
algebraic functions of the piobabihties of othei events upon which 
they depend, and the laws by which the logical connexion of 
the events is itself expressed This relation, like the other co- 
incidences of formal law which have been referred to, is not 
founded upon hypothesis, but is made known to us by observ ation 
(1. 4), and lcflcction If, how cv er, its icality were assumed a, priori 
as the basis of the vciy definition of Piobability, strict deduction 
would thence lead us to the leceived numerical definition as a 
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necessary consequence. The Theory of Pi obabilities stands, as 
it has already been remarked (I. 1 2), in equally close relation to 
Logic and to Aiithmetic; and it is indifferent, so far as results 
are concerned, whetliei we legal d it as spnnging out of the lat- 
ter of these sciences, oi as founded in the mutual relations which 
connect the two together. 

16. There are some ciicumstancc-, mteiostmg perhaps to the 
mathematician, attending the gcnci al solution-, deduced by the 
above method, which it may be de*nablc to notice 

1st. As the method is independent of the number and the 
nature of the data, it continues to be applicable when the latter 
are insufficient to lender determinate the \ nine sought When 
such is the case, the final expic-«ion of the solution will contain 
tcims with aibiliaiy constant coefficient:-. To such terms thcie 
will coirespond terms in the final logical equation (I. 15), the 
interpi etation of which will inform us what new data aie re- 
quisite in older to determine the values of those constants, and 
thus render the numeiical solution complete. If such data are 
not to be obtained, v\ o can still, by gi\ ing to the constants their 
limiting values 0 and 1, detciminc the limits within which the 
probability sought must lie independently of all further expe- 
rience. When the event \\ lio-c piobability i- sought is quite in- 
dependent of tlio-c who«e pi obabilities aie given, the limits thus 
obtained for its value will be 0 and 1, a-- it i-> evident that they 
ought to be, and the intei pi etation of the constants will only 
lead to a lc-statemcnt of the oiigmal pioblcin 

2ndly. The expicssion of the final solution will in all cases 
involve a paiticular clement of quantity , detciminable by the so- 
lution of an algebi aie equation. Now when that equation is of 
an elevated degree, a difficulty may seem to aiisc as to the se- 
lection of the piopei root. Theie aie, indeed, cases in which 
both the elements given and the element sought are so obviously 
restricted by necessary conditions that no choice remains. But 
in complex instances the discovery of such conditions, by un- 
assisted foi cc of reasoning, would be hopeless A distinct me- 
thod is requisite foi this end, — a method which might not 
inappropi lately be teimcd the Calculus of Statistical Conditions. 
Into the natuic of this method I shall not licic fuithcr enter 
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than to say, that, like the previous method, it is based upon the 
employment of the “ final logical equation,” and that it definitely 
assigns, 1st, the conditions which must be fulfilled among the 
numerical elements of the data, in oidei that the problem may 
be real, i. e. derived from ^possible experience , 2ndly, the nu- 
merical limits, within which the probability sought must have 
been confined, if, instead of being detcinnned by theory, it had 
been deduced directly by observation fiom the same system of 
phenomena fiom which the data weie derived. It is clear that 
these limits will be actual limits of the probability sought. 
Now, on supposing the data subject to the conditions above as- 
signed to them, it appears in eveiy instance which I have exa- 
mined that there exists one root, and only one root, of the final 
algebraic equation which is subject to the required limitations 
Every souice of ambiguity is thus lemoved. It would even seem 
that new truths relating to the tlicoiy of algebraic equations 
are thus incidentally bi ought to light. It is lcmarkable that 
the special clement of quantity, to which the previous discussion 
relates, depends only upon the data, and not at all upon the 
quasitum of the pioblem proposed Hence the solution of each 
particular problem unties the knot of difficulty for a system of 
problems, viz., for that system of problems which is marked by 
the possession of common data, independently of the nature of 
their quaisita. This ciicunn-tance is important whenever fiom a 
particular system of data it is lequiied to deduce a series of con- 
nected conclusions. And it fuithei gives to the solutions of 
particular problems that chaiactci of relationship, derived from 
their dependence upon a centr.il and fundamental unity, which 
not unfrequently marks the application of gcncial methods. 

17. But though the above considerations, with otheis of a 
like natuie, justify the assertion that the method of this ticatise, 
for the solution of questions in the theory of Probabilities, is a 
general method, it does not thence follow that we are relieved in 
all cases from the necessity of recourse to hypothetical grounds. 
It has been observed that a solution may consist entirely of terms 
affected by arbitrary constant coefficients, — may, in fact, be 
wholly indefinite The application of the method of this work to 
some of the most important questions within its range would — 
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were the data of experience alone employed — present results of 
this character. To obtain a definite solution it is necessary, in 
such cases, to have recourse to hypotheses possessing moie or less 
of independent piobability, but incapable of exact verification. 
Generally speaking, such hypotheses will diifei fiom the imme- 
diate results of experience in partaking of a logical rather than of a 
numeiical charactei , in piescribing the conditions under which 
phenomena occur, lather than assigning the iclative frequency 
of their occurrence. This cncumstance is, however, unimportant. 
Whatev er their natuic may be, the hj potheses assumed must 
thenceforth be regarded as belonging to the actual data, although 
tending, as is obvious, to give to the solution itself somewhat of 
a hypothetical cliaiactei. With this utidci-. landing as to the 
possible sources of the data actually employed, the method is 
perfectly general, but for the conectness of the hypothetical ele- 
ments introduced it is of course no moic lesponsible than for the 
correctness of the numerical data derived fiom experience. 

In illustration of these lcmarks we may observe that the 
theory of the reduction of astionomical obsci v ations * rests, in 
part, upon hypothetical grounds. It assumes ceitain positions 
as to tlienatuieofcrior, the equal piobabihtiC' of its occuirence 
in the form of excess or defect, Ac , without which it would be 
impossible to obtain any definite conclusions fiom a system of 
conflicting observations. But gi.mting such positions as the 
above, the lesiduc of the investigation falls stnctly within the 
province of the theory of Piobabihtics. Similar observations 
apply to the important problem which proposes to deduce from 
the records of the majorities of a deliberative assembly the mean 
probability of correct judgment in one of its members. If the 
method of this treatise be applied to the mere numerical data, 
the solution obtained is of that wholly indefinite kind above de- 
scribed. And to show in a more eminent dcgice the insufficiency 
of those data by themselves, the interpretation of the arbitrary 
constants (I. 16 ) which appear in the solution, merely produces 


* The author designs to treat this subject either in a separate wotk or m a 
future Appendix In the present treatise he avoids the use of the integral 
calculus 
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a re-statement of the original problem. Admitting, howcvei, 
the hypothesis of the independent foimation of opinion in the 
individual mind, cither absolutely, as in the speculations of 
Laplace and Poisson, or under limitations imposed by the actual 
data, as will be seen in this ticatisc, Chap, xxi., the pioblcm as- 
sumes a fai more definite chaiactei. It will be manifest that the 
ulterior value of the tlicoiy of Probabilities nuiot depend very 
much upon the coucct foimation of such mediate hypotheses, 
where the purely cxpci nncntal data aie insufficient for definite 
solution, and wlicic that furtlici expciicnec indicated by the in- 
terpretation of the final logical equation is unattainable Upon 
the other hand, an undue lcadine-s to foim hypotheses in sub- 
jects which fiom then veiy natmc aie placed beyond human 
ken, must lc-act upon the cicdit of the tlieoiy of Pi obabilitics, 
and tend to tlnow doubt in the general mind ovci its most legi- 
timate conclusions. 

18. It would, pciliap*, be picmatuic to speculate here upon 
the question whcthci the methods ofab«ti act science aie likely at 
any futuic day to lender sen ice m the investigation of social 
problems at all commcnsui.ite with those which they have len- 
dered in vaiious department* of phvsic.il mquny An attempt 
toicsolvc this question upon pmc a /mart giounds of reasoning 
would be vciy likely to mislead us. Foi example, the conside- 
ration of human fi ec-agciicy w ould seem at fii st sight to pi ccludc 
the idea that the mov eiiiciit* of the social system should c\ ei ma- 
nifest that chaiactei of oidcily evolution which vve aie picpaicd 
to expect under the icign of a physical necessity Yet alieady 
do the rcseai dies of the statist leveal to us facts at variance with 
such an anticipation. Thu* the iccoids of cmne and pauperism 
picsent a degicc of regulai lty unknown in legions in which the 
disturbing influence of human wants and passions is unfelt. On 
the othci hand, the di&tenipei atui c of seasons, the ci upturn of 
v olcanoes, the spread of blight in the vegetable, or of epidemic 
maladies in the animal kingdom, things appaiently or chiefly the 
product ofnatuial causes, icfusc to be submitted to lcgular and 
apprehensible laws. “Fickle a* the wind,” is aprovcibial ex- 
pression Reflection upon these points teaches us in some degree 
to correct our earlier judgment* We lcam that vve are not to 
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expect, under tlie dominion of necessity, an order perceptible to 
human observation, unless the play of its producing causes is 
sufficiently simple ; noi, on the othei hand, to deem that ficc 
agency in the individual is inconsistent with regularity in the 
motions of the system of which lie foims a component unit. 
Human ficcdom stands out as an appaient fact of our conscious- 
ness, while it is also, I conceive, a highly pi obable deduction of 
analogy (Chap, xxii.) fiom the natme of that portion of the 
mind whose scientific constitution we aic able to investigate. 
But whethci accepted as a fact leposing on consciousness, or as 
a conclusion sanctioned by the reason, it must be so interpreted 
as not to conflict with an established result of observation, viz. : 
that phajnomcna, m the production of which huge masses of men 
arc concerned, do actually exhibit a veiy icmaikablc degice of 
legulanty, enabling us to collect m each succeeding age the ele- 
ments upon which the estimate of its state and piogrcss, so far 
as manifested in outwaid lcsults, must depend. There is thus no 
sound objection a prion against the possibility of that species of 
data which is lequisitc foi the cvpcumenUl foundation of a 
science of social stati-tics. Again, wliatcvei other object this 
tieatisc may accomplish, it is picsumcd that it will leave no 
doubt as to the existence of a s) stem of abstiact principles and of 
methods founded upon those principles, by which any collective 
body of social data may be made to ) mid, in an explicit form, 
whatever infoiniatioii they implicitly involve. Theie may, whcie 
the data aic exceedingly complex, be veiy gieat difficulty in ob- 
taining this information, — difficulty due not to any imperfection 
of the thcoiy, but to the labonous charactci of the analytical 
processes to which it points. It is quite conceivable that in many 
instances that difficulty may be such as only united effbit could 
oveicome. But that we possess thcoieticully in all cases, and 
practically, so far as the requisite labour of calculation may be 
supplied, the means of evolving from statistical records the seeds 
of general truths which lie buiied amid the mass of figures, is a 
position which may, I conceive, with perfect safety be affirmed 
19. But beyond these gcneial positions I do not venture to 
speak in teims of a«suiance. Whether the lesults which might 
be expected from the application of scientific methods to statis- 
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ticol records, o\cr and above those the discovery of which re- 
quires no such aid, would so far compensate for the labour in- 
volved as to rendei it worth while to institute such investigations 
uponapiopci scale of magnitude, is a point which could, per- 
haps, only be deteimincd by experience. It is to be desired, 
and it might without great piesumption be expected, that in 
this, as in other instances, the abstiact doctunes of science should 
minister to more than intellectual giatification. Nor, viewing 
the apparent order in which the sciences have been evolved, and 
have successively contributed their aid to the service of mankind, 
does it seem vciy improbable that a day may anive in which si- 
milar aid may accrue from departments of the field of knowledge 
yet more intimately allied with the elements of human welfare. 
Let the speculations of this ticatisc, however, rest at present 
simply upon then claim to be regal ded as true. 

20. I design, in the last place, to endeavour to educe from 
the scientific results of the pievious inquiries some general inti- 
mations respecting the natuie and constitution of the human 
mind. Into the grounds of the possibility of this species of in- 
ference it is not necessary to enter heie. One or two general 
observations may serve to indicate the track which I shall endea- 
vour to follow. It cannot but be admitted tliat our views of 
the science of Logic must matemlly influence, perhaps mainly 
determine, our opinions upon the natuie of the intellectual facul- 
ties. Lor example, the qucstiou whether reasoning consists 
merely in the application of certain first or necessary truths, 
with which the mind has been oiigmally impnnted, or whether 
the mind is itself a seat of law, whose operation is as manifest 
and as conclusive in the paiticulai as in the general formula, or 
whethei, as some not undistinguished writers seem to ma intain, 
all reasoning is of particulai s , this question, I say, is one which 
not merely affects the science of Logic, hut also concerns the for- 
mation of just views of the constitution of the intellectual facul- 
ties. Again , if it is concluded that the mind is by original 
constitution a seat of law, the question of the nature of its sub- 
jection to this law,— whethei, for instance, it is an obedience 
founded upon necessity, like that which sustains the revolutions 
of the heavens, and preserves the order of Nature, — or whether 
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it is a subjection of some quite distinct kind, is also a matter of 
deep speculative interest. Furthci, if the mind is truly deter- 
mined to be a subject of law, and if its laws also aie truly assigned, 
the question of their probable or ncecssaiy influence upon the 
course of human thought in diifcicnt ages is one invested with 
great importance, and well deserving a patient investigation, as 
matter both of philosophy and of lustoiy. These and other 
questions I propose, howcvci imperfectly, to discuss in the con- 
cluding portion of the piescnt woik. They belong, pcrhapB, to 
the domain of probable or eonjectuial, lathei than to that of po- 
sitive, knowledge. But it may happen that where there is not 
sufficient wan ant foi the ccitainties of science, there may be 
giounds of analogy adequate foi the suggestion of highly pro- 
bable opinions. It lias seemed to me bettei that this discussion 
should be entirely reseivcd for the sequel of tlic main business of 
this treatise, — which is tlic im estigation of scientific truths and 
laws. Expei icnce sufficiently iustiucts u« that the proper older 
of advancement in all inquiiie3 after truth is to proceed from the 
known to the unknown. There are parts, even of the philosophy 
and constitution of the human mind, which have been placed 
fully -within the reach of our investigation. To make a due ac- 
quaintance with those portions of our nature the basis of all en- 
deavours to penetrate amid the shadows and uncertainties of that 
conjectural realm which lies beyond and above them, is tlic 
course most accordant with the limitations of our present con- 
dition. 
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CHAPTER II. 

OF SIGNS IN GENERAL, AND OF THE SIGNS APPROPRIATE TO THE 
SCIENCE OF LOGIC IN PARTICULAR ; ALSO OF THE LAWS TO WHICH 
THAT CLASS OF SIGNS ARE SUBJECT. 

1 . r I ''HAT Language is an instrument of human reason, and 
not merely a medium for the expression of thought, is a 
truth generally admitted. It is proposed in this chapter to in- 
quire what it is that renders Language thus subservient to the 
most important of our intellectual faculties. In the various 
steps of this inquiry we shall be led to consider the constitution 
of Language, considered as a system adapted to an end or pur- 
pose ; to investigate its elements , to seek to determine tlicir mu- 
tual relation and dependence ; and to inquire in what manner they 
contribute to the attainment of the end to which, as co-ordinate 
parts of a system, they have respect. 

In piocecding to these inquiucs, it will not be necessary to 
enter into the discussion of that famous question of the schools, 
whether Language is to be legaidcd as an essential instrument 
of reasoning, 01 uhcthci, oil the other hand, it is possible for us 
to reason without its aid. I suppose this question to be beside 
the design of the picscnt treatise, foi the following reason, viz , 
that it is the business of Science to investigate laws ; and that, 
whether we icgaul signs as the 1 < 5 pi esentatives of things and of 
their 1 elation*, or as the repiescntatncs of the conceptions and 
operations of the human intellect, in studying the laws of signs, 
we are m effect studying the manifested laws of leasoning If 
theic exists a diffeience betwecu the two inqiuiies, it is one which 
does not affect the scientific expressions of formal law, which are 
the object of investigation in the picsent stage of this work, but 
1 elates only to the mode in which those results aie presented to 
the mental lcgaid. For though in m\ cstigating the laws of signs, 
d postcrioi i, the immediate subject of examination is Language, 
with the rules which go\ ci n its use , w bile m making the mternal 
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processes of thought the direct object of inquiry, we appeal in a 
more immediate way to our personal consciousness, — it will be 
found that m both cases the results obtained are formally equi- 
valent. Nor could we easily conceive, that the unnumbered 
tongues and dialects of the caith should have preserved through 
a long succession of ages so much that is common and universal, 
were we not assured of the existence of some deep foundation of 
their agreement in the laws of the mind itself. 

2. The elements of which all language consists are signs or 
symbols. Words me signs. Sometimes they arc said to repre- 
sent things , sometimes the operations by which the mind com- 
bines together the simple notions of things into complex concep- 
tions ; sometimes they expiC'S the lelations of action, passion, or 
mere quality, w Inch we pci ecu e to exist among the objects of our 
experience ; sometimes the emotions of the perceiving mind. But 
woids, although in this and in othci ways they fulfil the office of 
signs, or representatu e symbols, arc not the only signs which we 
are capable of cmploj ing. Ai biti ary mai ks, w liich speak only to 
the eye, and aibitiary sounds 01 actions, which address themselves 
to some other sense, are equally of the natiue of signs, provided 
that their leprcscntative office i> defined <uid understood. In the 
mathematical sciences, lctteis, and the symbols +, -, =, &c., are 
used as signs, although the term “ sign’’ is applied to the latter 
class of symbols, which 1 cpicscnl opciations 01 relations, rather 
than to the formci, which lcpicscnt the elements of number and 
quantity. As the leal iinpoit of a sign docs not in any way de- 
pend upon its particular foun 01 cxpiession, so neither do the 
laws which determine its use. In the present treatise, however, 
it is with wiitten signs that we ha\ e to do, and it is with reference 
to these exclusively that the tcun “ sign” will be employed. The 
essential piopeitics of signs aic cnumciatcd m the following de- 
finition. 

Definition — A sign is an arbitrary mai k, having a fixed in- 
terpretation, and susceptible of combination with other signs in 
subjection to fixed laws dependent upon their mutual interpre- 
tation. 

3. Let us consider the paiticulars imohed in the abo\e de- 
finition sepai ately. 
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(1.) In the first place, a sign is an arbitrary mark. It is 
clearly indiffeient what particular word or token we associate 
with a given idea, provided that tlic association once made is 
permanent. The Romans expressed by the word “ civitas” what 
we designate by the word “ state.” But both they and we 
mig ht eq ual ly well have employed any other word to represent 
the same conception Nothing, indeed, in the nature of Language 
would prevent us from using a mere lettei in the same sense. 
Were this done, the laws according to which that letter would 
require to be used would be essentially the same with the laws 
which govern the use of “ civitas” in the Latin, and of “ state” 
in the English language, so fai at least as the use of those words 
is regulated by any general principles common to all languages 
alike. 

(2 ) In the second place, it is necessary that each sign should 
possess, within the limits of the same discouise or process of 
reasoning, a fixed interpretation. The necessity of this condi- 
tion is obvious, and seems to be founded in the very nature of the 
subject There exists, however, a dispute as to the piecise nature 
of the representative office of words or symbols used as names in 
the processes of reasoning By some it is maintained, that they 
represent the conceptions of the mind alone ; by others, that they 
represent things. The question is not of great importance here, 
as its decision cannot affect the laws according to which signs 
are employed. I apprehend, however, that the general answer 
to this and such like questions is, that in the processes of reason- 
ing, signs stand in the place and fulfil the office of the concep- 
tions and operations of the mind ; but that as those conceptions 
and operations represent things, and the connexions and relations 
of things, so signs represent things with their connexions and re- 
lations ; and lastly, that as signs stand in the place of the con- 
ceptions and operations of the mind, they are subject to the laws 
of those conceptions and operations. This view will be more 
fully elucidated in the next chapter ; but it here serves to explain 
the third of those particulars involved in the definition of a sign, 
viz., its subjection to fixed laws of combination depending upon 
the natuie of its interpretation. 

4. Tlic anal) sis and classification of those signs by which the 
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operations of reasoning ore conducted will be considered in the 
following Proposition : 


Proposition I. 

All the operations of Language, as an instrument of reasoning, 
may be conducted by a system of signs composed of the following de- 
ments, viz : 

1st Literal symbols, as x, y, 8[C., representing things as subjects 
of our conceptions. 

2nd Signs of operation, as +, — , x , standing for those operations 
of the mind by which the conceptions of things are combined or re- 
solved so as to form new conceptions involving the same dements. 

3rd The sign of identity, =. 

And these symbols of Logic are in their use subject to definite 
laws, partly agreeing with and partly differing from the laws of the 
corresponding symbols m the science of Algebra. 

Let it he assumed as a criterion of the true elements of ra- 
tional discourse, that they should be susceptible of combination 
in the simplest forms and by the simplest laws, and thus com- 
bining should geneiate all other known and conceivable forms of 
language; and adopting this piinciple, let the following classifi- 
cation be considered. 

CLASS i. 

5. Appellative or descriptive signs, expressing either the name 
of a thing, or some quality or circumstance belonging to it. 

To this class we may obviously refer the substantive proper 
or common, and the adjective. These may indeed be regarded as 
differing only in this respect, that the foimcr expresses the sub- 
stantive existence of the individual thing or things to which it 
refers ; the latter implies that existence If we attach to the 
adjective the univeisally understood subject “ being” or “ thing,” 
it becomes virtually a substantive, and may for all the essential 
purposes of reasoning be replaced by the substantive. Whether 
or not, in every particular of the mental regard, it is the same 
thing to say, “ Water is a fluid thing,” as to say, “ Water is 
fluid;” it is at least equivalent in the expression of the processes 
of reasoning. 



28 SIGNS AND THEIR LAWS. [CHAP. II. 

It is clear also, that to the above class we must refer any sign 
which may conventionally be used to express some circumstance 
or relation, the detailed exposition of which would involve the 
use of many signs. The epithets of poetic diction aie very fre- 
quently of this kind. They are usually compounded adjectives, 
singly fulfilling the office of a many-woided desciiption. Homer’s 
“ dccp-cddyiug ocean” embodies a virtual desciiption in the single 
woid j3a0uStvric- And conventionally any otlici description ad- 
dressed eithei to the imagination or to the intellect might equally 
be represented by a single sign, the use of which would in all es- 
sential points be subject to the same laws as the use of the ad- 
jective “ good” or “ gieat ” Combined with the subject “ thing,” 
such a sign would virtually become a substantive ; and by a single 
substantive the combined meanmg both of thing and quality 
might be expiesscd. 

6. Now, as it has been defined that a sign is an arbitrary 
maik, it is pcunissible to replace all signs of the species above 
described by lctteis. Let us then agicc to represent the class of 
individuals to which a paiticular name or desciiption is appli- 
cable, by a single letter, as a. If the name is “ men,” foi instance, 
let x icpicscnt “all men,” or the class “men” By a class is 
usually meant a collection of individuals, to each of which a 
particular name or description may be applied ; but in this vv ork 
the meaning of the term will be extended so as to include the 
case in which but a single individual exists, answering to the 
required name or desciiption, as well as the cases denoted by 
the terms “ nothing” and “ univcise,” which as “ classes” 
should be undcistood to comprise respectively “ no beings,” 
“ all beings.” Again, if air adjective, as “ good,” is employed 
as a term of description, let us represent by a letter, as y, all 
things to which the desciiption “ good” is applicable, r. c. “all 
good things,” or the class “good things.” Let it furthci be 
agreed, that by the combination xy shall be lepresented that 
class of things to which the names or descriptions represented by 
x and y arc simultaneously applicable Thus, if x alone stands 
for “ white things,” and y foi “ sheep,” let xy stand for “ white 
sheep and in like maunei , if : stand for “ horned things,” and 
x and y ictain their picvious interpretations, let suj represent 



SIGNS AND THEIR LAWS. 


29 


CHAP. II.] 

“ homed white sheep,” i e that collection of things to which 
the name “ sheep,” and the descriptions “ white” and “ horned” 
are together applicable. 

Let us now consider the laws to which the symbols x,y, &c., 
used in the above sense, arc subject. 

7. First, it is evident, that according to the above combina- 
tions, the Older in which two symbols are written is indiffeient. 
The expressions xy and yx equally represent that class of things 
to the several members of which the names or descriptions x and 
y are together applicable. Hence we have, 

xy=yx. (1) 

In the case of x lopresenting white things, and y sheep, either 
of the mcmbcis of this equation will lepi esent the class of “ white 
sheep.” Theie may be a diffeiencc as to the order in which the 
conception is formed, but there is none as to the individual things 
which are compielicnded under it. In likciuannci, if x represent 
“ estuaries.” and y “ livers,” the expressions xy and yx will in- 
diffciently represent “ livers that aie estuaries,” or “estuaries 
that aie livers,” the combination in this case being in ordinary 
language that of two substantives, instead of that of a substantive 
and an adjective as in the previous instance. Let there be a 
third symbol, as z, representing that class of things to which the 
tcim “ navigable” is applicable, and any one of the following 
expressions, 

zxy, zyx, xyz, &c, 

will represent the class of “ navigable rivers that are estuaries.” 

If one of the descriptive terms should have some implied re- 
ference to another, it is only nccessaiy to include that reference 
expressly in its stated meaning, in ordei to render the above 
remarks still applicable Thus, if i leprcscnt “wise” and y 
“ counsellor,” we shall have to define whether x implies wisdom 
in the absolute sense, or only the wisdom of counsel With such 
definition the law xy = yx continues to be valid 

We are permitted, therefore, to employ the symbols x, y, z, tf-c , in 
the place of the substantives, adjectives, and desenptive phi ases subject 
to the rule of interpretation, that any expression in which several of 
these symbols are written together shall represent all the objects or indi- 



30 SIGNS AND THEIR LAWS. [CHAP. II. 

viduals to which their several meanings are together applicable, and 
to the law that the order in which the symbols succeed each other is 
indifferent. 

As the rule of interpretation has been sufficiently exempli- 
fied, I shall deem it unnecessary always to express the subject 
“ things” in defining the interpretation of a symbol used for an 
adjective When I say, let x represent “ good,” it will be un- 
derstood that x only represents good” when a subject for that 
quality is supplied by another symbol, and that, used alone, its in- 
terpretation will be “ good things.” 

8. Concerning the law abov e determined, the following ob- 
servations, which will also be more or less appropriate to certain 
other laws to be deduced hereafter, may be added. 

First, I would remark, that this law is a law of thought, and 
not, properly speaking, a law of things. Difference in the order 
of the qualities or attributes of an object, apart from all ques- 
tions of causation, is a difference in conception merely. The law 
(1) expresses as a general truth, that the same thing may be con- 
ceived in different ways, and states the nature of that difference ; 
and it does no more than this 

Secondly, As a law of thought, it is actually developed in a 
law of Language, the product and the instrument of thought. 
Though the tendency of prose waiting is toward uniformity, 
yet even there the older of sequence of adjectives absolute in 
their meaning, and applied to the same subject, is indifferent, 
but poetic diction borrows much of its rich diversity from the 
extension of the same lawful freedom to the substantive also. 
The language of Milton is peculiarly distinguished by this spe- 
cies of variety Not only does the substantiv e often precede the 
adjectives by which it is qualified, but it is frequently placed in 
their midst. In the first few lines of the invocation to Light, 
we meet with such examples as the following : 

“ Offspring of heaven first-born ” 

“ The rising world of waters dark and deep ” 

“ Bright effluence of hi ight essence mcreate.” 

Now these inverted forms are not simply the fruits of a poetic 
license. They are the natural expressions of a fieedom sane- 
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tioned by the intimate laws of thought, but for reasons of conve- 
nience not exercised in the ordinary use of language. 

Thirdly, The law expressed by (1) may be characterized by 
saying that the literal symbols x, y, z, are commutative, like the 
symbols of Algebra. In saying this, it is not affirmed that the 
process of multiplication in Algebra, of which the fundamental 
law is expressed by the equation 

xy = yx, 

possesses in itself any analogy with that process of logical com- 
bination which xy has been made to represent above ; but only 
that if the arithmetical and the logical process are expressed in 
the same manner, their symbolical expi essions will be subject to 
the same formal law The evidence of that subjection iB in the 
two cases quite distinct 

9. As the combination of two literal symbols in the form xy 
expresses the whole of that class of objects to which the names 
or qualities represented by x and y are together applicable, it 
follows that if the two symbols have exactly the same signifies 
tion, their combination expresses no moic than either of the 
symbols taken alone would do. In such case we should there- 
fore have 

xy = x. 

As y is, however, supposed to have the same meaning as x, we 
may replace it in the above equation by x, and we thus get 

xx = x 

Now in common Algebra the combination xx is more briefly re- 
presented by x 3 . Let us adopt the same principle of notation 
here ; for the mode of expressing a pai ticular succession of mental 
operations is a thing in itself quite as arbitrary as the mode of 
expressing a single idea or operation (II. 3). In accordance with 
this notation, then, the above equation assumes the form 

x 1 = x, (2) 

and is, in fact, the expression of a second general law of those 
symbols by which names, qualities, or descriptions, are symboli- 
cally represented 
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The reader must bear in mind that although the symbols .r 
and y in the examples previously formed received significations 
distinct fiom each other, nothing prevents us fiom attributing to 
them precisely the same signification It is evident that the 
more nearly their actual significations approach to each other, 
the more nearly does the class of things denoted by the combi- 
nation x y approach to identity with the class denoted by x, as 
well as with that denoted by y. The case supposed in the de- 
monstration of the equation (2) is that of absolute identity of 
meaning. The law which it expresses is practically exemplified 
in language To say “good, good,” in relation to any subject, 
though a cumbrous and useless pleonasm, is the same as to say 
“good.” Thus “good, good” men, is equivalent to “good” 
men. Such lcpctitions of words aie indeed sometimes employed 
to heighten a quality or stiengthen an affirmation. But this 
effect is merely secondary and conventional ; it is not founded in 
the intrinsic relations of language and thought. Most of the 
operations which we observe in nature, or pcrfoim ourselies, are 
of such a kind that their effect is augmented by repetition, and 
this circumstance prepares us to expect the same tiling in lan- 
guage, and even to use repetition when we design to speak with 
emphasis But neither in stiict reasoning nor in exact discourse 
is there any just ground foi such a practice. 

10. We pass now to the consideiation of anothei class of the 
signs of speech, and of the laws connected with their use. 

CLASS II 

11. i Signs of those mental operations whereby we collect parts 
into a whole, or separate a whole into its parts. 

We aie not only capable of cnteitaining the conceptions of 
objects, as characterized by names, qualities, or ciicumstanccs, 
applicable to each individual of the group under consideration, 
but also of forming the aggicgate conception of a group of objects 
consisting of pai tail groups, each of which is separately named 
or described. For this purpose we use the conjunctions “ and,” 
“ or,” &c “ Trees and mmeials,” “ barren mountains, or fer- 
tile i ales,” are examples of this kind. In strictness, the words 
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“ and,” “ or,” interposed between the terms descriptive of two or 
more classes of objects, imply that those classes are quite distinct, 
so that no member of one is found in another. In this and in 
all other respects the words “ and” “ or” are analogous with the 
sign + in algebra, and their laws are identical Thus the ex- 
pression “ men and women" is, conventional meanings set aside, 
equivalent with the expression “ women and men.” Let x repre- 
sent “men,” y, “women and let + stand for “ and ” and “or," 
then we have 

x -i y =y + x, (3) 

an equation which would equally hold true if x and y lepresented 
numbers, and + were the sign of arithmetical addition. 

Let the symbol z stand for the adjective “Euiopean,” then 
since it is, in effect, the same thing to say “ European men and 
women,” as to say “ European men and Euiopean women,” we 
have 

* (•> + y) = « + ( 4 ) 

And this equation also would be equally tuic weie x , y, and z 
symbols of number, and weie the juxtaposition of two literal 
symbols to represent their algebiaie pioduct, just a« m the logical 
signification previously given, it rcpiesents the class of objects to 
which both the epithets conjoined belong. 

The above arc the laws which govern the use of the sign 
+, here used to denote the positive opeiation of aggregating 
parts into a whole. But the vciy idea of an opeiation effecting 
some positive change seems to suggest to us the idea of an oppo- 
site or negative opeiation, hav ing the effect of undoing what the 
former one has done Thus v\ e cannot conceii c it possible to 
collect parts into a whole, and not conceive it also possible to 
separate a part from a whole. This operation we express in 
common language by the sign except, as, “All men except 
Asiatics,” “ All states except those which are monarchical.” 
Here it is implied that the things excepted form a part of the 
things from which they are excepted As we have expressed 
the operation of aggregation by the sign +, so we may express 
the negative operation above described by - minus. Thus if x 
be taken to represent men, and y, Asiatics, i. e. Asiatic men, 
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then the conception of “ All men except Asiatics” will be ex- 
pressed by x - y. And if we represent by x, “ states,” and by 
y the descriptive propeity “ having a monarchical form,” then 
the conception of “ All states except those which are monarchi- 
cal” will be expressed by x - xy 

As it is indifferent for all the essential purposes of leasoning 
whether we express excepted cases first or last in the order ol 
speech, it is also indifferent in what Older we write any series of 
terms, some of which are affected by the sign Thus we have, 
as in the common algebra, 

x -y = -y + x (5) 

Still representing by x the class “ men,” and by y “ Asiatics,” 
let z represent the adjective “ white ” Now to apply the adjec- 
tive “ white" to the collection of men expressed by the phrase 
“ Men except Asiatics,” is the same as to say, “ White men, 
except white Asiatics.” Hcncc we have 

z(x-y) = zx - zy. (6) 

This is also in accoidance with the laws of ordinary algebra 

The equations (4) and (6) may be considered as exemplifica- 
tion of a single general law, which may be stated by saying, that 
the literal symbols, x, y, z, Sfc aie distributive in their operation. 
The general fact which that law cxpi cs»cs is this, viz. — If any 
quality or circumstance is ascribed to all the members of a gioup, 
formed either by aggicgation or exclusion of partial groups, the 
resulting conception is the same as if the quality or circumstance 
were fiist ascribed to each member of the paitial group®, and the 
aggregation oi exclusion effected afterwards. That which is 
ascubed to the membeis of the whole is ascubed to the membeis 
of all its paits, howsoexei those parts are connected togethci. 

CLASS III. 

12. Signs by which relation is expressed, and by which we 
form propositions. 

Though all verbs may with propriety be referred to this class, 
it is sufficient for the purposes of Logic to consider it as includ- 
ing only the substantive verb is or are, since every other verb 
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may be resolved into this element, and one of the signs included 
under Class i. For as those signs are used to express quality 01 
circumstance of every kind, they may be employed to expiess 
the active or passive relation of the subject of the v erb, considered 
with reference either to past, to present, or to future time. 
Thus the Pioposition, “ Caesar conquered the Gauls,” may be 
resolved into “ Caesar is he who conquered the Gauls.” The 
ground of this analysis I conceive to be the following : — Unless 
we understand what is meant by having conquered the Gauls, 
i. e. by the expression “ One who conquered the Gauls,” we 
cannot understand the sentence in question. It is, therefore, 
truly an element of that sentence ; another element is “ Caesar,” 
and there is yet another icquiled, the copula is, to show the 
connexion of these two I do not, however, affirm that there is 
no other mode than the above of contemplating the relation ex- 
pressed by the proposition, “ Caesar conquered the Gauls but 
only that the analysis here given is a correct one for the particu- 
lar point of view which has been taken, and that it suffices for 
the purposes of logical deduction. It may be remarked that the 
passive and future participles of the Gieck language imply the 
existence of the principle which has been asseitcd, viz. : that the 
sign is or are may be regarded as an element of every personal 
verb. 

13 The above sign, is or are, may be expressed by the sym- 
bol =. The laws, or as would usually be said, the axioms which 
the symbol introduces, aie next to be considered 

Let us take the Proposition, “ The stars arc the suns and the 
planets,” and let us represent stars by x, suns by y, and planets 
by z ; we have then 

x = y + z. (7) 

Now if it be true that the stars are the suns and the planets, it 
will follow that the stars, except the planets, are suns. This 
would give the equation 

x-z = y, (8) 

which must therefore be a deduction from (7). Thus a term z 
has been removed from one side of an equation to the other by 
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changing its sign This is in accordance with the algebraic rule 
of transposition. 

But instead of dwelling upon particular cases, we may at once 
affirm the general axioms : — 

1st. If equal tilings are added to equal things, the wholes are 
equal. 

2nd. If equal things are taken fiom equal things, the re- 
mainders are equal. 

And it hence appears that we may add or subtract equations, 
and employ the lule of transposition above given just as in com- 
mon algebra 

Again : If two classes of things, x and y, be identical, that is, 
if all the members of the one are membcis of the other, then 
those members of the one class which possess a given pioperty z 
will be identical with those members of the other which possess 
the same property z Hence if we have the equation 

x = y ; 

then whatcvci class or property z may represent, we have also 

z.v = zy 

This is formally the same as the algebraic law : — If both mem- 
bers of an equation aie multiplied by the same quantity, the 
products aie equal 

In like manner it may lie shown that if the coi responding 
members of two equations aie multiplied together, the lesulting 
equation is tiuc. 

14. Here, howevci, the analogy of the present system with 
that of algebra, as commonly stated, appeals to stop. Suppose it 
true that those ineiubeis of a class ,r which possess a certain pio- 
peity r aie identical with those membeis of a class y which pos- 
sess the same piopeity z, it docs not follow that the members of 
the class x universally are identical with the members of the 
class y. Ilcncc it cannot be inferred fiom the equation 

zx = zy, 

that the equation 

■ T - y 

is also tine In other woids, the axiom of algebraists, that both 
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tides of an equation may bo divided by the same quantity, has no 
fen mal equivalent here I say no formal equivalent, because, in 
aceoi dance with the general spmt of these mquuies, it is not 
c\cn sought to determine whether the mental opeiation which is 
lcprescntcd by 1 amoving a logical symbol, z, fiom a combination 
z i, is m itself analogous with the opeiation of division in Aiith- 
metie. That mental operation is indeed identical with what is 
commonly termed A bsti action, and it will hereafter appear that 
its laws <u c dependent upon the laws alicady deduced in this 
chapter What has now been shown is, that theic docs not 
exist among those laws anything analogous in foi m with a com- 
monly leceived axiom of Algebra. 

But a little consideiation will show that c\cn in common 
algcbi.i that axiom does not possess the gcnciality of those other 
axioms which have been consideicd The deduction of the 
equation a = y fiom the equation :x = zy is only valid when it 
is known that z is not equal to 0. If then the value r = 0 is 
supposed to be admissible in the algebiaic system, the axiom 
abov e stated ceases to be applicable, and the analogy bcfoi c ex- 
emplified icuiains at least unluoken 

15. Ilowevci, it is not with the symbols of quantity gcncially 
that it is of any inipoitance, except as a nuittci of speculation, to 
tiacc such affinities. We have seen (II 9) that the symbols of 
Logic aie subject to the special law, 


Now of the symbols ot Numbci there aie hut two, viz. 0 and 1, 
which aie subject to the same formal law. We know that 0- = 0, 
and that 1 3 = 1 , and the equation .r 1 = x, consideicd as algebiaic, 
has no otlici loots than 0 and 1. Hence, instead of determining 
the measuic ofloimal agreement of the symbols of Logic with 
those of Numbci gcncially, it is moie immediately suggested to 
us to compaic them with symbols of quantity admitting only of 
the values 0 and 1. Let us conceive, then, of an Algebra in 
which the symbols x, y, z, &c- admit indifferently of the values 
0 and 1, and of these values alone The laws, the axioms, and 
the processes, of such an Algebra will be identical in their whole 
extent with the laws, the axioms, and the processes of an Al- 
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gebra of Logic. Difference of interpretation will alone divide 
them Upon this principle the method of the following work is 
established 

16 . It now remains to show that those constituent parts of 
ordinary language which have not been considered in the pre- 
vious sections of this chapter are either resolvable into the Bame 
elements as those which have been considered, or are subsidiary 
to those elements by contributing to their more precise defi- 
nition. 

The substantive, the adjective, and the verb, together with 
the particles and, except , we have already considered. The pro- 
noun may be regarded as a particular form of the substantive or 
the adjective The adverb modifies the meaning of the verb, but 
does not affect its nature. Prepositions contribute to the ex- 
pression of ciicumstance or relation, and thus tend to give pre- 
cision and detail to the meaning of the literal symbols. The 
conjunctions if either, or, are used chiefly in the expression of 
relation among propositions, and it will hereafter be shown that 
the same relations can be completely expressed by elementary 
symbols analogous in interpretation, and identical in form and 
law with the symbols whose use and meaning have been ex- 
plained in this Chapter. As to any remaining elements of 
speech, it will, upon examination, be found that they are used 
either to give a more definite significance to the terms of dis- 
course, and thus enter into the interpretation of the literal sym- 
bols already considered, or to express some emotion or state of 
feeling accompanying the utterance of a proposition, and thus do 
not belong to the province of the understanding, with which 
alone our present concern lies. Experience of its use will tes- 
tify to the sufficiency of the classification which has been adopted. 
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CHAPTER III. 

DERIVATION OF THE LAWS OF THE SYMBOLS OF LOGIC FROM THE 
LAWS OF THE OPERATIONS OF THE HUMAN MIND. 

1 • r | ''HE object of science, properly so called, is the knowledge 
of laws and relations. To be able to distinguish what 
is essential to this end, from what is only accidentally associated 
with it, is one of the most important conditions of scientific pro- 
gress. 1 say, to distinguish between these elements, because a con- 
sistent devotion to science does not requite that the attention 
should be altogether withdrawn from other speculations, often of a 
metaphysical nature, with which it is not unfrcquently connected. 
Such questions, for instance, as the existence of a sustaining 
ground of phenomena, the reality of cause, the propriety of forms 
of speech implying that the successive states of things are con- 
nected by operations, and others of a like nature, may possess 
a deep interest and significance in relation to science, without 
being essentially scientific. It is indeed scarcely possible to 
express the conclusions of natural science without borrowing 
the language of these conceptions. Nor is there necessarily 
any practical inconvenience aiising fiom this soiuce. They who 
believe, and they who refuse to believe, that tlieic is more in the 
relation of cause and effect than an ini amble older of succession, 
agree in their intcrpietation of the conclusions of physical astro- 
nomy. But they only agiee because they lecognise a common ele- 
ment of scientific tiutli, which is independent of their particular 
views of the natuie of causation 

2. It this distinction is important in physical science, much 
more does it dcseive attention in connexion with the science of 
the intellectual powers. For the questions which this science 
presents become, in expicssion at least, almost necessarily mixed 
up with modes of thought and language, which betray a meta- 
physical origin. The idealist would give to the laws of reasoning 
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one form of expression ; the sceptic, if true to hi6 principles, ano- 
ther. They who regard the phenomena with which we are con- 
cerned in this inquiry as the mere successive states of the thinking 
subject devoid of any causal connexion, and they who refer them 
to the operations of an active intelligence, would, if consistent, 
eq uall y differ in their modes of statement. Like difference would 
also result fi om a difference of classification of the mental faculties. 
Now the punciple which I would here assert, as affording us the 
only ground of confidence and stability amid so much of seeming 
and of real diversity, is the following, viz., that if the laws in ques- 
tion are really deduced from observation, they have a real existence 
as laws of the human mind, independently of any metaphysical 
theory which may seem to be involved in the mode of their state- 
ment. They contain an element of truth which no ulterior cri- 
ticism upon the nature, or even upon the leality, of the mind’s 
operations, can essentially affect. Let it even be granted that 
the mind is but a succession of states of consciousness, a series 
of fleeting impressions uncaused fiom without or fiom within, 
emciging out of nothing, and returning into nothing again, — 
the last refinement of the sceptic intellect, —still, as laws of suc- 
cession, or at least of a past succession, the results to which obser- 
vation had led would remain true. They would require to be 
interpreted into a language from whose vocabulaiy all such terms 
as cause and effect, operation and subject, substance and attri- 
bute, had been banished ; but they would still be valid as scien- 
tific tiuths. 

Moreover, as any statement of the laws of thought, founded 
upon actual observation, must thus contain scientific elements 
which aie independent of metaphysical theories of the nature of 
the mind, the piactical application of such elements to the con- 
struction of a system or method of reasoning must also be inde- 
pendent of metaphysical distinctions For it is upon the scien- 
tific elements involved in the statement of the laws, that any 
practical application will rest, just as the practical conclusions of 
physical astronomy are independent of any theory of the cause 
of gravitation, but rest only on the knowledge of its phseno- 
menal effects. And, therefoie, as respects both the determi- 
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nation of the laws of thought, and the practical use of them 
when discovered, we are, for all really scientific ends, uncon- 
cerned with the truth or falsehood of any metaphysical specula- 
tions whatever. 

3. The course which it appears to me to be expedient, under 
these circumstances, to adopt, is to avail myself as far as possible 
of the language of common discourse, without regard to any 
theory of the nature and powers of the mind which it may be 
thought to embody Tor instance, it is agreeable to common 
usage to say that iv e converse with each other by the communi- 
cation of ideas, or conceptions, such commnmc.ilion being the 
office of words ; and that with reference to any paiticular ideas or 
conceptions presented to it, the mind po-e-Je- mtain powers or 
faculties by which the mental regard maybe fixed upon j ome ideas, 
to the exclusion of others, or by which the gnen conceptions or 
ideas may, in various ways, he combmed together. To those 
faculties or powers diffei ent names, as Attention, Simple Appre- 
hension, Conception or Imagination, Abstiaction, Ac , hate been 
given, — names which have nut on'r furm-h e,d rhe titles of distinct 
divisions of the philosophy of the human n.ind, but pa -cd info 
the common language of men. Whenever, then, net u-oon -hall 
occur to use these teims, I shall do k Q without imphung (hereby 
that I accept the theoiy that the mind po-c-ws -uch and -nch 
powers and faculties as di-tmet elements of if- ictnity Nor is 
it indeed necessary to impure whether -u< h powers of Jk under- 
standing have a di-rinct existence or not. We may merge the’e 
different titles under the one generic name of Operations of the 
human mind, define the-e opeiatiom so far as is neee— ary for the 
purposes of this woik, and then seek to expre jj thnr ultimate laws. 
Such will be the geneial older of the course which l -hall pur- 
sue, though reference mil occasionally be nude to the ininr, which 
common agreement has aa-ugnel to the paiticuhr -tates or ope- 
rations of the mind which may fall under our notice 

It will be most convenient to distribute the more definite re- 
sults of the following investigation into distinct Propositions. 
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Proposition I. 

4. To deduce the laws of the symbols of Logic from a conside- 
ration of those operations of the mind which are implied in the strict 
use of language as an instrument of teasoning. 

In every discourse, whether of the mind conversing with its 
own thoughts, or of the individual in his intercourse with others, 
there is an assumed or expressed limit within which the subjects of 
its operation are confined. The most unfettered discourse is that 
in which the woids we use are understood in the widest possible 
application, and for them the limits of discourse are co-extensive 
with those of the universe itself. But more usually we confine our- 
selves to a less spacious field. Sometimes, in discoursing of men 
we imply (without expressing the limitation) that it is of men 
only under cei tain circumstances and conditions that we speak, 
as of civilized men, or of men in the vigour of life, or of men 
under some other condition or relation Now, whatever may be 
the extent of the field within which all the objects of our dis- 
course are found, that field may properly be termed the universe 
of discouisc. 

5. Furthermore, this universe of discourse is in the strictest 
sense the ultimate subject of the discourse. The office of any name 
oi descriptive term employed under the limitations supposed is not 
to laise in the mind the conception of all the beings or objects to 
which that name or dcsciiption is applicable, but only of those 
which exist within the supposed univcise of discourse If that 
univcisc of discourse is the actual universe of things, which it 
always is when our words are taken in their real and literal sense, 
then by men we mean all men that exist ; but if the universe of 
discourse is limited by any antecedent implied understanding, 
then it is of men under the limitation thus introduced that we 
speak. It is in both cases the business of the word men to direct 
a certain operation of the mind, by which, from the proper uni- 
veise of discourse, we select or fix upon the individuals signified. 

6. Exactly of the same kind is the mental operation implied 
by the use of an adjective. Let, for instance, the universe of dis- 
course be the actual Universe Then, as the word men directs 
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us to select mentally from that Universe all the beings to which 
the term “men” is applicable , so the adjective “good,” m the 
combination “ good men,” directs us still further to select men- 
tally from the class of men all those who possess the further 
quality “good,” and^ if another adjective were prefixed to the 
combination “ good men,” it would direct a further operation of 
the same nature, having reference to that further quality which 
it might be chosen to express 

It is important to notice carefully the real nature of the ope- 
ration here described, for it is conceivable, that it might have 
been different from what it is. Were the adjective simply attri- 
butive in its character, it would seem, that when a particular set 
of beings is designated by men , the prefixing of the adjective 
good would direct us to attach mentally to all those beings the 
quality of goodness. But this is not the real office of the ad- 
jective. The operation which we really perform is one of se- 
lection according to a prescribed principle or idea To what fa- 
culties of the mind such an operation would be referred, according 
to the received classification of its powers, it is not important to 
inquire, but I suppose that it would be considered as dependent 
upon the two faculties of Conception or Imagination, and Atten- 
tion. To the one of these faculties might be referred the forma- 
tion of the general conception , to the other the fixing of the 
mental regard upon those individuals withm the prescribed uni- 
verse of discourse which answer to the conception. If, however, 
as seems not improbable, the power of Attention is nothing more 
than the power of continuing the exeicise of any other faculty of the 
mind, we might properly 1 egard the whole of the mental process 
above described as referrible to the mental faculty of Imagination 
or Conception, the first step of the process being the conception 
of the Universe itself, and each succeeding step limiting in a de- 
finite manner the conception thus formed. Adopting this view, I 
shall describe each such step, or any definite combination of such 
steps, as a definite act of conception . And the use of this term I 
shall extend so as to include in its meaning not only the conception 
of classes of objects represented by particular names or simple 
attributes of quality, but also the combination of such concep- 
tions in any manner consistent with the powers and limitations 
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of the human mind ; indeed, any intellectual operation short 
of tha t which is involved in the structure of a sentence or propo- 
sition. The general laws to which such operations of the mind 
aie subject are now to be considered. 

7. Now it will be shown that the laws which in the preced- 
ing chapter have been determined a posteriori from the consti- 
tution of language, for the use of the literal symbols of Logic, 
arc in leality the laws of that definite mental operation which 
has just been described We commence our discourse with a 
certain understanding as to the limits of its subject, i. e. as to 
the limi ts of its Universe. Evciy name, every teim of descrip- 
tion that wc employ, directs him whom we address to the per- 
foimance of a certain mental opci'ation upon that subject. And 
thus is thought communicated. But as each name or descriptive 
term is in this view but the representativ e of an intellectual ope- 
ration, that operation being also prior m the order of nature, it 
is clear that the laws of the name or symbol must be of a dcriva- 
tive character, — must, in fact, onginate in those of the operation 
which they lepresent. That the laws of the symbol and of the 
mental piocess are identical in expiession will now be shown. 

8. Let us then suppose that the universe of our discourse is 
the actual universe, so that woids are to be used in the full ex- 
tent of their meaning, and let us consider the two mental opera- 
tions implied by the words “ white” and “ men.” The word 
“men” implies the opci ation of selecting in thought fiom its 
subject, the universe, all men ; and the resulting conception, 
men, becomes the subject of the next operation The operation 
implied by the word “ white” is that of selecting fiom its subject, 
“ men,” all of that class which are white. The final resulting 
conception is that of “white men” Now it is perfectly appar- 
ent that if the opciations above described had been performed 
in a converse older, the result would have been the same. Whe- 
thci wc begin by forming the conception of “men” and then 
by a second intellectual act limit that conception to “white 
men,” oi whether wc begin by forming the conception of “ white 
objects,” and then limit it to such of that class as aie “ men,” is 
perfectly indifferent so fai as the result is conceincd. It is ob- 
vious that the order of the mental piocesses would be equally 
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indiffei ent if for the woids “white” and “men” we substituted 
any other descriptiv e or appellative terms vvhatev cr, prov uled 
only that their meaning was fixed and absolute. And thus the 
indiffei encc of the older of two successive acts of the faculty of 
Conception, the one of which furnishes the subject upon which 
the other is supposed to opeiate, is a gencial condition of the 
exercise of that faculty It is a law of the mind, and it is the 
real origin of that law of the literal symbols of Logic which con- 
stitutes its foimal expiession (1) Chap. n. 

9. It is equally clear that the mental opciation above dc- 
sciibed is of such a natuie that its effect is not altered byiepc- 
tition. Suppose that by a definite act of conception the attention 
has been fixed upon men, and that by anothei cxcicisc of the 
same faculty we limit it to those of the lace who are white. 
Then anyfuither repetition of the latter mental act, by which 
the attention is limited to white objects, docs not in any way 
modify the conception anived at, vfo:., that of white men. This 
is also an example of a gencial law of the mind, and it has its 
formal expression in the law ((2) Chap, n.) of the literal symbols. 

10. Again, it is manifest that fi om the conceptions of two 
distinct classes of things we can form the conception of that col- 
lection of things which the two classes taken together compose ; 
and it is obviously indifferent in what order of position or of 
priority those classes are picscntcd to the mental view. This is 
another general law of the mind, and its evpies&ion is found in 
(3) Chap. ii. 

11 It is not neccssaiy to puisne this com sc of inquiry and 
comparison. Sufficient illusti ation has been giv cn to rcndei ma- 
nifest the two following positions, viz : 

First, That the operations of the mind, by which, in the 
exercise of its povvei of imagination or conception, it combines 
and modifies the simple ideas of things or qualities, not less than 
those opeiations of the reason which aic exciciscd upon truths 
and propositions, are subject to gencial laws. 

Secondly, That those laws aie mathematical in then form, 
and that they are actually developed in the essential laws of 
human language. Wherefore the laws of the symbols of Logic 
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are deducible from a consideration of the operations of the mind 
in reasoning 

12. The remainder of this chapter -will be occupied with 
questions relating to that law of thought whose expression is 
x 1 = x (II. 9), a law which, as has been implied (II. 15), forms 
the characteristic distinction of the operations of the mind in its 
ordinary discouise and reasoning, as compared with its operations 
when occupied with the general algebia of quantity. An im- 
portant part of the following inquiry will consist in proving that 
the symbols 0 and 1 occupy a place, and are susceptible of an 
interpretation, among the symbols of Logic ; and it may first be 
necessary to show how particular symbols, such as the above, 
may with propriety and advantage be employed in the represen- 
tation of distinct systems of thought. 

The ground of this piopnety cannot consist in any commu- 
nity of interpretation. For in systems of thought so truly 
distinct as those of Logic and Arithmetic (I use the latter term 
in its widest sense as the science of Number), there is, propeily 
speaking, no community of subject The one of them is conver- 
sant with the very conceptions of things, the other takes account 
solely of their numerical lclations. But inasmuch as the forms 
and methods of any system of icasoning depend immediately upon 
the laws to which the symbols are subj'ect, and only mediately, 
through the above link of connexion, upon their interpretation, 
there may be both propiiety and advantage in employing the 
same symbols in diffeicnt systems of thought, provided that such 
interpretations can be assigned to them as shall render their for- 
mal laws identical, and their use consistent. The giound of that 
employment will not then be community of interpretation, but 
the community of the formal laws, to which in them respective 
systems they aic subject Nor must that community of formal 
laws be established upon any other ground than that of a careful 
observation and comparison of those results which are seen to 
flow independently from the interpretations of the systems under 
consideration. 

These observations will explain the process of inquiry adopted 
in the following Proposition. The literal symbols of Logic arc 
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universally subject to the law whose expression is x 2 = x Of 
the symbols of Number there aie two only, 0 and 1, which sa- 
tisfy this law But each of these symbols is also subject to a law 
peculiar to itself in the system of numerical magnitude, and this 
suggests the inquiry, what interpretations must be given to the 
literal symbols of Logic, in order that the same peculiar and 
formal laws may be lealized in the logical system also. 

Proposition II. 

13. To determine the logical value and significance of the 
symbols 0 and 1 . 

The symbol 0, as used in Algcbia, satisfies the following for- 
mal law, 

0 x y = 0, or Oy = 0, (1) 

whatever number y may represent. That this formal law may be 
obeyed in the system of Logic, we must assign to the symbol 0 
such an inteipretation that the class represented by 0 y may be 
identical with the class represented by 0, whatever the class y 
may be A little consideration will show that this condition is 
satisfied if the symbol 0 represent Nothing In accordance w ith 
a previous definition, we may teim Nothing a class. In fact, 
Nothing and Universe arc the two limits of class extension, for 
they are the limits of the possible interpretations of geneial 
names, none of which can i elate to fewer individuals than are 
comprised in Nothing, or to more than arc comprised in the 
Univcise. Now whatevei the classy may be, the individuals 
which aie common to it and to the class “ Nothing” aie identi- 
cal with those compused in the class “ Nothing,” foi they are 
none And thus by assigning to 0 the inteipietatiou Nothing, 
the law (1) is satisfied; and it is not otherwise satisfied consis- 
tently with the perfectly geneial character of the class y. 

Secondly, The symbol 1 satisfies in the system of Number 
the following law, viz., 

1 *y = y, oi 1 y = y, 

whatever number y may represent And this foimal equation 
being assumed as equally i alid in the system of this work, in 
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which 1 and y represent classes, it appears that the symbol 1 
must represent such a class that all the individuals which are 
found m any proposed class y are also all the individuals 1 y that 
arc common to that class y and the class represented by 1. A' 
little consideration will here show that the class represented by 1 
must be “ the Universe,” since this is the only class in which 
are found all the individuals that exist in any class. Hence the 
respective interpretations of the symbols 0 and 1 in the system 
of Logic aie Nothing and Unweise. 

14. As with the idea of any class of objects as “ men,” there 
is suggested to the mind the idea of the conti aiy class of beings 
which arc not men ; and as the whole Universe is made up of 
these two classes together, since of every individual which it 
comprehends we may affirm either that it is a man, or that it is 
not a man, it becomes important to inquiie how such contrary 
names are to be expressed. Such is the object of the following 
Proposition 

Proposition III. 

If i represent any class of objects, then mil 1 - x represent the 
contrary or supplemental y class of objects ? i. e the class including 
all objects which are not comprehended m the class x 

For gi eater distinctness of conception let x represent the class 
men , and let us express, accoiding to the last Proposition, the 
Universe by 1 ; now if from the conception of the Universe, as 
consisting of “ men” and “not-mcn,” we exclude the conception 
of “ men,” the resulting conception is that of the contiary class, 
“ not-men.” Hence the class “ not-mcn” will be repicsented by 
1 - x. And, in geneial, whatever class of objects is represented 
by the symbol x, the contiary class will be expiessed by 1 - x. 

15. Although the following Proposition belongs in stiictness 
to a futuic chapter of this woik, devoted to the subject of 
maxims or necessary truths, yet, on account of the great impor- 
tance of that law of thought to which it relates, it has been 
thought proper to introduce it here. 
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Proposition IY. 

That axiom of metaphysicians which is termed the principle of 
contradiction , and which affirms that it is impossible for any being to 
possess a quality, and at the same time not to possess it, is a conse- 
quence of the fundamental law of thought, whose expression is x 2 <= x 

Let us write this equation in the form 
x - x 2 = 0, 

whence we have 

a? (1 - x) - 0; (1) 

both these transformations being justified by the axiomatic laws 
of combination and transposition (II. 13). Let us, for simplicity 
of conception, give to the symbol x the particular interpretation 
of men, then 1 - x will represent the class of “ not-men” 
(Prop, hi.) Now the formal product of the expressions of two 
classes lepresents that class of individuals which is common to 
them both (II. 6) Hence x (1 - x) will represent the class 
whose members are at once “ men,” and “ not men,” and the 
equation (1) thus expicss the principle, that a class whose mem- 
bers are at the same time men and not men does not exist In 
other words, that it is impossible for the same individual to be at 
the same time a man and not a man Now let the meaning of 
the symbol x be extended from the representing of “ men,” to 
that of any class of beings characterized by the possession of any 
quality whatever; and the equation (1) will then expicss that it 
is impossible for a being to possess a quality and not to possess 
that quality at the same time. But this is identically that 
“principle of contradiction” which Aristotle has described as the 
fundamental axiom of all philosophy “ It is impossible that the 
same quality should both belong and not belong to the same 
thing ..This is the most ccitain of all principles. .. Wliciefore 
they who demonstrate refci to this as an ultimate opinion For 
it is by nature the souice of all the other axioms.”* 


• T6 yetp aiirb iifia inrapxtiv ti Kai pi/ virapxuv aSvvciTQv Tty aurty nai Kara 
to aifTo Aurij St) tt aoGtv ion (3ei3a.iOTa.TT/ tuv up\Hv Aio tt civtiq oi uttoSiik- 

vuvreg iiq ravn/v avayovaiv ioxa.Tr/v So$av tpvoti yap apxi) xai rwv 
a^LMipaTiov avrjj iravruv — Metuphysica, ill 3 




50 DERIVATION OF THE LAWS. [CHAP. III. 

The above intcrpietation lias been introduced not on account 
of its immediate value in the present system, but as an illustration 
of a significant fact in the philosophy of the intellectual poweis, 
viz , that what lias been commonly regaidod as the fundamental 
axiom of metaphysics is but the consequence of a law of thought, 
mathematical in its foim. I dcsiie to dnect attention also to the 
circumstance that the equation (1) in which that fundamental 
law of thought is expressed is an equation of the second degiee.* 
Without speculating at all in this chapter upon the question, 
whether that ciicumstance is necessary in its own nature, we 
may venture to assei t that if it had not existed, the whole pro- 
ceduie of the understanding would have been different from what 
it is. Thus it is a consequence of the fact that the fundamental 
equation of thought is of the second degice, that we perform the 
operation of analysis and classification, by division into paiis of 


• Should it here be said that the existence of the equation x 2 = x necessitates 
also the existence of the equation x 1 =• x, w Inch is of the thu d degree, and then 
inquired whether that equation does not indicate a process of trichotomy , the 
answer is, that the equation x 3 = x is not interpi etable in the system of logic 
For writing it in either of the forms 

x(l-,)(l-fx) =0, (2) 

x(l-x)(-l-x)-0, (3) 

we see that its interpretation, if possible at all, must involve that of the factor 
l + x, or of the factor — 1 — x The former is not mtcrpretablc, because we 
cannot conceive of the addition of any class r to the universe 1 , the latter is not 
mtcrpi etable, because the symbol - 1 is not subject to the law x (1 — x) = 0, to 
which all class symbols aio subject Hence the equation i' - x admits of no in- 
terpretation analogous to that of the equation x* = x VV'pre the formei equation, 
however, true independently of the latter, i c were that act of the mmd which 
is denoted by the symbol x, such that its second repetition should reproduce the 
result of a single operation, but not its first or mere repetition, it is presumable 
that wc should be able to interpret one of the forms (2), (3), winch under the 
actual conditions of thought we cannot do There exist operations, known to 
the mathematician, the law of which may be adequately expressed by the equa- 
tion x 3 = x But they arc of a nature altogether foreign to the province of 
general reasoning 

In saying that it is concon able that the law of thought might have been dif- 
ferent from what it is, I moan only that wc can frame such an hypothesis, and 
study its consequences The possibility of doing this involves no such doctrine 
as that the actual law of human reason is the product either of chance or of arbi- 
trary will 
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opposites, or, as it is technically said, by dichotomy. Now if the 
equation in question had been of the third degree, still admitting 
of interpretation as such, the mental division must have been 
threefold in character, and we must Ime piocceded by a species 
of trichotomy , the real nature of which it is impossible for us, 
with our existing faculties, adequately to conceive, but the laws 
of which we might still investigate as an object of intellectual 
speculation. 

16 The law of thought expressed by the equation (1) will, 
for reasons which are made appai ent by the above discussion, be 
occasionally referred to as the “ law of duality.” 
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CHAPTER IV. 

OF THE DIVISION OF PROPOSITIONS INTO THE TWO CLASSES OF 
“PRIMARY” AND “ SECONDARY;” OF THE CHARACTERISTIC PRO- 
PERTIES OF THOSE CLASSES, AND OF THE LAWS OF THE EXPRES- 
SION OF PRIMARY PROPOSITIONS. 

1. rpHE laws of those mental operations which are concerned 
-L in the processes of Conception or Imagination having 
been investigated, and the corresponding laws of the symbols 
by which they arc represented explained, we arc led to consider 
the practical application of the results obtained: first, in the 
expression of the complex terms of propositions ; secondly, in 
the expression of propositions ; and lastly, in the construction of 
a general method of deductive analysis. In the present chapter 
we shall be chiefly concerned with the first of these objects, as 
an introduction to which it is necessary to establish the following 
Proposition : 

Proposition I. 

All logical propositions may be considered as belonging to one 
or the other of two great classes, to which the respective names of 
“ Primary " or “ Concrete Propositions," and “ Secondary" or “ Ab- 
stract Propositions," may be given 

Every assertion that we make may be referred to one or the 
other of the two following kinds. Either it expresses a relation 
among things, or it expresses, or is equivalent to the expression of, 
a relation among propositions An assertion respecting the pro- 
perties of things, or the phenomena which they manifest, or the 
circumstances in which they are placed, is, properly speaking, the 
assertion of a relation among things. To say that “ snow is 
white,” is for the ends of logic equivalent to saying, that “ snow 
is a white thing.” An assertion respecting facts or events, their 
mutual connexion and dependence, is, for the same ends, generally 
equivalent to the assertion, that such and such propositions con- 
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rprninjT those events have a certain relation to each other as 
respects their mutual tiuth or falsehood The funner class of 
piopositions, lelating to things, I call “ Piimaiy thclattei class, 
relating to propositions, I call “ Secondaiy.” The distinction is 
in practice nearly but not quite co-extensive with the common 
logical distinction of piopositions as categoiical 01 hypothetical. 

For instance, the piopositions, “The sun shines,” “The earth 
is warmed,” aic primary; the pioposition, “ If the sun shines 
the earth is wanned,” is secondary. To cay, “ The sun shines,” 
is to say, “ The sun is that which shines,” and it expresses a re- 
lation between two classes of things, \iz , “ the sun" and “ things 
which shine.” The sccondai y pi opo-ition, liowev er, given above, 
expi esses a 1 elation of dependence betw ecu the tw o piimary piopo- 
sitions, “ The sun shines,” and “ The cai til is w aimed.” I do not 
hereby affirm that the relation between these piopositions is, like 
that which exists between the facts which they expiess, a rela- 
tion of causality, but only that the lclation among the piopo- 
sitions so implies, and is so implied by, the lelation among the 
facts, that it may for the ends of logic be used as a fit repre- 
sentative of that 1 elation 

2 If instead of the pioposition, “ The sun shines,” we say, 
“ It is tiue that the sun shines,” we then speak not directly of 
things, but of a pioposition concerning things, \iz., of the pro- 
position, “The sun shines.” And, theicfoic, the proposition in 
which we thus speak is a secondaiy one E\ ciy primal y pio- 
position may thus gne ii>c to a secondaiy pioposition, iiz., to 
that secondary proposition which asserts its truth, or dcelaics its 
falsehood. 

It will usually happen, that the paiticlcs if, either, or, will 
indicate that a proposition is secondaiy ; but they do not neces- 
sarily imply that such is the case The pioposition, “ Animals 
are cithci lational or mational,” is piimaiy. It cannot be ic- 
solved into “ Either animals are iation.il or animals arc iira- 
tional,” and it docs not tlicicforc cxpic-<a 1 elation of dependence 
between the two piopositions connected togclhei in the latter 
disjunctive sentence The paiticlcs, eithet, m , aic in fact no 
entenon of the nature of piopositions, although it happens that 
they are more frequently found in secondary propositions. Even 
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the conjunction if may be found in primary propositions. “ Men 
are, if wise, then temperate,” is an example of the kind. It 
cannot be lcsolved into “ If all men are wise, then all men are 
temperate.” 

3. As it is not my design to discuss the merits or defects of 
the ordinary division of propositions, I shall simply remark here, 
that the piinciple upon which the piesent classification is founded 
is clear and definite in its application, that it involves a real 
and fundamental distinction in propositions, and that it is of 
essential importance to the development of a geneial method of 
reasoning Nor does the fact that a primary proposition may 
be put into a form in which it becomes secondary at all conflict 
with the views here maintained. For in the case thus supposed, 
it is not of the things connected together in the primary propo- 
sition that any direct account is taken, but only of the propo- 
sition itself considered as true or as false. 

4. In the expiession both of primary and of secondary propo- 
sitions, the same symbols, subject, as it will appear, to the same 
laws, -will be employed in this work. The difference between 
the two cases is a difference not of form but of interpretation. 
In both cases the actual relation which it is the object of the 
proposition to express will be denoted by the sign = In the 
expression of primary propositions, the members thus connected 
will usually represent the “ terms” of a proposition, or, as they 
arc more particularly designated, its subject and predicate. 

Proposition II. 

5 To deduce a general method, founded upon the enumeration of 
possible varieties, for the expression of any class or collection of things, 
which may constitute a “ term' of a Primary Proposition. 

First, If the class or collection of things to be expressed is 
defined only by names or qualities common to all the individuals 
of which it consists, its expression will consist of a single term, 
in which the symbols expressive of those names or qualities will 
be combined without any connecting sign, as if by the alge- 
braic process of multiplication. Thus, if x represent opaque 
substances, y polished substances, z stones, we shall have, 
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xyz = opaque polished stones ; 

xy (1 - z) = opaque polished substances which axe not stones; 

x (1 - y) (1 - z) = opaque substances which are not polished, 
and aie not stones ; 

and so on for any other combination. Let it be observed, that 
each of these expressions satisfies the same law of duality, as the 
individual symbols which it contains. Thus, 

xyz y xyz = xyz ; 

xy (1 - z) x xy (1 - z) = xy (1 - z) ; 

and so on. Any such term as the above we shall designate as 
a “ class term,” because it expresses a class of things by means 
of the common propeities or names of the individual members of 
such class. 

Secondly, If we speak of a collection of things, different 
portions of which are defined by different piopeilics, names, or 
attributes, the expressions for those different portions must be 
separately foimed, and then connected by the sign + . But if 
the collection of which we desiie to speak has been formed by 
excluding fiom some wider collection a defined portion of its 
members, the sign - must be prefixed to the symbolical expres- 
sion of the excluded portion. Itespecting the use of these sym- 
bols some further obscivations may be added. 

6 Speaking generally, the symbol + is the equivalent of the 
conjunctions “and,” “oi,” and the symbol -, the equivalent of 
the preposition “ except.” Of the conjunetions “ and” and “ or," 
the former is usually employed when the collection to be de- 
scribed forms the subject, the lattei when it forms the predicate, 
of a proposition. “ The scholar and the man of the world de- 
sire happiness,” may be taken as an illustration of one of these 
cases. “ Things possessing utility arc either pioductivc of plea- 
sure or preventive of pain,” may exemplify the other. Now 
whenever an expression involving these pai tides piesents itself 
in a primary pioposition, it becomes very impoitant to know 
whether the groups or classes separated in thought by them are 
intended to be quite distinct from each other and mutually cx- 
dusive, or not. Does the expression, “ Scholars and men of the 
world,” include or exclude those who aic both ? Does the ex- 
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pression, “ Either productive of pleasure or preventive of pain,” 
include or exclude things which possess both these qualities ? I 
apprehend that in strictness of meaning the conjunctions “ and,” 
“ or,” do possess the power of separation or exclusion here re- 
ferred to ; that the formula, “ All z’s are cither y’s or z’s,” 
rigorously interpreted, means, “ All z’s arc either y’s, but not z’s,” 
or, 1 ‘ z’s but not y s.” But it must at the same time be admitted, 
that the “ jus et norma loqucndi” seems rather to favour an oppo- 
site interpretation. The expression, “ Either y' s or z’s,” would 
generally be understood to include things that are y’s and z’s at 
the same time, together with things which come under the one, 
but not the other. Iicmcmbcring, however, that the symbol + 
docs possess the scpaiating power which has been the subject of 
discussion, we must resolve any disjunctive expression which may 
come bcfoic us into elements ically sepaiated in thought, and 
then connect their respective expressions by the symbol + . 

And thus, according to the meaning implied, the expression, 
“ Tilings which are cither z’s or y’s,” will have two different sym- 
bolical equivalents. If we mean, “ Things which are z’s, but 
not y’s, or y’s, but not z’s,” the expression will be 

x C 1 - y) + y 0 - x ) > 

the symbol z standing for z’s, y for y’s. If, however, we mean, 
“ Things which are either z’s, or, if not z’s, then y’s,” the ex- 
pression will be 

z + y (1 - z). 

This expression supposes the admissibility of things which are 
both z’s and y’s at the same time. It might more fully be ex- 
pressed in the form 

zy + z (1 - y) + y (1 - z) ; 

but this expiession, on addition of the two first terms, only re- 
produces the former one. 

Let it be observed that the expressions above given satisfy 
the fundamental law of duality (III. 16). Thus we have 

{z (1-y) + y (1 - z)j 2 = x (1 -y) + y (1 - z), 
fz + y(l -z)j a = z + y(l- z). 

It will be seen licicaftci, that this is but a particular manifesta- 
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tion of a general law of expressions representing “ classes or 
collections of things.” 

7. The results of these investigations may be embodied in 
the following rule of expression. 

Rule . — Express simple names or qualities by the symbols x,y, z, 
fie , their contraries by 1 - x, 1 - y, 1 - 2 , fyc ; classes of things 
defined by common names or qualities, by connecting the correspond- 
ing symbols as in multiplication ; collections of things, consisting of 
portions different from each other, by connecting the expressions of 
those portions by the sign + In particular, let the expression, “ Either 
x’s ory's," be expressed by x(\ — y) + y (1 - x), when the classes de- 
noted by x and y are exclusive, by x + y (l — x) when they are not 
exclusive. Similarly let the expression, “ Either x's, or y's, or zs," be 
expressed byx (1 ~ff) (1 - 2 ) + y (1 - x) (1 - 2 ) + z (1 - x) (1 - y), 
when the classes denoted by x, y, and 2 , are designed to be mutually 
exclusive, by x + y ( 1 - x) + 2 (1 - x) (1 - y) , when they are not meant 
to be exclusive, and so on 

8 On this rule of expression is founded the converse rule of 
interpretation. Both these will be exemplified with, perhaps, 
sufficient fulness in the following instances. Omitting for bre- 
vity the universal subject “ things,” or “ beings,” let us assume 

x = hard, y = elastic, 2 = metals ; 
and we shall have the following lesults : 

“ Non-elastic metals,” will be expressed by 2 (1 - y ) ; 

“ Elastic substances with non-elastic metals,” by y + 2 (1 - y ) ; 

“ Hard substances, except metals,” by x -z ; 

“ Metallic substances, except those which aie neither hard nor 
elastic,” by s - 2 (1 - «) (1 - y), or by 2 { 1 - (1 - x) (1 - y)) , 
vide (G), Chap. II. 

In the last example, what we had leally to cxpiess was “ Metals, 
except not hard, not elastic, metals.” Conjunctions used be- 
tween adjectives are usually superfluous, and, thcrcfoic, must 
not be expressed symbolically. 

Thus, “ Metals hard and elastic,” is equivalent to “ Hard 
elastic metals,” and expressed by xyz. 

Take next the expression, “ Hard substances, except those 
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which are metallic and non-cla&tic, and those which, are clastic 
and non-mctallic.” Here the word those means hard substances, 
so that the expicssion ically means, Hard substances except hard 
substances, metallic, non-elastic, and hard substances non-metalhc, 
elastic; the word except extending to both the classes which 
follow it. The complete expicssion is 

x - [xz{\- y) + xy(l- z )) ; 
or, x - xz (1 - y) - xy (1 - z) 

9. The preceding Proposition, with the different illustrations 
which have been given of it, is a neccssaiy picliminary to the 
following one, which will complete the design of the present 
chapter. 

Proposition III. 

To deduce from an examination of their possible varieties a gene- 
ral method for the expression of Primary or Concrete Propositions. 

A primary proposition, in the most general sense, consists of 
two terms, between which a relation is asserted to exist. These 
terms are not necessarily single-worded names, but may lcprcscnt 
any collection of objects, such as we have been engaged in consi- 
dering in the previous sections. The mode of expressing those 
terms is, theicfoic, compichcndcd in the general precepts above 
given, and it only 1 cmnins to discover how the relations between 
the tcims arc to be expressed. This will evidently depend upon 
the natuic of the relation, and more paiticularly upon the ques- 
tion whether, in that relation, the terms arc understood to be 
universal or particular, i. e. whether we speak of the whole of 
that collection of objects to which a term refers, or indefinitely of 
the whole or of a part of it, the usual signification of the piefix, 
“ some.” 

Suppose that we wish to express a relation of identity be- 
tween the two classes, “Fixed Stars” and “Suns,” i. e. to 
express that “ All fixed stars arc suns,” and “ All suns are fixed 
stars.” Here, if x stand for fixed stars, and y for suns, we shall 
have 

x = y 

for the equation rcquiicd. 
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In the proposition, “ All fixed stars are suns,” the term “all 
fixed stars” would be called the subject , and “ suns” the predi- 
cate. Suppose that we extend the meaning of the terms subject 
and predicate in the following manner. By subject let us mean 
the first term of any affiimatne pioposition, i. c. the term which 
precedes the copula is or are ; and by predicate let us agree to 
mean the second term, i. c. the one which follows the copula ; 
and let us admit the assumption that cither of these may be uni- 
versal or paiticular, so that, in either case, the whole class may 
be implied, or only a part of it. Then we shall have the follow- 
ing Buie for cases such as the one in the last example: — 

10 Bule. — When both Subject and Predicate of a Proposition 
are universal, form, the separate expressions for them, and connect them 
by the sign =. 

This case will usually present itself in the expression of the 
definitions of science, or of subjects ticated after the manner of 
pure science Mr. Senior's definition of wealth affords a good 
example of this kind, viz : 

“ Wealth consists of things transferable, limited in supply, 
and either productive of pleasure or preventive of pain.” 

Before proceeding to express this definition symbolically, it 
must be remarked that the conj' unction and is superfluous. 
Wealth is really defined by its possession of three properties or 
qualities, not by its composition out of three classes or collections 
of objects. Omitting then the conjunction and, let us make 

w = wealth. 

t - things transferable, 
s - limited in supply. 
p = productive of pleasure. 
r = picvcntivc of pain. 

Now it is plain from the nature of the subject, that the ex- 
pression, “ Either productive of pleasure or preventive of pain,” 
in the above definition, is meant to be equivalent to “ Either pro- 
ductive of pleasure ; or, if not productive of pleasure, preventive 
of pain.” Thus the class of things which the above cxprcss’on, 
taken alone, would define, would consist of all things productive 
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of pleasure, together with all things not productive of pleasure, 
but preventive of pain, and its symbolical expression would be 

P + C 1 ~P) r - 

If then we attach to this expression placed in brackets to denote 
that both its teims are refened to, the symbols s and t limiting 
its application to things “ transferable" and “ limited in supply,” 
we obtain the following symbolical equivalent for the oiiginal 
definition, viz. : 

w = st{p + r(\ -p)]. (1) 

If the expression, “ Either productive of pleasure or preventive of 
pain,” were intended to point out merely those things which aie 
productive of pleasuie without being preventive of pain, p (1 - »•), 
or preventive of pain, without being productive of pleasuie, 
r (1 - p) (exclusion being made of those things which aie both 
productive of pleasure and preventive of pain), the expression in 
symbols of the definition would be 

io = st [p (1 - r) + r (1 -/»))• (2) 

All this agrees with what has before been more generally stated. 

The leader may be curious to inquire what effect would be 
produced if we literally translated the expression, “ Things pro- 
ductive of pleasure or preventive of pain,” by p + r, making the 
symbolical equation of the definition to be 

w = st(p + r). (3) 

The answer is, that this expression would be equivalent to (2), 
with the additional implication that the classes of things denoted 
by stp and str arc quite distinct, so that of things transfeiablc 
and limited in supply there exist none in the universe which are 
at the same time both productive of pleasure and preventive of 
pain. How the full iinpoit of any equation may be determined 
will be explained hcicafter. What has been said may show that be- 
foie attempting to translate our data into the rigorous language 
of symbols, it is above all things necessary to ascertain the in- 
tended import of the words we are using. But this necessity 
cannot be regarded as an evil by those who value correctness of 
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thought, and regard the right employment of language as both 
its instrument and its safeguard. 

11. Let us consider next the case in which the predicate of 
the proposition is particular, e. g. “ All men are mortal.” 

In this ease it is clear that our meaning is, “ All men are 
some moital beings,” and wo must seek the expression of the 
predicate, “ some mortal beings.” Represent then by v, a class 
indefinite in c\ cry lcspect but this, viz., that some of its members 
are moital beings, and let x stand for “mortal beings,” then will 
vi represent “some mortal beings.” Hence if y lepresent men, 
the equation sought will be 

y = vx. 

Fiom such consideiations we derive the following Rule, for 
expressing an affiimative universal proposition whose predicate 
is particular : 

Rule — Express as before the subject and the predicate, attach 
to the latter the indefinite symbol v, and equate the expressions. 

It is obvious that a is a symbol of the same kind as x, y, & c., 
and that it is subject to the geneial law, 

= v, or v (1 - v) «= 0. 

Thus, to express the pioposition, “ The planets are either 
primary or secondaiy,” we should, accoiding to the rule, proceed 
thus: 

Let x represent planets (the subject) ; 
y = piimary bodies ; 
z = secondary bodies ; 

then, assuming the conjunction “or” to separate absolutely the 
class of “ primary” from that of “ secondary" bodies, so far as 
they enter into our consideration in the proposition given, we 
find for the equation of the proposition 

x = v [y (1 - z) + z(l -y)). (4) 

It may be worth while to notice, that in this case the literal 
translation of the premises into the lorm 

x = v(y + z) 


( 5 ) 
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would be exactly equivalent, v being an indefinite class symbol. 
The form (4) is, however, the better, as the expression 

y(l-z) + z(l-y) 

consists of terms representing classes quite distinct from each 
other, and satisfies the fundamental law of duality 

If we take the proposition, “ The heavenly bodies are either 
suns, or planets, or comets,” representing these classes of things 
by w, x, y, z, respectively, its expression, on the supposition that 
none of the heavenly bodies belong at once to two of the divi- 
sions above mentioned, will be 


to = w(.r(l - y) (1 - z) + y (1 - x) (1 - z) + z(\ - x) (1 -y)}. 

If, however, it were meant to be implied that the heavenly 
bodies were either suns, or, if not suns, planets, or, if neither sunB 
nor planets, fixed stars, a meaning which does not exclude the 
supposition of some of them belonging at once to two or to all 
three of the divisions of suns, planets, and fixed stars, — the ex- 
pression required would be 

w = v [x + y (1 - x) + z (1 - a:) (1 - y)) (6) 

The above examples belong to the class of descriptions, not 
definitions. Indeed the predicates of propositions are usually 
particular. When this is not the case, either the predicate is a 
singular term, or we employ, instead of the copula “ is” or “ arc,” 
some form of connexion, which implies that the predicate is to be 
taken universally. 

12. Consider next the case of universal negative propositions, 
e. g. “ No men aie perfect beings.” 

Now it is manifest that in this case we do not speak of a class 
termed “ no men,” and assert of this class that all its members 
arc “ perfect beings.” But wc virtually make an assertion about 
“ all men' to the effect that they are “ not perfect beings'' Thus 
the true meaning of the proposition is this : 

“ All men (subject) arc (copula) not perfect (predicate) 
whence, if y repiesent “ men,” and x “ perfect beings,” we shall 
liaic 


y = » (1 - x). 
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and similarly in any other case. Tlius wc have the following 
Rule : 

Rule — To express any proposition of the form 11 No x’s are 
y's," convert it into the form “ All x's are not y's," and then proceed 
as in the precious case 

13. Consider, lastly, the case in which the subject of the 
proposirion is particular, c. g. “ Some men arc not wise.” Here, 
as has been lemaiked, the negatne not may properly be referred, 
certainly, at least, foi the ends of Logic, to the predicate wise ; 
for we do not mean to say that it is not true that “ Some men 
are wise,” but we intend to piedicatc of “ some men” a want of 
wisdom. The requisite form of the gii en proposition is, there- 
fore, “ Some men are nob-wise.” Putting, then, y for “ men,” 
x for “wise,” l e. “-wise beings,” and introducing t> as the sym- 
bol of a class indefinite in all respects but this, that it contains 
some individuals of the class to whose expression it is prefixed, 
we have 

vy = u(l -x). 

14. Wc may comprise all that wc have determined in the 
following general Rule : 

GENERAL RULE FOR THE SYMBOLICAL EXPRESSION OF PRIMARY 
PROPOSITIONS 

1st. If the proposition is affirmative, form the expression of the 
subject and that of the pi'echcate Should either of them be particular, 
attach to it the indefinite symbol v, and then equate the resulting ex- 
pressions. 

2ndly If the proposition is negative, express first its true mean- 
ing by attaching the negative particle to the predicate, then proceed as 
above 

One or two additional examples may suffice for illustration. 

Ex. — “ No men are placed in exalted stations, and free from 
envious regards.” 

Let y represent “men,” x , “placed in exalted stations,” z, 
“ free from envious regards.” 

Now the expression of the class described as “placed in 
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exalted station,” and “fiee from envious legards,” is xz. Hence 
the contraiy class, i. e. they to whom this description does not 
apply, will be represented by 1 - xz, and to this class all men 
are referred. Hence we have 

y = »(i - xz). 

If the proposition thus expressed had been placed in the equiva- 
lent form, “Men in exalted stations aie not free fioni envious 
regards,” its expression would have been 

yx = v (1 - z). 

It will hereafter appear that this cxpicssion is really equivalent 
to the previous one, on the paiticular hypothesis involved, viz., 
that v is an indefinite class symbol 

Ex. — “ No men are hcioes but those who unite self-denial to 
courage.” 

Let x = “ men,” y = “ heroes,” z = “ those who practise self- 
denial,” jo, “ those who possess courage.” 

The asseition ically is, that “men who do not possess cou- 
rage and practise self-denial are not hciocs.” 

Hence we have 

x (1 - zw) = v (1 - y) 
for the equation required 

15. In closing this Chapter it may be interesting to compare 
togethei the great leading types of piopositions symbolically ex- 
pressed. If we agree to lcprescnt by X and Y the symbolical 
expiessions of the “ terms,” or things related, those types will 
be 

X =vY, 

x = y, 

vX = vY 

In the first, the predicate only is paiticular ; in the second, both 
terms are uni\ crsal ; m the third, both are particular. Some mi- 
nor forms are ically included under these. Thus, if Y= 0, the 
second form becomes 

X = 0; 

and if Y = 1 it becomes 

X=l; 



CHAP. IV.] DIVISION OF PROPOSITIONS. 65 

both which forms admit of interpretation It is further to be 
noticed, that the expressions X and Y, if founded upon a suffi- 
ciently careful analysis of the meaning of the “ terms” of the 
proposition, will satisfy the fundamental law of duality which 
requires that we have 

X*= X or X(l- X) = 0, 

P = Y or Y(1 - Y) = 0. 
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CHAPTER V 

OF THE FUNDAMENTAL PRINCIPLES OF SYMBOLICAL REASONING, AND 
OF THE EXPANSION OR DEVELOPMENT OF EXPRESSIONS INVOLV- 
ING LOGICAL SYMBOLS. 

1. 'T'HE previous chapters of this work have been devoted to 
-A- the investigation of the fundamental laws of the opera- 
tions of the mind in leasomng; of their development in the 
laws of the symbols of Logic ; and of the principles of expression, 
by which that species of pi opositions called primary may be repre- 
sented in the language of symbols. These inquiries have been 
in the strictest sense preliminary. They form an indispensable 
introduction to one of the chief objects of this treatise — the con- 
struction of a system or method of Logic upon the basis of an 
exact summary of the fundamental laws of thought. There are 
certain considerations touching the natuie of this end, and the 
means of its attainment, to which I deem it necessary here to 
direct attention. 

2. I would remark in the first place that the generality of a 
method in Logic must very much depend upon the generality of 
its elementary processes and laws. Wc have, for instance, in the 
previous sections of this work investigated, among other things, 
the laws of that logical process of addition which is symbolized 
by the sign +. Now those laws have been determined from the 
study of instances, m all of which it has been a necessary condi- 
tion, that the classes or things added together in thought should 
be mutually exclusive. The expression x + y seems indeed un- 
interpretable, unless it be assumed that the things represented 
by x and the things represented by y are entirely separate ; 
that they embrace no individuals in common. And conditions 
analogous to this have been involved in those acts of conception 
from the study of which the laws of the other symbolical opera- 
tions have been asceitaincd. The question then arises, whether 
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it is necessary to restrict the application of these symbolical laws 
and processes by the same conditions of interpretability under 
which the knowledge of them was obtained. If such restriction 
i3 necessary, it is manifest that no such thing as a general 
method in Logic is possible. On the other hand, if such restric- 
tion is unnecessary, in what light are we to contemplate pro- 
cesses which appear to be uninterpretable in that sphere of thought 
which they are designed to aid ? These questions do not belong 
to the science of Logic alone. They are equally pci tment to every 
developed form of human reasoning which is based upon the 
employment of a symbolical language. 

3. I would obscive in the second place, that this apparent 
failure of correspondency between process and interpretation does 
not manifest itself in the ordinary applications of human rea- 
son. For no operations arc there performed of which the mean- 
ing and the application are not seen ; and to most minds it does 
not suffice that merely formal reasoning should connect their 
premises and their conclusions ; but every step of the connecting 
train, every mediate result which is established in the course of 
demonstration, must be intelligible also. And without doubt, 
this is both an actual condition and an important safeguard, in 
the rcasoninjra and discourses of common life. 

There are perhaps many who would be disposed to extend 
the same principle to the gcncial use of symbolical language as 
an instrument of reasoning. It might be aigucd, that as the 
laws or axioms which govern the use of symbols aic established 
upon an investigation of those cases only in which interpretation 
is possible, we have no light to extend their application toother 
cases in which intcrpictation is impossible 01 doubtful, even 
though (as should be admitted) Mich application is employed ill 
the intermediate steps of demon-. tiatiou only. Were this ob- 
jection conclusive, it must be acknowledgcd/fhat slight ad- 
vantage would acciue fiom the use of a syjjroolical method in 
Logic Perhaps that adv antage would be confined to the mecha- 
nical gain of employing shoit and convenient symbols in the 
place of more cumbrous ones. But the objection itself i-- falla- 
cious. Whatever our a prion anticipations might he, i( is an 
unquestionable fact that the validity of a conclusion arrived at 
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by any symbolical process of reasoning, does not depend upon 
our ability to interpret the formal results which have presented 
themselves in the different stages of the investigation. There 
exist, in fact, certain general principles relating to the use of 
symbolical methods, which, as pertaining to the particular sub- 
ject of Logic, I shall first state, and I shall then offer some re- 
marks upon the nature and upon the grounds of their claim to 
acceptance 

4. The conditions of valid leasoning, by the aid of symbols, 
are — 

1st, That a fixed interpretation be assigned to the symbols 
employed in the expression of the data , and that the laws of the 
combination of those symbols be correctly determined from that 
interpretation. 

2nd, That the foimal processes of solution or demonstration 
be conducted throughout in obedience to all the laws deter- 
mined as aboic, without legard to the question of the interpieta- 
bility of the partieulai results obtained 

3rd, That the final result be interpretable in form, and that 
it be actually interpreted in accordance with that system of in- 
terpretation which has been employed in the expression of the 
data. Concerning these principles, the following obseriations 
may be made. 

5 The necessity of a fixed interpi ctation of the symbols has 
already been sufficiently dwelt upon (II. 3) The necessity that 
the fixed result should be in such a fbiin as to admit of that in- 
teipretation being applied, is founded oil the ob\ious principle, 
that the use of symbols is a means towaids an end, that end 
being the knowledge of some intelligible fact or truth. And 
that this end may be attained, the final result which expiesscs 
the symbolical conclusion must be in an interpretable form. It 
is, howevei, in connexion with the second of the aboie general 
principles or conditions (V. 4), that the greatest difficulty is 
likely to be felt, and upon this point a few additional words are 
neces’saiy. 

I would then remaik, that the principle in question may be 
considered as resting upon a general law of the mind, the know- 
ledge of which is not gi\ en to us d priori, i c. antecedently' to 



CHAP. V.] PRINCIPLES OF SYMBOLICAL REASONING 69 

experience, but is derived, like the knowledge of the other laws 
of the mind, from the clear manifestation of the general piinciple 
in the particular instance A single example of reasoning, in 
which symbols are employed in obedience to laws founded upon 
their inteipietation, but without any sustained reference to that 
interpictation, the chain of demonstration conducting us through 
intermediate steps which aie not mteipietable, to a final lesult 
which is inteipietablc, seems not only to establish the \alidity of 
the paiticulai appheation, but to make known to us the general 
law manifested theicin. No accumulation of instances can pio- 
peily add weight to such c\ ldcnce. It may furnish us with clearer 
conceptions of that common element oftiuth upon which the ap- 
plication of the piinciple depend-, and -o picpaic the way foi its 
reception. It may, whcic the immediate foice of the evidence is 
not felt, serve as a verification, a posteium, of the practical vali- 
dity of the principle in question. But this docs not affect the posi- 
tion affiimed, viz., that the general piinciple must be seen in the 
particular instance, — seen to be general m application as well as 
true in the special example. The employment of the unintei pre- 
table symbol V - I, in the intermediate pioce»ses oftiigonomctry, 
furnishes an illustration of what has been said 1 apprehend that 
thcie is no mode of explaining that application which docs not 
covcitly assume the vciy piinciple in question. But that prin- 
ciple, though not, as I concche, waiiantcd by foimal icasoniiig 
based upon othei giounds, seems to dcscivc a place among those 
axiomatic tiuths which constitute, in some sense, the foundation 
of the possibility of general knowledge, and which may piopcily 
be regarded as cxpicssions of the nnnd’s own laws and consti- 
tution 

6. The following is the mode in which the piinciple above 
stated will be applied in the piescnt work. It has been seen, 
that any system of propositions may lie cxpiessed by equations 
involving symbols x, y, which, whenever intci pretation is pos- 
sible, aie subject to laws identical m fonn with the laws of a sys- 
tem of quantitative symbols, susceptible only of the i alues 0 and 
1 (11.15). But as the formal processes of i casonmg depend only 
upon the laws of the symbols, and not upon the natiuc of their 
interpretation, we aie permitted to treat the aboie symbols, 
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x } y, z, as if they were quantitative symbols of the kind above 
described. We may m fact lay aside the logical interpretation of 
the symbols in the given equation ; convert them into quantitative sym- 
bols, susceptible only of the values 0 and 1 , perform upon them as such 
all the i equisite processes of solution , and finally restore to them their 
logical interpretation. And this is the mode of procedure which 
will actually be adopted, though it will be deemed unnecessary 
to restate in every instance the nature of the transformation em- 
ployed. The processes to which the symbols x , y, z, regarded 
as quantitative and of the species above described, are subject, are 
not limited by those conditions of thought to which they would, 
if performed upon purely logical symbols, be subject, and a free- 
dom of operation is given to us in the use of them, without 
which, the inquiry after a general method in Logic would be a 
hopeless quest 

Now the above system of piocesses would conduct us to no 
intelligible result, unless the final equations resultmg therefrom 
were in a form which should render their interpretation, after 
restoring to the symbols their logical significance, possible. 
There exists, however, a general method of reducing equations 
to such a form, and the lemainder of this chapter will be devoted 
to its consideration. I shall say little concerning the way in 
which the method lenders interpretation possible, — this point 
being reserved for the next chapter, — but shall chiefly confine 
myself here to the mere process employed, which may be cha- 
racterized as a process of “ development.” As introductory to 
the nature of this process, it may be proper first to make a few 
observations. 

7- Suppose that we are considering any class of things with 
reference to this question, viz., the relation in which its members 
stand as to the possession or the want of a certain property x As 
every individual in the proposed class either possesses or does 
not possess the property in question, we may divide the class 
into two portions, the former consisting of those individuals 
which possess, the latter of those which do not possess, the pro- 
perty. This possibility of dividing in thought the whole class 
into two constituent portions, is antecedent to all knowledge of 
the constitution of the class derived from any other source ; of 
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wind) knowledge the effect can only be to inform us, more or 
less precisely, to what further conditions the portions of the class 
which po'sess and which do not possess the given property ate 
subject Suppose, then, such knowledge is to the following effect, 
viz , that the members of that portion which possess the property 
x, possess also a certain property n, and that these conditions 
united are a sufficient definition of them. We may then repre- 
sent that poi tion of the onginal class by the expression u.v (II 6). 
If, fui tlicr, we obtain information that the members of the ori- 
ginal class which do not possess the piopcrty ,r, are subject to a 
condition v, and arc thus defined, it is clcai, that those members 
will be represented by the cxpi e-sion « (1 -x) Hence the class 
in its totality will be lcpicsented by 

nx + v ( 1 - .t) , 


which may be consideicd as a general developed form for the 
expression of any class of objects considcied with reference to 
the possession or the want of a gnen piopeity x 

The general form thus established upon purely logical 
grounds may also be deduced fiom distinct consideiations of 
formal law, applicable to the symbols x, ?/, z, equally in their 
logical and in their quantitative interpretation already refei red to 

(V- 6) 

8. Definition — Any algcbiaic expression involving a sym- 
bol x is tcimcd a function of x, and may be represented under 
the abbreviated general foim f(x). Any cxpiession imolving 
two symbols, x and y, is similarly tenned a function of x and y, 
and may be rcpiesentcd under the gencial form f {x, y), and so 
on for any other case. 

Thus the foim f(x) would indiffciently lcpiescnt any of the 


following functions, viz., x, 1 - x. 


1 _J_ 

- — - , &.c. , and / (.», y) would 


ic + ?/ 

equally represent any of the foims x + y, x -2 y, — — — , <fec. 

On the same principles of notation, if in any function f(x ), 
we change x into 1, the result will be expressed by the foim 
/( 1) ; if in the same function we change x into 0, the lcsult will 
be expressed by the form /( 0). Tlius, if/ (,r) lepiescnt the 
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function - a , /(l) will represent , and /( 0) will repre- 

d CL ■“ iS 

4 . 

sent - . 
a 

9 Definition. — Any function /(a), in which x is a logical 
symbol, or a symbol of quantity susceptible only of the values 
0 and 1, is said to be developed, when it is reduced to the form 
ax + b (1- x), a and b being so determined as to make the result 
equivalent to the function from which it was derived 

This definition assumes, that it is possible to represent any 
function f (x) in the form supposed. The assumption is vindi- 
cated in the following Proposition. 

Proposition I 

10. To develop any function f (x) in which x is a logical symbol 

By the principle which has been asserted in this chapter, it 
is lawful to treat & as a quantitative Bymbol, susceptible only of 
the values 0 and 1. 

Assume then, 

f(x) = ax + b (1 - x), 
and making x = 1, we have 

/(!) = «• 

Again, in the same equation making x = 0, we have 

f(P) = b 

Hence the values of a and b are determined, and substituting 
them in the first equation, we have 

/ M = /(l) a? +/(0) (1 - x ) ; (1) 

as the development sought.* The second member of the ecjusi- 

• To some it may be interesting to remark, that the development of f(x) 
obtained in this chapter, strictly holds, in the logical system, tlje place of the 
expansion of/(x) in ascending powers of x m the system of ordinary algebra 
Thus it may be obtained by introducing into the expression of Taylor’s well- 
known theorem, viz. 

f W =/(°) +/ (°> +/' (°) -J — 2 4 f (0) y-|-g, &c 
the condition i (1 - i) = 0, whence we find ** = *, x*= x, &c , and 


( 1 ) 
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tion adequately represents the function / {x), whatever the form 
of that function may be. For a: regarded as a quantitative sym- 
bol admits only of the values 0 and 1, and for each of these 
values the development 

/(i)*+/(0)(i-*), 

assumes the same value as the function / (.t). 

As an illustration, let it be required to develop the function 

- + * . Here, when x = 1, we find /( 1) = | , and when x = 0, 

1 *}■ O 

we find/(0) = y , or 1. Hence the expression required is 

1 + x 2 . 

1 o = + l-x; 

1 + 2x 3 

and this equation is satisfied for each of the values of which the 
symbol x is susceptible. 


Proposition II. 


To expand or develop a function involving any number of logical 
symbols 

Let us begin with the case in which there are two symbols, 
x and y, and let us represent the function to be developed by 


f( x <y) 

First, considering / ( x , y) as a function of x alone, and ex- 
panding it by the general theorem (1), we have 

f( x ,y) =f( 1 >y) x (i-*) ; (2) 


/W=/(0)+{/(0)+4^j + fS >+ic}l - (2) 

But making in (1), x = 1, wc get 

/(i) =/(0) +/ (0) + ro + Kc 

'whence 

/ (0) +M + &c. =/(l) -/(0), 

and (2) becomes, on substitution, 

/(*)-/( 0) + {/CO -/CO)} *, 

= /(!)* +/(0)(l-x), 

the form m question This demonstration in supposing/!*) to be developable in 
a scries of ascending powers of x is less general than the one in the text 
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wherein /( 1. y) represents what the proposed function becomes, 
when in it fbi x we write I, and f (0, y) what the said function 
becomes, when in it for x we write 0. 

Now, taking the coefficient f (1, y ), and regarding it as a func- 
tion of >j, and expanding it accordingly, we have 

/(U »)-/(!, i)y+/(i,«)(i-y), (3) 


wherein /(l, 1) represents what f(l, y) becomes when y is made 
equal to 1, and /{ 1,0) what /(l, y) becomes when y is made 
equal to 0. 

In like mann er, the coefficient /(0, y) gives by expansion, 

f(0, y) =/(0, 1) y +/(0, 0) (1 - y). (4) 

Substitute in (2) for /(l, y), f (0, y), their values given in (3) 
and (4), and we have 


f(x, V) =/0> 0 x y +/0* °) x (1 - y) +/( 0, 1) (1 - x) y 

t /(0,0J(1-a)(1-j), (5) 

for the expansion required. Here /( 1, 1) represents what f{x,y ) 
becomes when we make therein x = 1, y = 1 ; /(l, 0) represents 
what / (x, y) becomes when we make therein x = 1, y - 0, and 
so on for the rest. 


1 - x 


Thus, if/ (x, y) represent the function - — -, we find 

/(!>!) = I /( 1,0) = ® = 0, / (0, 1) = i, /(0, 0) = 1, 


whence the expansion of the given function is 

^xy + Oj; (1 - y) + J(l-x)y + (l -x) (1 ~y). 

It will in the next chapter be seen that the forms - and the 

former of which is known to mathematicians as the symbol of in- 
determinate quantity, admit, in such expressions as the above, of 
a very important logical interpretation 

Suppose, in the next place, that we have three symbols in 
the function to be expanded, which we may represent under the 
general form/ (a, y, z). Proceeding as before, we get 
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/(*: J y> z) =/( 1 1 , 1 > !) ry z +/( 1 J 1 » 0) ( 1 - ^) +/(1 » 0, 1) ar (1 - y) « 

+ / (1, 0, 0) x (1 - y) (1 - z) + f (0, 1, 1) (1 - x ) yz 
+ /( 0,1,0) (1 -x)y (l-z)+/(0,0, 1) (l-tf)(l-p)z 
+ /( 0, O.OKl-^O-y) (1-*), 

in which /(l, 1, 1) lepresents what the function f(x, y, z) be- 
comes when we make therein x = 1, y= 1, - = 1, and so on for 
the rest. 

11. It is now easy to see the general law which determines 
the expansion of any pioposed function, and to reduce the me- 
thod of effecting the expansion to a rule But before proceeding 
to the expression of such a lule, it will be convenient to premise 
the following observations : — 

Each form of expansion that wc have obtained consists of cer- 
tain terms, into which the symbols .t, y, &c. enter, multiplied by 
coefficients, into which those symbols do not enter Thus the 
expansion of f(x) consists of two terms, x and 1 - x, multiplied 
by the coefficients /(l) and/(0) respectively. And the expan- 
sion of f{x, y ) consists of the four terms xy, x (1 ~y), (1 -x)y, 
and (1 - x), (1 - y), multiplied by the coefficients /(1 , 1), / (1, 0), 
/( 0, 1), /(0, 0), respectively. The terms x, 1 -x, in the former 
case, and the teims xy, x(l - y),& c , m the latter, wc shall call 
the constituents of the expansion It is evident that they are in 
form independent of the fonn of the function to be expanded 
Of the constituent xy, x and y aic Icimcd the factors. 

The general rule of development will thercfoie consist of two 
parts, the fiist of which will lelate to the formation of the consti- 
tuents of the expansion, the second to the determination of their 
respective coefficients. It is as follows : 

1st. To expand any function of the symbols x, y, z . — Form a 
series of constituents in the following mannci : Let the fiist con- 
stituent be the pioduct of the symbols , change in this product 
any symbol z into 1 - z, for the second constituent Then in 
both these change any other symbol y into 1 - y, for two more 
constituents Then in the four constituents thus obtained change 
any other symbol x into 1 - x, for foui new constituents, and so 
on until the number of possible changes is exhausted. 

2ndly To find the coefficient of any constituent . — If that con- 
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stitucnt involves x as a factor, change in the oiiginal function x 
into 1 ; but if it involves 1 - x as a factoi, change in the oiiginal 
function x into 0. Apply the same rule with reference to the 
symbols y, z, &c : the final calculated value of the function thus 
transformed will be the coefficient sought 

The sum of the constituents, multiplied each by its respective 
coefficient, will be the expansion lequircd. 

12. It is worthy of observation, that a function may be de- 
veloped with reference to symbols which it does not explicitly 
contain Thus if, pioceeding according to the rule, we 6eek to 
develop the function I - x, with reference to the symbols x and 
y, we have, 


When x = 1 and 

y = 1 the 

given 

function = 0. 

x=\ „ 

y = o 


,, = 0. 

a: = 0 „ 

l-H 

II 

3* 

si 

„ =1- 

x = 0 „ 

O 

II 


„ -1. 


Whence the development is 

1 -i = 0ay + 0 i(l -y)+ (1 - ®)y + (1-*) (1 - y); 
and this is a true development The addition of the terms (1 - x')y 
and (1 - x) (1 - y) produces the function 1 - x. 

The symbol 1 thus developed according to the rule, with re- 
spect to the symbol x, gives 

x + 1 - x. 

Developed with respect to x and y, it gives 

xy + x (1 - y) + (1 - x) y + (1 - x) (1 - y) 

Similarly developed with respect to any set of symbols, it pro- 
duces a series consisting of all possible constituents of those 
symbols. 

1 3. A few additional remarks concerning the nature of the 
general expansions may with propriety be added. Let us take, 
for illustration, the general theorem (5), which presents the type 
of dev elopment for functions of two logical symbols. 

In the first place, that theorem is perfectly true and intel- 
ligible when x and y are quantitative symbols of the species con- 
sidered in this chapter, whatever algebraic form may be assigned 
to the function /( t, y), and it may therefore be intelligibly cm- 
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ployed in any stage of tlie process of analysis intermediate be- 
tween the change of interpretation of the symbols from the 
logical to the quantitative system above referred to, and the final 
restoration of the logical interpretation 

Secondly. The theoiem is perfectly true and intelligible when 
x and y are logical symbols, prov ided that the form of the func- 
tion f (x, y) is such as to represent a class or collection of things, 
in which case the second membei is always logically interpretable. 
For instance, if J (r, y) repicsent the function 1 - x + xy, we ob- 
tain on applying the theoiem 

1 - x+ xy = xy + Or(l -y) + (1 -x)y + (l-x) (1 -y), 

= xy ¥(\-x)y + (l-x) (1 -y), 
and this result is intelligible and true 

Thus we may legal d the theorem as true and intelligible for 
quantitative symbols of the species above dcsciibcd, always ; for 
logical symbols, always when interprctable. Whensoever there- 
fore it is employed in this work it must be undei stood that the 
symbols x, y aie quantitative and of the particular species leferred 
to, if the expansion obtained is not interpretablc 

But though the expansion is not always immediately inter- 
pretable, it always conducts us at once to results which are in- 
terpretable. Thus the expression x-y gives on development 
the foim 

*(1 - y) -yO - x \ 

which is not generally interpretable. W c cannot take, in thought, 
from the class of things which arc x’s and not y’s, the class of 
things which are y’s and not x’s, because the latter class is not 
contained in the fonner. But if the form x-y presented itself 
as the first member of an equation, of which the second member 
was 0, we should have on development 

•*(i -y) -y(i -*) = o 

Now it will be shown in the next chapter that the above equa- 
tion, x and y being regarded as quantitative and of the species 
described, is resolvable at once into the two equations 
«(l-t/) = 0, y (1 - x) = 0, 

and these equations are directly interprctable in Logic when lo- 
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gical interpretations are assigned to the symbols x and y. And 
it may be remaiked, that though functions do not necessarily be- 
come intei pretable upon development, yet equations are always 
reducible by this process to interprctable forms. 

14. The following Proposition estabhshes some important 
properties of constituents In its enunciation the symbol t is 
employed to repiesent indifferently any constituent of an expan- 
sion Thus if the expansion is that of a function of two symbols 
x and y, t represents any of the four forms xy, x (1 - y), (1 - x)y, 
and (1 - x) (1 - y). Where it is necessary to repiesent the con- 
stituents of an expansion by single symbols, and yet to distinguish 
them from each other, the distinction will be marked by suffixes. 
Thus t v might be employed to repiesent a;y, t 2 to represent ®(1 -y), 
and so on. 

Proposition III. 

Any single constituent t of an expansion satisfies the law of dua- 
lity whose expression is 

t(l-*) = 0 

The product of any two distinct constituents of an expansion is equal 
to 0, and the sum of all the constituents is equal to 1 

1st. Consider the particular constituent xy. We have 

xy x xy = x-y 1 . 

But x 1 = x, y l = y, by the fundamental law of class symbols ; 
hence 

xy x xy = xy. 

Or representing xy by t, 

t x t = t, 

or ((1 - £) = 0. 

Similarly the constituent a? (1 - y) satisfies the same law. For we 
have 

= x > ( 1 - 2 /)* = l-y, 

.*. {m (1 - y)} 1 = eO -y), or <(1 -<) = 0. 

Now every factor of every constituent is either of the form x or 
of the form 1 - x. Hence the square of each factor is equal to that 
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factor, and therefore the square of the product of the factors, i. e. 
of the constituent, is equal to the constituent; wherefore t repre- 
senting any constituent, we have 

t- = t, or Z(1 - <) = 0 

2ndly The product of any two constituents is 0. This is 
evident from the general law of the symbols expressed by the 
equation x (1 - x) = 0 ; for whatever constituents in the same ex- 
pansion we take, there will be at least one factor x in the one, to 
which will correspond a factoi 1 - x in the other. 

3idly. The sum of all the constituents of an expansion is 
unity This is evident from addition of the two constituents x 
and 1 - x, or of the four constituents, xy,x{\-y),{\- x)y, 
(1 - x) (1 -y). But it is also, and more generally, proved by 
expanding 1 in terms of any set of symbols (V. 1 2). The consti- 
tuents in this case are formed as usual, and all the coefficients 
are unity. 

15. With the above Proposition we may connect the fol- 
lowing. 

Proposition IV. 

If V re-present the sum of any series of constituents, the separate 
coefficients of which are 1, then w the condition satisfied, 

7(1 - 7) = 0. 

Let t u t 2 . . * tn be the constituents in question, then 
V= t\ + • ■ * + tfp 

Squaring both sides, and observing that tf = t Xl t x t, = 0, &c., we 
have 

7 2 = ti + fj • • • + tn > 

whence 

7= 7». 


7(1 - 7) = 0. 


Therefore 
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CHAPTER VI. 

OF THE GENERAL INTERPRETATION OF LOGICAL EQUATIONS, AND 
THE RESULTING ANALYSIS OF PROPOSITIONS ALSO, OF THE 
CONDITION OF INTERPRETABILITY OF LOGICAL FUNCTIONS. 

1 XT has been observed that the complete expansion of any 
function by the general rule demonstrated in the last 
chapter, involves two distinct sets of elements, viz., the consti- 
tuents of the expansion, and their coefficients. T propose in 
the present chapter to inquire, first, into the interpretation of 
constituents, and afterwards into the mode in which that inter- 
pretation is modified by the coefficients with which they arc 
connected 

The terms “ logical equation,” “ logical function,” &c., will 
be employed geneially to denote any equation or function in- 
volving the symbols x, y, &c , which may present itself either 
in the expression of a system of premises, or in the train of sym- 
bolical results which intervenes between the premises and the 
conclusion. If that function or equation is in a form not imme- 
diately inlerpretable in Logic, the symbols x, y, &c., must be re- 
garded as quantitative symbols of the species described in previous 
chapters (II. 15), (V. 6), as satisfying the law, 

x (1 - x) = 0 

By the problem, then, of the interpretation of any such logical 
function or equation, is meant the reduction of it to a form in 
which, when logical values are assigned to the symbols x, y, &c., 
it shall become interpretable, together with the resulting inter- 
pretation. These conventional definitions are in accordance with 
the general principles for the conducting of the method of this 
treatise, laid down in the previous chapter. 
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Proposition I. 

2. The constituents of the expansion of any function of the logi- 
cal symbols .r, y, fyc , are intcrpt stable, and represent the several 
exclusive divisions of the universe oj discourse, formed by the predica- 
tion and denial m every possible uay of the qualities denoted by the 
symbols x, y, c$ c. 

For greater distinctness of conception, let it be supposed that 
the function expanded involves tw o symbols x and y, with re- 
ference to which the expansion has been effected. We have then 
the following constituents, 1 iz . 

xy, x(l -y), (1 - .v) y, (1 - x) (1 - y). 

Of these it is evident, that the first xy represents that class 
of objects which at the same time possess both the elementary 
qualities expressed by x and y, and that the second x (1 - y) re- 
presents the class possessing the property x , but not the property 
y. In like manner the thud constituent represents the class of 
objects which possess the property repicsentcd by y, but not 
that represented by x , and the fouith constituent (1- x) (1 - y), 
represents that class of objects, the membra s of which possess nei- 
ther of the qualities in question. 

Thus the constituents in the case just consideicd represent 
all the four classes of objects which can be dc«cnbed by affirma- 
tion and denial of the piopcities expressed by .% and y. Those 
classes are distinct from each othra . No membra of one is a mem- 
ber of another, for each class possesses some pioperty oi quality 
contrary to a property oi quality possessed by any other class. 
Again, these classes togethei make up the universe, for there is 
no object which may not be described by the piesence or the 
absence of a pioposed quality, and thus each individual thing in 
the universe may be refeired to some one or other of the four 
classes made by the possible combination of the two given 
classes x and y, and their continues. 

The remarks which have here been made with reference to the 
constituents of / (x, y) aie perfectly general m character. The 
constituents of any expansion represent classes — those classes 
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are mutually distinct, through the possession of contrary qualities, 
and they together make up the universe of discourse. 

3. These propeities of constituents have their cxpiession in 
the theoiems dcmonstiated in the conclusion of the last chaptci, 
and might thence have been deduced. From the fact that eveiy 
constituent satisfies the fundamental law of the individual sym- 
bols, it might have been conjectured that each constituent would 
represent a class. Fiom the fact that the product of any two 
constituents of an expansion vanishes, it might have been con- 
cluded that the classes they represent are mutually exclusive. 
Lastly, from the fact that the sum of the constituents of an ex- 
pansion is unity, it might have been infened, that the classes 
which they represent, together make up the universe. 

4. Upon the laws of constituents and the mode of then in- 
terpretation above determined, are founded the analysis and the 
interpi ctation of logical equations That all such equations ad- 
mit of interpi ctation by the theorem of development has already 
been stated 1 propose here to investigate the forms of possible 
solution which thus present themselves in the conclusion of a 
train of reasoning, and to show how those fonns anse. Although, 
properly speaking, they are but manifestations of a single funda- 
mental type or principle of expicssion, it will conduce to clearness 
of apprehension if the minor varieties which they exhibit are 
presented separately to the mind. 

The foims, which are three in numbci , aic as follows : 

FORM i. 

5. The foim we shall first consider aiises when any logical 
equation V= 0 is developed, and the lesult, after lcsnlution into 
its component equations, is to be intei preted. The function is sup- 
posed to involve the logical symbols x, y, &c , in combinations which 
are not fractional. Fiactional combinations indeed only arise in 
the class of problems which will be considered when vve come to 
speak of the third of the forms of solution above referred to 

Proposition II. 

To interpret the logical equation T r = 0 

Foi simplicity let us suppose that V involves but two sym- 
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bols, x and y, and let us represent the development of the given 
equatfon by 

axy + bx{ 1 - y) + c (1 - a) y + d (1 -«)(l-y) = 0; (1) 

a, b, c, and d being definite numerical constants. 

Now, suppose that any coefficient, as a, does not vanish 
Then multiplying each side of the equation by the constituent xy, 
to which that coefficient is attached, we have 

axy = 0, 

whence, as a does not vanish, 

xy = 0, 

and this result is quite independent of the nature of the other co- 
efficients of the expansion. Its interpretation, on assigning to 
x and y their logical significance, is “No individuals belonging at 
once to the class represented by x, and the class represented by y, 
exist.” 

But if the coefficient a does vanish, the term axy does not 
appear in the development (1), and, therefore, the equation xy = 0 
cannot thence be deduced. 

In like manner, if the coefficient b does not vanish, we have 
x (1 - y) = 0, 

which admits of the interpretation, “ There are no individuals 
which at the same time belong to the class x, and do not belong 
to the class y ” 

Either of the above interpretations may, however, as will sub- 
sequently be shown, be exhibited in a different form 

The sum of the distinct interpretations thus obtained from 
the several terms of the expansion whose coefficients do not 
vanish, will constitute the complete interpretation of the equation 
V = 0. The analysis is essentially independent of the number 
of logical symbols involved in the function V, and the object of 
the proposition will, therefore, in all instances, be attained by the 
following Rule: — 

Rule — Develop the function V, and equate to 0 every consti- 
tuent whose coefficient does not vanish. The interpretation of these 
results collectively will constitute the interpretation of the given 
equation. 
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6. Let us take as an example the definition of “ clean beasts,” 
laid down in the Jewish law, viz., ct Clean beasts are those 
which both div ide the hoof and chew the cud,” and let us assume 

x = clean beasts , 
y = beasts dividing the hoof; 
z = beasts chewing the cud. 

Then the given proposition will be represented by the equation 

x=yz, 

which we shall reduce to the form 

x - yz = 0, 

and seek that foim of interpretation to which the present method 
leads. Fully developing the first member, we have 

0 xyz + xy (1 - z) + x (1 - y) z + x (1 - y) (1 - z) 
~(l-x)yz+0(l-x)y(l-z) + 0(l-x)(l-y)z+0(l-x)(l-y)(l-z) 

Whence the tei ms, whose coefficients do not vanish, give 

xy(l-z) = 0, xz(l-y) = 0, x(l-y)(l-z) = 0, (l-x')yz = 0. 

These equations express a denial of the existence of certain classes 
of objects, viz. : 

1st. Of beasts which are clean, and divide the hoof, but do 
not chew the cud. 

2nd Of beasts which arc clean, and chew the cud, but do not 
divide the hoof. 

3rd Of beasts which aie clean, and neither divide the hoof 
nor chew the cud 

4th. Of beasts which divide the hoof, and chew the cud, and 
are not clean 

Now all these several denials aie really involved in the origi- 
nal proposition. And conversely, if these denials be granted, 
the oiiginal proposition will follow as a necessary consequence. 
They aie, in fact, the separate elements of that proposition. 
Ev ery primary proposition can thus be resolved into a series of 
denials of the existence of certain defined classes of thing's, and 
niaj , from that system of denials, be itself reconstructed. It 
might here be asked, how it is possible to make an assertive pio- 
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position out of a series of denials or negations? Fiom wh.it 
source is the positive element derived ? I answer, that the mind 
assumes the existence of a universe not a prion as a fact inde- 
pendent of expeiience, but either d posteriori as a deduction 
from experience, or hypothetically as a foundation of the possi- 
bility of assertive reasoning. Thus from the Proposition, “ There 
are no men who are not fallible,” which is a negation or denial of 
the existence of “ infallible men,’" it may be infencd cither hypo- 
thetically, “ All men (if men exist) are fallible,” or absolutely, 
(experience having assured us of the existence of the race), “ All 
men are fallible.” 

The form in which conclusions aie exhibited by the method 
of this Proposition may be termed the form of “ Single or Con- 
joint Denial.” 


FORM II. 

7- As the previous form was deiived fiom the development 
and interpretation of an equation whose second member is 0, the 
present form, which is supplementary to it, will be dcuvcd from 
the development and interpretation of an equation whose second 
member is 1. It is, however, readily suggested by the analysis 
of the previous Proposition. 

Thus in the example last discussed we deduced from the 
equation 

x - yz = 0 

the conjoint denial of the existence of the classes represented by 
the constituents 

X1 J 0-*)> xz (i-y)> 1 0 -y) 0 -■=■)> (i - x )yz, 

whose coefficients were not equal to 0 It follows hence that 
the remaining constituents rcpicscnt classes which make up the 
universe. Hence we shall lia\ e 

xyz + (l-s)y(l -z) + (1 -x) (l -y)x+ (1 - x) (I - y) (1 - z) = 1. 

This is equivalent to the affirmation that all existing things be- 
long to some one oi othei of the following classes, viz. : 

1st. Clean beasts both dividing the hoof and chewing the 
cud. 
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2nd. Unclean beasts dividing the hoof, hut not chewing the 
cud. 

3rd. Unclean beasts chewing the cud, but not dividing the 
hoof. 

4th Things which are neither clean beasts, nor chewers of 
the cud, nor dividers of the hoof. 

This form of conclusion may be termed the form of “ Single 
or Disjunctive Affirmation,” — single when but one constituent 
appears in the final equation; disjunctive when, as above, more 
constituents than one are there found. 

Any equation, V = 0, wherein V satisfies the law of duality, 
may also be made to yield this form of interpretation by reducing 
it to the form 1 - V= 1, and developing the first member. The 
case, however, is really included in the next general form. Both 
the previous forms are of slight importance compared with the 
following one. 

FORM ill. 

8. In the two preceding cases the functions to be developed 
were equated to 0 and to 1 respectively. In the present case I 
shall suppose the corresponding function equated to any logical 
symbol w. We are then to endeavour to interpret the equation 
V = to, V being a function of the logical symbols x, y, z, &c. In 
the first place, however, I deem it necessary to show how the 
equation V = w, or, as it will usually present itself, w= V, arises. 

Let us resume the definition of “ clean beasts,” employed in 
the previous examples, viz., “ Clean beasts are those which both 
divide the hoof and chew the cud,” and suppose it required to de- 
termine the relation in which “ beasts chewing the cud” stand to 
“ clean beasts” and “beasts dividing the hoof.” The equation 
expressing the given proposition is 

t = yz , 

and our object will be accomplished if we can determine z as an 
interpretable function of x and y. 

Now treating x, y, z as symbols of quantity subject to a pe- 
culiar law, we may deduce from the above equation, by solution, 

x 

' ~ a 
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But this equation is not at present in an interprctable fonn If 
we can reduce it to such a form it will furnish the 1 elation 
requited. 

On developing the second member of the above equation, we 
have 

* «= xy + ^ * (! - y) + 0 (1 - x) y + ^ (1 - x) (1 - y), 


and it will be shown hereaftei (Pi op. 3) that tins admits of the 
following inteipietation : 

“ Beasts which chew the cud consist of all clean beasts 
(which also divide the hoof), together with an indefinite re- 
mainder (some, none, or all) of unclean beasts which do not di- 
vide the hoof.” 

9. Now the above is a particular example of a problem of the 
utmost generality in Logic, and which may thus be stated : — 
“ Given any logical equation connecting the symbols x, y, z, w, 
required an interpretable expression for the l elation of the class 
represented by to to the classes represented by the other symbols 

2/t -j 

The solution of this problem consists in all cases in deter- 
mining, from the equation given, the cxpicssion of the above 
symbol w, in teims of the other symbols, and lendciing that ex- 
pression interpretablc by development. Now the equation given 
is always of the first degree with l cspcct to each of the symbols 
involved The required expression for w can thcicfore always 
be found. In fact, if we develop the given equation, whatever 
its form may be with respect to w, wc obtain an equation of the 
form 

Ew + 13' (1 - w) = 0, (1) 


E and E' being functions of the remaining symbol'-, 
above we have 

E' = (E' - E) w 

Therefore 


ip 


E' 

E-E 


Ifiom the 


( 2 ) 


and expanding the second member by the rule of development, it 
will only remain to intcrpict the result in logic by the next 
proposition. 
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If the fi action 


E 


had common factors in its numerator 


E-E 

and dcnominatoi , we ai c not pei mitted to 1 eject them, unless they 
are meic numencal constants For the symbols x, y, &o., re- 
garded as quantitative, may admit of such values 0 and 1 as to 
cause the common factois to become equal to 0, in which case 
the algcbi.uc mlc of i eduction fails This is the case contem- 
plated in oui remarks on the failure of the algebraic axiom of 
division (II. 14). To express the solution in the form (2), and 
without attempting to perfoim any unauthoiized reductions, to 
intcipiet the lcsult by the theoi cm of development, is a course 
stnctly in accoulance with the general principles of this treatise. 

If the i elation of the class expressed by 1-w to the other 
classes, x, y, &c. is required, we deduce from (1), in like manner 
as above, 

E 


1 - io = 


E - E' 


to the interpretation of which also the method of the following 
Proposition is applicable : 


Proposition III. 

10. To determine the interpi etation of any logical equation of 
the form w = V, in ivhich w is a class symbol, and V a function of 
other class symbols quite unlimited in its form 

Let the second member of the above equation be fully ex- 
panded Each coefficient of the i esult will belong to some one 
of the four cla-scs, which, with their respective interpretations, 
we proceed to discuss 

1st. Let the coefficient be 1. As this is the symbol of the 
uni\ erse, and as the product of any two class symbols represents 
those mdiv iduals which are found in both classes, any constituent 
which has unity for its coefficient must be interpreted without 
limitation, i. e. the whole of the class which it lepiesents is 
implied. 

2nd. Let the coefficient be 0 As in Logic, equally with 
Arithmetic, this is the symbol of Nothing, no pait of the class 
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repicsented by the constituent to which it is prefixed must be 
taken. 

3id. Let the coefficient be of the form jj. Now, as in Arith- 
metic, the symbol ^ represents an indefinite number , except when 

otherwise determined by some special ciicumatance, analogy 
would suggest that in the system of this noik the same symbol 
should lepiesent an indefinite class. That this is its tiue mean- 
ing will be made clear fiom the following example : 

Let us take the Pioposition, “ Men not mortal do not exist;” 
represent this Pioposition by symbols, and seek, in obedience to 
the laws to which those symbols have been proved to be subject, 
a reverse definition of “ mortal beings,” m terms of “men.” 

Nowifwerepiescnt “men” byy, and “ mortal beings” by x, 
the Proposition, “Men who aie not mortals do not exist,” will 
be expressed by the equation 

y (1 - a) = 0, 

from which we are to seek the value of x. Now the above equa- 
tion gives 

y - yx = 0, or yx = y 

Were this an ordinary algebraic equation, we should, in the next 
place, divide both sides of it by y. But it has been lemarkcd in 
Chap. ii. that the operation of division cannot be performed with 
the symbols with which we are now engaged. Our resource, then, 
is to express the operation, and develop the result by the method 
of the preceding chapter. We have, then, first, 



and, expanding the second member as diiected, 

a =y + ^ 0 -y)- 

This implies that mortals (x) consist of all men (y), together 
with such a remainder of beings which aie not men (1 - y), as 

will be indicated by the coefficient jj. Now let us inquire what 
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remainder of “ not men’ 1 is implied by the premiss. It might 
happen that the rcmaindci included all the beings who are not 
men, or it might include only some of them, and not others, or it 
might include none, and any one of these assumptions would be 
in perfect accoi dance with our premiss. In other words, whether 
those beings which arc not men ai c all, or some, or none, of them 
mortal, the truth of the premiss which virtually asserts that all 
men are mortal, will be equally unaffected, and therefore the 

expression ^ here indicates that all, some, or none of the class to 

whose expression it is affixed must be taken. 

Although the above determination of the significance of the 

symbol jj is founded only upon the examination of a particular 

case, yet the principle involved in the demonstiation is general, 
and there arc no circumstances undci which the symbol can pre- 
sent itself to which the same mode of analysis is inapplicable. 

AVe may piopcrly term ^ an indefinite class symbol, and may, if 

convenience should icquilc, leplaco it by an uncompounded sym- 
bol v, subject to the fundamental law, v (1 - v) = 0 

4th. It may happen that the coefficient of a constituent in an 
expansion does not belong to any of the picvious cases. To as- 
certain its true interpretation when this happens, it will be ne- 
cessary to premise the following theorem : 

11. Theorem — If a function V, intended to i epresent any 
class or collection of objects, w, be expanded, and if the numerical 
coefficient, a, of any constituent in its development, do not satisfy 
the law. 

a ( 1 - a) = 0, 

then the constituent m question must be made equal to 0. 

To pio\e the theorem generally, let us lcprescnt the expan- 
sion given, under the form 

w = a 1 t 1 + a, t 3 + a 3 t 3 + &c., (1) 

in which f„ t,, l 3 , Ac. represent the constituents, and a„ a„ a 3 , &c. 
the coefficients ; let us also suppose that a L and a s do not satisfy 
the law 


>h (1 - '<,) = 0, nj (1 - a.) = 0 ; 
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but that the other coefficients are subject to the law in question, 
so that we have 

a = a 3 , &c. 


Now multiply each side of the equation (1) by itself. The re- 
sult will be 

w = ad ii + a 3 s < s + &c. (2) 

This is evident from the fact that it must represent the develop- 
ment of the equation 

w = V\ 

but it may also be proved by actually squaring (1), and observing 
that we have 

t\ = # 2 2 - t 2 , t, ( 2 = 0 , &c 


by the properties of constituents. Now subtracting (2) from (1), 
we have 

(fl, flj 2 ) + (fl 3 — “ 0. 

Or, a, (1 - a,) t 2 + a 2 (1 - a 3 ) t 2 = 0. 

Multiply the last equation by t, ; then since (, t 2 = 0, we have 
a, (1 - a,) t, = 0, whence i l = 0. 

In like manner multiplying the same equation by t 2 , we have 


a 3 (1 — a 3 ) t 2 = 0, whence t 2 = 0. 


Thus it may be shown generally that any constituent whose 
coefficient is not subject to the same fundamental law as the sym- 
bols themselves must be separately equated to 0. The usual 

form under which such coefficients occur is This is the alge- 
braic symbol of infinity Now the nearer any number approaches 
to infinity (allowing such an expression), the more does it depart 
from the condition of satisfying the fundamental law above re- 
ferred to. 


The symbol -, 


whose interpretation was previously dis- 


cussed, does not necessarily disobey the law we are here consi- 
dering, for it admits of the numerical values 0 and 1 indifferently. 
Its actual interpretation, howevei, as an indefinite class symbol, 
cannot, I conceive, except upon the ground of analogy, be de- 
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duced from its arithmetical properties, but must be established 
experimentally 

12. We may now collect the results to which we have been 
led, into the following summary : 

1st. The symbol 1, as the coefficient of a term in a develop- 
ment, indicates that the whole of the class which that constituent 
represents, is to be taken. 

2nd. The coefficient 0 indicates that none of the class are to 
be taken 

3rd. The symbol - indicates that a perfectly mdefiru f e por- 
tion of the class, i. e. some, none, or all of its members are to be 
taken 

4th. Any other symbol as a coefficient indicates that the 
constituent to which it is prefixed must be equated to 0. 

It follows hence that if the solution of a problem, obtained 
by development, be of the form 

w = A + 0I? + 5 C + ^D, 

that solution may be resolved into the two following equations, 
viz., 

to = A + vC, (3) 

•0 = 0 , ( 4 ) 

v being an indefinite class symbol. The interpretation of (3) 
shows what elements enter, or may enter, into the composition 
of w, the class of things whose definition is required , and the 
interpretation of (4) shows what relations exist among the ele- 
ments of the original pioblcm, in peifect independence of w. 

Such aie the canons of interpretation. It may be added, that 
they aie mmcisal in their application, and that their use is 
always unembarrassed by exception or failure. 

13. Cojollari / — If Tbe an independently intcrpretablc logi- 
cal function, it will satisfy the symbolical law, V ( 1 - V) = 0. 

By an independently interpretable logical function, I mean 
one which is interpietablc, without presupposing any relation 
among the things repiesented by the symbols which it involves. 
Thus a (l - ;/) is independently interpretable, but x-yia not so. 
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The latter function presupposes, as a condition of its interpreta- 
tion, that the class lcpiescntcd by y is wholly contained in the 
class lepiesented by x ; the fonner function docs not imply any 
such lequncment. 

Now if Fbe independently interpretable, and if w represent 
the collection of mdmdual& which it contains, the equation 
w = V will hold ti uc without entailing as a consequence the va- 
nishing of any of the constituents in the development of V; 
since such v anishing of constituents would imply relations among 
the classes of things denoted by the symbols in V Hence the 
development of V u dl be of the foim 

a, f, + a. t, h &c. 

the coefficients a u a,, &.c all satisfying the condition 
a, (1 - a,) = 0, a, (1 - a.) = 0, &c. 

Hence by the reasoning of Pi op 4, Chap. v. the function V will 
be subject to the law 

F(1 - F) = 0. 

This result, though ev ident a prioi i fiom the fact that F is sup- 
posed to represent a class or collection of things, is thus seen to 
follow also fiom the propeitic-s of the constituents of which it is 
composed The condition F(1 - V) = 0 may be teimed “the 
condition of interpietability of logical functions.” 

14. The geneial form of solutions, oi logical conclusions de- 
veloped in the last Pioposition, may be designated as a “ Relation 
between terms.” I use, as befoic, the word “ terms” to denote 
the parts of a proposition, whether simple or complex, which aie 
connected by the copula “ is” or “ are.” The classes of things re- 
presented by the iudn idual symbols may be called the elements 
of the proposition. 

15. Ex. 1. — Resuming the definition of “ clean beasts,” 
(VI. 6), required a description of “ unclean beasts ” 

Here, as bcfoie, x standing for “ clean beasts,” y for “beasts 
dividing the hoof,” z for “ beasts chewing the cud,” we have 

x = yz; (5) 

whence 

1 - r= 1 -yc, 

and developing the second member. 
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1 - X = y(l -z) + A (1 -y) + (1 -y) (1 - z); 

which is interpretable into the following Proposition: Unclean 
beasts are all which divide the hoof without chewing the cud , all 
which chew the cud without dividing the hoof and all which neither 
divide the hoof nor chew the cud. 

Ex. 2. — The same definition being given, required a descrip- 
tion of beasts which do not divide the hoof. 

From the equation x =yz we have 

x 

therefore, , z - x 

1 -y° —r~> 

and developing the second member, 

1 - y = 0 xz + — ^ x (1 - z) + (1 - x) 2 + ^ (1 - x) (1 - z). 

Here, according to the Rule, the term whose coefficients is 
must be separately equated to 0, whence we have 
1 - y = (1 - x) z + v (1 - a:) (1 - z), 
x (1 - z) = 0 ; 

whereof the first equation gives by interpretation the Proposition : 
Beasts which do not divide the hoof consist of all unclean beasts which 
chew the cud , and an indefinite remainder {some, none, or all) of un- 
clean beasts which do not chew the cud 

The second equation gives the Pi oposition : There are no clean 
beasts which do not chew the cud This is one of the independent 
relations above referred to. We sought the direct relation of 
“ Beasts not dividing the hoof,” to “ Clean beasts and beasts 
which chew the cud.” It happens, however, that independently 
of any relation to beasts not dividing the hoof, there exists, in 
•virtue of the premiss, a separate relation between clean beasts 
and beasts which chew the cud This relation is also necessarily 
given by the process. 

Ex. 3 — Let us take the following definition, viz. : “ Respon- 
sible beings are all rational beings who are either free to act, or 
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have voluntarily sacrificed their freedom,” and apply to it the 
preceding analysis. 

Let x stand foi responsible beings. 
y „ rational beings. 

z ,, those who are free to act, 

w ,, those who have voluntarily sacrificed their 

fiecdom of action. 

In the expression of this definition I shall assume, that the 
two alternatives which it presents, viz : “ Rational beings free 
to act,” and “ Rational beings whose freedom of action has been 
voluntarily sacrificed,” arc mutually exclusive, so that no indivi- 
duals are found at once m both these div isions. This wdl per- 
mit us to interpret the proposition htcially into the language of 
symbols, as follows : 

x = yz + yn . (6) 

Let us first determine hence the relation of ‘ ‘ rational beings” to 
responsible beings, beings free to act, and beings whose freedom 
of action has been voluntanly abjured. Pcihaps this object will 
be better stated by saying, that we desire to express the relation 
among the elements of the picmiss in such a form as will enable 
us to determine how fiu rationality may be infened from respon- 
sibility, freedom of action, a voluntary sacrifice of freedom, and 
their contraries. 

From (6) we have 

x 


and developing the second member, but rejecting terms whose 
coefficients are 0, 

y = g - xzw + # 2(1 - w) + a:(l - «) 10 + ^ x (1 - z) (1 - w) 

A U 


whence, equating to 0 the terms whose coefficients are - and 
we have 

y = xz (1 - w) + xic (1 - z) + v (1 - a:) (1 - z) (l - w ) ; (7) 

xzw = 0 ; (8) 
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x (1 - e) (1 - w) = 0 ; 
whence by interpretation — 

Direct Conclusion — Rational beings are all responsible bevni/s 
who are either free to act , not having voluntarily sacrificed their free- 
dom,, or not free to act, having voluntarily sacrificed their freedom, 
together with an indefinite remainder (some, none, or all) of beings 
not responsible, not free, and not having voluntarily sacrificed their 
freedom 

First Independent Relation. — No responsible beings are at 
the same time free to act, and in the condition of having voluntarily 
sacrificed their ft eedom. 

Second — No responsible beings are not free to act, and at the 
same time mthe condition of not having sacrificed their freedom 

The independent relations above determined may, however, 
he put in another and more convenient form. Thus (8) gives 

xw = - = 0 e + ^ (1 - z), on development ; 
z u 

or, xw = v (1 - s) ; (10) 

and in like manner (9) gives 

a .( 1 _ w ) = _ 2_ = ® 2 + °( 1 _ 2 ) ; 

or, x (1 - w) = vz ; (11) 

and (10) and (11) interpreted give the following Propositions . 

1st. Responsible beings who have voluntarily sacrificed their free- 
dom are not free 

2nd. Responsible beings who have not voluntarily sacrificed their 
f i eedom are free 

These, however, are merely different forms of the relations 
before determined. 

16. In examining these results, the reader must bear in mind, 
that the sole province of a method of inference or analysis, is to 
determine those relations which are necessitated by the connexion 
of the terms in the original proposition Accordingly, in esti- 
mating the completeness with which this object is effected, we 
have nothing whatever to do with those other relations which 



Of INTERPRETATION. 


97 


CHAP. VI.] 

may he suggested to our minds by the meaning of the terms 
employed, as distinct from their e\pi cs->cd connexion. Thus it 
seems obvious to remark, that “They who have voluntanly sa- 
crificed their ficedom are not fiec,” this being a lelation implied 
in the very meaning of the tenns. And hence it might appear, 
that the fiist of the two independent i elations assigned by the me- 
thod is on the one hand needle-sly limited, and on the other hand 
superfluous. Howeier, lfiegaid be had mcicly to the connexion 
of the terms in the onginal picmiss, it will be acen that the re- 
lation in question is not liable to cither of these charges The 
solution, as expiessed in the diicct conclusion and the indepen- 
dent lelations, conjointly, is perfectly complete, without being 
in anyway supcifluous. 

If we wish to take into account the implicit relation above 
referred to, viz., “ They who have voluntaiily sacrificed their 
freedom are not free,” we can do so by making this a distinct 
proposition, the pi oper expression of which would be 
W = V (1 - z). 

This equation we should have to employ together with that 
expressive of the original premiss. The mode in which such an 
examination must be conducted will appear when we enter upon 
the theory of systems of propositions in a futuie chapter. The 
sole difference of lcsult to which the analysis leads is, that the 
first of the independent relations deduced abov e is superseded. 

17. Ex. 4. — Assuming the same definition as in Example 2, 
let it be required to obtain a desciiption of irrational persons. 

We have 


2 + w - x 
2 + 10 

= - xzw + 0 xz (1 - «•) + 0 x (1 - 2 ) v> - g x (1 - e) (1 - w) 

+ (l-a:) 2 UM-(l-a:)r(l-ui)+(l-a;)(l-«)io+ (l-a)(l-c)(l-«r) 

=(l-a;);w+(l-a;) 2 (l-M>)+(l- j)(l-r)w+t?(l-ir)(l-;)(l-ir) 
= (l-r)n + (1 -ar)(l - z) w + w(l -*) (l-s) (1 - tc), 

with xzw = 0, x (1 - 2 ) (1 - tr) = 0. 
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The independent relations here given are the same as we 
before arrived at, as they evidently ought to be, since whatever 
relations prevail independently of the existence of a given class 
of objects y, prevail independently also of the existence of the con- 
trary class 1 - y. 

The duect solution afforded by the first equation is : — Irra- 
tional persons consist of all irresponsible beings who are either free to 
act, or have voluntarily sacificed tlteir libeity, and are not free to 
act , together with an indefinite remainder of irresponsible beings 
who have not sacrificed their liberty, and are not fi ee to act. 

18. The propositions analyzed in this chapter have been of 
that species called definitions. I have discussed none of which 
the second or predicate term is particular, and of which the ge- 
neial type is Y = vX, Y and X being functions of the logical 
symbols x, y, z, &c., and v an indefinite class symbol. The ana- 
lysis of such propositions is greatly facilitated (though the step 
is not an essential one) by the elimination of the symbol v, and 
this process depends upon the method of the next chapter. I 
postpone also the consideration of another important problem 
necessary to complete the theory of single propositions, but of 
which the analysis really depends upon the method of the reduc- 
tion of systems of propositions to be developed in a future page 
of this work. 
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CHAPTER VII. 

ON ELIMINATION. 

1. TN the examples discussed in the last chapter, all the cle- 

-L mcnts of the oiiginal premiss re-appeared in the conclusion, 
only in a different ordei, and with a different connexion. But it 
more usually happens in common reasoning, and especially when 
we have more than one premiss, that some of the elements are 
rcquiied not to appear in the conclusion. Such elements, or, as 
they are commonly called, “ middle terms,” may be considered 
as introduced into the oiiginal piopositions only for the sake of 
that connexion which they assist to establish among the other 
elements, which are alone designed to enter into the expression of 
the conclusion. 

2 Respecting such intermediate elements, or middle terms, 
some erroneous notions prevail. It is a general opinion, to which, 
however, the examples contained in the last chapter furnish a con- 
tradiction, that inference consists peculiarly in the elimination of 
such terms, and that the elementary t) pc of this process is exhi- 
bited in the elimination of one middle tei m fi om two premises, so as 
to produce a single resulting conclusion into which that term does 
not enter. Ilcncc it is commonly held, that syllogism is the basis, 
or else the common type, of all infeicnce, which may thus, how- 
ever complex its form and structuic, be rcsohed into a senes of 
syllogisms. The propriety of this view will be considci ed in a 
subsequent chapter. At picsent 1 wish to dncct attention to an 
important, but hithcito unnoticed, point of difference between 
the system of Logic, as cxpie»»ed by symbols, and that of com- 
mon algebi a, with rcfciencc to the subject of elimination. In 
the algebraic system we arc able to eliminate one symbol from 
two equations, two symbols fiom tlnce equations, and generally 
n-1 symbols from n equations. Theic thus exists a definite 
connexion between the number of independent equations given, 
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and the number of symbols of quantity which it is possible to 
eliminate from them. But it is otherwise with the system of 
Logic No fixed connexion thcie prevails between the num- 
ber of equations given representing piopositions or premises, 
and the number of typical symbols of which the elimination 
can be effected. From a single equation an indefinite num- 
ber of such symbols may be eliminated. On the other hand, 
from an indefinite number of equations, a single class symbol 
only may be eliminated. We may affirm, that in this peculiar 
system, the pioblcm of elimination is resolvable under all circum- 
stances alike. This is a consequence of that remaikable law of 
duality to which the symbols of Logic are subject. To the equa- 
tions furnished by the premises given, there is added another 
equation or system of equations drawn from the fundamental 
laws of thought itself, and supplying the necessary means for the 
solution of the problem in question. Of the many consequences 
which flow fiom the law of duality, this is peihaps the most 
desen ing of attention. 

3. As m Algelna it often happens, that the elimination of 
symbols from a gn en system of equations conducts to a mere 
identity in the form 0 = 0, no independent relations connecting 
the symbols which leinain ; so in the system of Logic, a like re- 
sult, admitting of a similar inteipretation, may piesent itself. 
Such a circumstance does not dctiact fiom the gcneiality of 
the piinciple before stated. The object of the method upon 
which we are about to enter is to eliminate any number of sym- 
bols fiom any number of logical equations, and to exhibit in the 
result the actual relations which lemain. Now it may be, that 
no such residual relations exist In such a case the truth of the 
method is shown by its leading us to a merely identical propo- 
sition. 

4. The notation adopted in the following Propositions is 
similai to that of the la-t chapter. By f ( x ) is meant any ex- 
pression involving the logical symbol x, with or without othci 
logical symbols. By /( 1) is meant what f(x) becomes when x 
is thcicin changed into 1 ; by /( 0) what the same function be- 
comes when t is changed into 0. 
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5. If j (x) =0 be any logical equation involving the class symbol 
x, with or without other class symbols, then will the equation 

/a>/(o)=o 

be true, independently of the interpretation of x; and it will be the 
complete result of the elimination of x from the above equation 

In other words, the elimination ofxfiom any guen equation, 
f(x)=0,mll be effected by met essively changing in that equation xinlo 
1, and x into 0, and multiplying the two resulting equations together 
Similaily the complete lesult of the elimination of any class sym- 
bols, x, y, tj-c ,from any equation of the form V- 0, will be obtained 
by completely expanding the first member of that equation in con- 
stituents of the given symbols, and multiplying together all the coeffi- 
cients of those constituents, and equating the product to 0 

Developing the first member of the equation f(x) = 0, we 
have (Y. 10), 

/(l) x + /(0) (1 - as) = 0 , 

or, (/(l)-/(0)J*+/(0)-0. (1) 

. T m . 

" ~/( 0 ) -/(!)’ 

and i _ = _ /(l) 

1 )* 

Substitute these expressions for x and 1 - x in the fundamental 
equation 

x (1 - x) = 0, 

and there results 

m m o 

i/(o 2 " ’ 

or, /(l)/(0) = 0, (2) 

the form required. 

6. It is seen in this process, that the elimination is really effected 
between the given equation fix) = 0 and the unh crsally true 
equation x (1 - x) = 0, expicssing the fundamental law of logical 
Bymhols, qua logical. There exists, thcrcfoic, no need of more 
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than one premiss or equation, in order to render possible the eli- 
mination of a term, the necessary law of thought virtually sup- 
plying the othei premiss or equation. And though the demon- 
stiation of this conclusion may be exhibited in other forms, yet 
the same element furnished by the mind itself will still be vir- 
tually present Thus we might proceed as follows : 

Multiply (1) by a:, and we have * 

/(1)* = 0, (3) 

and let us seek by the forms of ordinary algebra to eliminate x 
from this equation and (1). 

Now if we have two algebraic equations of the form 

ax + b = 0, 
ax + b' = 0 ; 

it is well known that the result of the elimination of x is 

ah' - db - 0. (4) 

But comparing the above pair of equations with (1) and (3) 
respectively, we find 

WO) -/(»)> 6-/(0); 

a'=/(l) &'=0; 

which, substituted in (4), give 

/(l)/(0) = 0, 

as before. In this form of the demonstration, the fundamental 
equation x (1 - x) = 0, makes its appearance in the derivation of 
(3) fiom (1). 

7. I shall add yet another form of the demonstration, par- 
taking of a half logical character, and which may set the demon- 
stration of this important theorem in a clearer light. 

We have as before 

f(l)x+f(0)(l-x) = 0. 

Multiply this equation first by x, and secondly by 1 - x, we get 
/(1)* = 0, / (0) (1 - ®) = 0. 

From these we have by solution and development, 
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/ (1) = - = ^ (1 - x), on development, 

iC U 

0 0 
" 1 - * " o “*• 

The direct interpretation of these equations is — 

1st. Whatever individuals arc included in the class repre- 
sented by / (1), are not x’s. 

2nd. Whatever individuals are included in the class repre- 
sented by/(0), are a;’s. 

Whence by common logic, there are no individuals at once 
in the class /(l) and in the class / (0), i e there arc no indivi- 
duals in the class/ (1) / (0). Hence, 

/(!)/(«)- 0. (5) 

Or it would suffice to multiply together the developed equa- 
tions, whence the result would immediately follow 

8. The theorem (5) furnishes us with the following Rule : 

TO ELIMINATE ANT SYMBOL FROM A PROPOSED EQUATION. 
Rule — The terms of the equation having been brought , by trans- 
position if necessary, to the first side, give to the symbol successively 
the values 1 and 0, and multiply the resulting equations together 
The first part of the lhoposition is now piovcd. 

9. Consider in the next place the general equation 

/(*> y) = °; 

the first member of which represents any function of x, y, and 
other symbols. 

By what has been shown, the result of the elimination of y 
from this equation will be 

fix, 1 )f{x, 0) = 0 ; 

for such is the form to which wc ai c conducted by successively 
changing in the given equation y into 1, and y into 0, and multi- 
plying the results together. 

Again, if in the result obtained we change succcsaii ely x into 
1, and x into 0, and multiply the lesults togctlici, wc lia\e 

/(l, !)/(!» 0)/(0, l)/(0,0) -0; 

as the final result of elimination. 



(6) 
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But the four factors of the first member of this equation are 
the four coefficients of the complete expansion of / (x, y), the 
first member of the original equation ; whence the second part of 
the Proposition is manifest. 

EXAMPLES. 

10. Ex 1. — Having given the Proposition, “All men are 
mortal,” and its symbolical expression, in the equation, 

y = vx, 

in which y represents “men," and x “mortals,” it is required to 
eliminate the indefinite class symbol v, and to interpret the 
result. 

Here bringing the terms to the first side, we have 
y - vx = 0. 

When v = 1 this becomes 

y-x = 0 ; 

and when v = 0 it becomes 

y = 0 ; 

and these two equations multiplied together, give 

V - yx = 0 , 

or 1/(1 -s) = 0, 

it being observed that y l = y. 

The above equation is the required result of elimination, and 
its interpretation is, Men who are not mortal do not exist , — an 
obvious conclusion. 

If from the equation last obtained we seek a description of 
beings who aie not moital, we have 



Whence, by expansion, 1 -x = - (1 - y), which interpreted gives, 
They who are not mortal are not men. This is an example of 
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what in the common logic is called conversion by contraposition, 
or negatir c conversion.* 

Ex. 2. — Taking the Proposition, “ No men are perfect,” as 
represented by the equation 

y = r(l - x), 

•wherein y represents “ men,” and x “ perfect beings,” it is re- 
quired to eliminate v, and find from the result a description both 
of perfect beings and of imperfect beings. "We lme 
y - e (1 - x) = 0. 

Whence, by the rule of elimination, 

{y-(l -x)J xy= 0, 
or y — y (1—x) <= 0, 

or yx = 0 ; 


which is interpreted by the Pioposition, Perfect men do not exist. 
From the above equation we have 


x 


? = ? (1 _ y) by development , 


whence, by interpretation, No perfect beings are men. 
larly, 


1 — i Tr ,+ 2 (1 ' y)) 


Simi- 


which, on interpretation, gives, Imperfect beings are all men witk 
an indefinite remainder of beings, which are not men. 

11. It will generally be the most convenient course, in the 
treatment of propositions, to eliminate first the indefinite class 
symbol v, wherever it occurs in the cone.-ponding equations. 
This will only modify their foirn, without nupaiiing then signifi- 
cance. Let us apply this process to one of the examples of 
Chap, n . For the Proposition, “ No men are placed in exalted 
stations and free from enirous regards,” we found the expression 


r(l 

and for the equivalent Proposition, “ Men in exalted stations are 
not free from envious regards,” the expression 
yx = r(l - z); 


* Whatelj’s Logic, Book II chap n see 4 
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and it was observed that these equations, v being an indefinite 
class symbol, were themselves equivalent. To prove this, it is 
only necessary to eliminate from each the symbol v. The first 
equation is 

y - v (1 - xz ) = 0, 

whence, first making v = 1 , and then v = 0, and multiplying the 
results, we have 

(y- 1 +xz)y = 0, 

or yxz = 0. 

Now the second of the given equations becomes on transposition 
yx - «(1 - z) = 0; 
whence (yx - 1 + z) yx = 0, 

or yxz = 0, 

as before. The reader will easily interpret the result. 

12. Ex. 3 — As a subject for the general method of this 
chapter, we will resume Mr. Senior’s definition of wealth, viz : 
“ Wealth consists of things transferable, limited in supply, and 
either productive of pleasure or preventive of pain.” We shall 
consider this definition, agreeably to a former remark, as including 
all things which possess at once both the qualities expressed in 
the last part of the definition, upon which assumption we have, 
as our representative equation, 

w = st { pr + p (1 - r) + r (1 -p)), 
or w = st[p + r( 1 -p) J, 

wherein 

w stands for wealth, 
s ,, things limited in supply. 

t ,, things transferable. 

p ,, things productive of pleasure 

r ,, things preventive of pain. 

From the above equation we can eliminate any symbols that 
we do not desire to take into account, and express the result by 
solution and development, according to any proposed arrange- 
ment of subject and predicate. 

Let us first consider wliat the expression for w, wealth, would 
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be if the element r, referring to prevention of pain, -were elimi- 
nated. Now bringing the terms of the equation to the first Bide, 
we get 

- st (p + r - rp ) = 0. 

Making r = 1, the first member becomes w - st, and making 
r = 0 it becomes w - stp ; whence we have by the Rule, 

(jo - si) ( jo - stp ) = 0, (7) 

or to - tvstp - wst + stp = 0 ; (8) 

whence stp 

to = - : 

st stp - 1 

the development of the second member of which equation gives 

jo = stp+ H st (1 - p).] (9) 

Whence we have the conclusion, — Wealth consists of all things 
limited in supply, transferable, and pi odurtive of pleasure, and an 
indefinite remainder of things limited in supply, transferable, and 
not productive of pleasure. This is sufficiently obvious. 

Let it be lcmaikcd that it is not nccessaiy to perform the 
multiplication indicated in (7), and reduce that equation to the 
form (8), in oidei to dcteiniine the expression of w in terns of 
the other symbols. The pioccss of development may in all cases 
be made to supersede that of multiplication. Thus if we de- 
velop (7) in terms of jo, wc find 

(1 - si) (1 - stp) jo + stp (1 - jo) = 0, 

whence stp 

w stp - (1 - st) (1 - stp) * 

and this equation developed will give, as before, 

JO = Stp + st (1 - p). 

13. Suppose next that we seek a description of things limited 
in supply, as dependent upon their relation to wealth, tiansfcrable- 
ncss, and tendency to produce pleasure, omitting all reference to 
the prevention of pain. 
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From equation (8), which is the result of the elimination of 
t from the original equation, we have 

w - s (wt + wtp - tp) = 0 ; 

whence w_ 

- wt + V)tp - tp 

= wtp + wt (1 -p) + i w (1 - t)p + i w 0 - t ) (1 - p) 

+ 0(1 -w)^p + ^(l - w)t (1 -p) + ^(l - w) (1 - t)p 

+ jj(i-«0(i-O(i-i»). 

We will first give the direct interpretation of the above solution, 
term by term ; afterwards we shall offer some general remarks 
which it suggests ; and, finally, show how the expression of the 
conclusion may be somewhat abbreviated. 

First, then, the direct interpretation is, Things limited in 
supply consist of A ll wealth transferable and productive of pleasure 
— all wealth transferable, and not pi oductive of pleasure, — an indefi- 
nite amount of what is not wealth, but is either ti ansferable, and not 
productive of pleasure, or intransfcrable and productive of pleasure, 
or neither transferable nor productive of pleasure 

To which the terms whose coefficients are ^ permit us to add 
the following independent relations, viz. : 

1st Wealth that is inir ansferable, and productive of pleasure, 
does not exist 

2ndly Wealth that is intr ansferable, and not productive of plea- 
sure, does not exist 

14. Respecting this solution I suppose the following remarks 
arc likely to be made. 

First, it may he said, that in the expiession above obtained 
for “ things limited in supply,” the term “ All wealth transfer- 
able,” &c., is in part redundant ; since all wealth is (as implied 
in the original pioposition, and directly asserted in the indepen- 
dent relations) neccssanly transferable. 

I answer, that although in ordinary speech we should not 
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deem it necessary to add to “ wealth” the epithet “ transferable,” 
if another part of our reasoning had led us to expiess the con- 
clusion, that thcic is no wealth which is not tiansfciablc, yet it 
pertains to the perfection of this method that it in all cases fully 
defines the objects lepicsented by each term of the conclusion, 
by stating the 1 elation they bear to each quality 01 clement of dis- 
tinction that we have chosen to employ This is necessary in older 
to keep the diffcient paits of the solution really distinct and in- 
dependent, and actually prei cuts 1 edundancy. Suppose that the 
pair of terms wc ha\c been considciing had not contained the 
word “ transfci able,” and had unitedly been “ All wealth,” we 
could then logically rcsolic the single tenn “All wealth” into 
the two terms “All wealth tiansfciablc,” and “All wealth 
intianrfcrable.” But the lattei tenn is shown to disappear by 
the “independent lclations ” lienee it foims no pait of the de- 
scription requned, and is theiefoic redundant. The remaining 
term agiccs with the conclusion actually obtained 

Solutions in which thcic cannot, by logical divisions, bcpio- 
duced any supeifluons or ledundant terms, may be tcimed pure 
solutions. Such are all the solutions obtained by the method of 
development and elimination above explained. It is piopei to 
notice, that if the common algcbiaic method of elimination were 
adopted in the cases in which that method is possible in the pre- 
sent system, we should not be able to depend upon the purity of 
the solutions obtained Its want of gcnciality would not be its 
only defect. 

15. In the second place, it will be lcmaikcd, that the con- 
clusion contains two tei ms, the aggi egate significance of which 
would be more conveniently expicsscd by a single term. Instead 
of “ All wealth pioductivc of pleasure, and tiansfciablc,” and 
“All wealth not pioductiic of plenum c, and tiansfciablc,” we 
might simply say, “All wealth tiansfciablc.” This remaik is 
quite just. But it must be noticed that whencvci any such sim- 
plifications are possible, they aic immediately suggested by the 
form of the equation wc liaic to inteipiet ; and if that equation 
be reduced to its simplest foim, then the interpretation to which 
it conducts will be in its simplest foim also Thus in the original 
solution the tcims trip and n<(l - p), which have unity iur their 
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coefficient, give, on addition, wi ; the terms w (1 - 1) p and 
w(l -() (1 -p), which have ^ for their coefficient give w( 1 -t); 
and the terms (1 - w) (1 - t)p and (1 - to) (1 -t) (1 -p), which 
have ^ for their coefficient, give (1 - to) (1 - <). Whence the 
complete solution is 

* = wt + H (1 - to) (1 - t) + H (1 — w) t (1 - p), 
with the independent relation, 

0 

vs ( 1 - t) = 0, or w = -t. 

The interpretation would now stand thus : — 

1st. Things limited in supply cotisist of all wealth transferable , 
with an indefinite remainder of what is not wealth and not transfer- 
able, and of transferable articles which are not wealth, and are not 
productive of pleasure 

2nd. All wealth is transferable. 

This is the simplest form under which the general conclusion, 
with its attendant condition, can be put. 

16. When it is required to eliminate two or more symbols 
from a proposed equation we can either employ (6) Prop I , or 
eliminate them in succession, the order of the process being in- 
different. From the equation 

w = st (p + r - pr), 
we have eliminated r, and found the result, 

w - wst - wstp + stp - 0. 

Suppose that it had been rcquiied to eliminate both r and t, then 
taking the above as the first step of the process, it lcmains to 
eliminate from the last equation t. Now when t = 1 the first 
member of that equation becomes 

w - ws - wsp + sp, 

and when t = 0 the same member becomes w. Whence we have 
w (w - ios - icsp + sp) = 0, 
or w - ws = 0, 

for the required result of elimination. 
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If from the last result we determine w , we have 

0 0 
1 - s 0 ’ 

whence “ All uealth is limited m supply .” As p does not enter 
into the equation, it is evident that the above is true, incspcc- 
tively of any relation which the elements of the conclusion bear 
to the quality “productive of pleasuic.” 

Resuming the onginal equation, let it be required to elimi- 
nate s and t. Wc have 

w = it (p + r - pr ). 

Instead, however, of sepaiately eliminating s and t accoiding to 
the Rule, it will sufhec to tieat st as a single symbol, seeing that 
it satisfies the fundamental law of the symbols by the equation 

st (1 - st) = 0. 

Placing, therefore, the given equation under the form 
w - st (p + r - pr) = 0 ; 

and making st successiv ely equal to 1 and to 0, and taking the 
product of the results, we have 

(io - p - i + pr) w = 0, 

or io - irp - irr + irpi - 0, 

for the lesult sought. 

As a particular illustration, lot it be required to deduce an 
expression for “things productive of pleasure” (p), in terms of 
“wealth” («,), and “things preventive of pam” (?). 

We have, on solving the equation, 

io ( 1 - r) 

> } = ST(I "0 

= ^ i or + w (1 - r) + jj (l - to) i + - (1 - id) (1 - r ) 

= w(l - r) + jjw + jj (1 - '«)• 

Whence the following conclusion: — Thimjs productue of plea- 
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sure are, all wealth not preventive of pain, an indefinite amount 
of wealth that is preventive of pain, and an indefinite amount of 
what is not wealth. 

From the same equation we get 

! i ■ t °( 1 - r ) - 0 

” wj (1 — r) iv (1 — rf 
which developed, gives 

20 0 ~P) = + fiO - r + h " “) ' 0 “ r ) 

= o wr + Q 0 - »)■ 

Whence, Things not productive of pleasure are either wealth, pre- 
ventive of pain, or what is not wealth. 

Equally easy would be the discussion of any similar case. 

17. In the last example of elimination, we have eliminated 
the compound symbol st fiom the given equation, by treating it 
as a single symbol. The same method is applicable to any com- 
bination of symbols which satisfies the fundamental law of indi- 
vidual symbols Thus the expression p + r - pr will, on being 
multiplied by itself, lepioduce itself, so that if we lcprcscnt 
p + r-pr by a single symbol as y, we shall have the fundamen- 
tal law obeyed, the equation 

y = y\ °r y (i - y) = o, 

being satisfied For the i ulc of elimination for symbols is founded 
upon the supposition that each individual symbol is subject to 
that law ; and hence the elimination of any function or combina- 
tion of such symbols fiom an equation, may be effected by a sin- 
gle opeiation, whencvci that law is satisfied by the function 
Though the founs of mterpi etation adopted in this and the 
previous chapter show, peihaps bettor than any othcis, the di- 

lect significance of the symbols 1 and jj, modes of expie&sion 

moie agieeablc to those of common discouise may, with equal 
truth and piopiicty, be employed. Thus the equation (9) may 
be mtci pi ctcd in the following mannci : Wealth is either limited 
in supply, transferable, and pi oduitice of pleasure, or limited m sup- 
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ply, transferable, and not productive of pleasure. And reversely, 
Whatever is limited in supply , transferable, and productive of plea- 
sure, is wealth Reverse interrelations, sinnlai to the above, are 
always furnished when the final dev clopment introduces terms 
having unity as a coefficient. 

18. Note — The fundamental equation /(1)/'(0) = 0, ex- 
pressing the result of the elimination of the symbol i from any 
equation /(i) = 0, admits of a remarkable intci pietation 

It is to be lcmcmbeied, that by the equation f(r) = 0 is im- 
plied some piopofition in which the individuals lepicsented by 
the class x, suppose “ men,” me lefened to, togethci, it may be, 
with other indiv iduals , and it is our object to ascertain whether 
there is implied in the pioposition any relation among the other 
individuals, independently of those found in the clash men Now 
the equation /( 1 ) = 0 expresses what the onginal proposition 
would become if men made lip the universe, and the equation 
/(0) = 0 expresses what that original pioposition would become 
if men ceased to exist, wlicicfoie the equation /(l) /( 0) = 0 ex- 
presses what in virtue of the original proposition would be 
equally true on either assumption, i. c equally tiue whether 
“men” were “all things” or “nothing.” Wherefore the theo- 
rem expresses that what is equally true, whethei a given class of 
objects embraces the whole universe or disappears from existence, 
is independent of that class altogether, and vice vcisa. Herein 
we sec anotliei example of the liiteipietation of foinul results, 
immediately deduced fiom the mathematical laws of thought, into 
general axioms of philosophy 
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CHAPTER VIII. 

ON THE REDUCTION OF SYSTEMS OF PROPOSITIONS. 

1. TN the preceding chapters we have determined sufficiently 
for the most essential purposes the theory of single pri- 
mary propositions, or, to speak more accurately, of primary pro- 
positions expressed by a single equation. And we have estab- 
lished upon that theory an adequate method. We have shown 
how any element involved in the given system of equations may 
be eliminated, and the relation which connects the remaining 
elements deduced in any proposed form, whether of denial, of af- 
firmation, or of the more usual relation of subject and predicate. 
It remains that we proceed to the consideration of systems of 
propositions, and institute with respect to them a similar series 
of investigations. We are to inquire whether it is possible from 
the equations by which a system of propositions is expressed to 
eliminate, ad libitum, any number of the symbols involved; to 
deduce by interpretation of the result the whole of the relations 
implied among the remaining symbols ; and to determine in par- 
ticular the expression of any single element, or of any inter- 
pretablc combination of elements, in terms of the other elements, 
so as to present the conclusion in any admissible form that may 
be required. These questions will be answered by showing that it 
is possible to reduce any system of equations, or any of the equa- 
tions involved in a system, to an equivalent single equation, to 
which the methods of the previous chapters may be immediately 
applied. It will be seen also, that in this reduction is involved 
an important extension of the theory of single propositions, which 
in the previous discussion of the subject we were compelled to 
forego This circumstance is not peculiar in its nature. There 
arc many special departments of science which cannot be com- 
pletely surveyed from within, but require to be studied also from 
an external point of view, and to be regarded in connexion with 
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other and kindred subjects, in order that their full proportions 
may be understood. 

This chapter will exhibit two distinct modes of reducing 
systems of equations to equivalent single equations. The first 
of these rests upon the employment of arbitrary constant multi- 
pliers. It is a method sufficiently simple in theory, but it lias the 
inconvenience of rendering the subsequent processes of elimina- 
tion and development, when they occur, somewhat tedious. It was, 
however, the method of reduction first discovered, and partly on 
this account, and paitly on account of its simplicity, it has been 
thought proper to retain it. The second method docs not re- 
quire the intioduction of arbitrary constants, and is in neaily 
all respects picfcrable to the preceding one It will, therefore, 
generally be adopted in the subsequent investigations of this 
work. 

2. We proceed to the consideration of the first method. 

Proposition I. 

Any system of logical equations may be reduced to a single equiva- 
lent equation, by multiplying each equation after the first by a dis- 
tinct arbitrary constant quantity, and adding all the results, including 
the first equation, together. 

By Prop 2, Chap, vi., the interpretation of any single 
equation, f(x, y . .) = 0 is obtained by equating to 0 those con- 
stituents of the development of the fiist member, whose co- 
efficients do not vanish. And hence, if there be given two equa- 
tions, f(x,y.l) = 0, and F(x, y ..) = 0, their united impoi t will bo 
contained in the system of results foiincd by equating to 0 all 
those constituents which thus present themselves in both, or in 
either, of the given equations del eloped according to the Rule of 
Chap, vi Thus let it be supposed, that we have the two equations 

xy - 2x = 0, (l) 

x-y = 0; (2) 

The development of the first gives 

-xy - 2 ic (1 - y) = 0 , 
ay = 0, x (1 - y) = 0 
i 2 


whence, 


( 3 ) 
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The development of the second equation gives 

whence, x (1 - y) = 0, y (1 - x) = 0. (4) 

The constituents whose coefficients do not vanish in both deve- 
lopments arc xy, x (1 - y), and (1 - a:) y, and these would to- 
gether give the system 

xy = 0, *(1-30 = 0, (1 - *) y = 0 ; (5) 

which is equivalent to the two systems given by the developments 
separately, seeing that in those systems the equation x (1 - y) = 0 
is repeated. Confining ourselves to the case of binary systems 
of equations, it remains then to determine a single equation, 
which on development shall yield the same constituents with 
coefficients which do not vanish, as the given equations pioduce. 
Now if we represent by 

T, = 0, n = 0, 

the given equations, 1”, and V? being functions of the logical sym- 
bols x, y, z, &c. ; then the single equation 

P 1 + cF 2 =0, (6) 

c being an arbitrary constant quantity, will accomplish the re- 
quired object For let At represent any term in the full de- 
velopment F, wherein t is a constituent and A its numerical 
coefficient, and let Bt represent the corresponding term in the 
full development of V 2 , then will the corresponding term in the 
development of (6) be 

(.4 + cB) t. 

The coefficient of t vanishes if A and B both vanish, hut not 
otherwise For if we assume that A and B do not both vanish, 
and at the same time make 

A + cB = 0, (7) 

the following cases alone can present themselves. 

1st. That A vanishes and B does not vanish. In this case 
the above equation becomes 

cB = 0, 
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and requires that c = 0 But this contradicts the hypothesis that 
c is an arbitrary constant. 

2nd. That B vanishes and A does not vanish. This assump- 
tion reduces (7) to 

4 = 0 , 

by which the assumption is itseH violated. 

3rd. That neither A nor B vanishes The equation (7) then 
gives 

-A 



which is a definite value, and, therefore, conflicts with the hy- 
pothesis that c is arbitrary. 

Hence the coefficient A + cB vanishes when A and B both 
vanish, but not otherwise. Thcrefoie, the same constituents 
will appear in the development of (6), with coefficients which do 
not vanish, as in the equations F, = 0, F, = 0, singly or together. 
And the equation V x + cV 2 = 0, will be equivalent to the Bys- 
tem Fj = 0, F 2 = 0. 

By similar reasoning it appears, that the general system of 
equations 

F, = 0, V, = 0, Fj = 0, &c. , 
may be replaced by the single equation 

Fj + cF 2 + c'V 3 + &c. = 0, 

c, c, &c , being arbitrary constants. The equation thus formed 
may be treated in all respects as the oidmary logical equations 
of the previous chapters. The arbitiary constants Ci , c 2 , &c., are 
not logical symbols. They do not satisfy the law, 

Ci (1 - Ci) = 0, c, (1 - = 0. 

But their introduction is justified by that gcncial principle which 
has been stated in (II. 15) and (Y. 6), and exemplified in nearly 
all our subsequent investigations, viz., that equations involving 
the symbols of Logic may be treated m all respects as if those 
symbols were symbols of quantity, subject to the special law 
x (1 - x) = 0, until in the final stage of solution they assume a 
form intcrprctablc in that system of thought with which Logic 
is conversant. 
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3. The following example will serve to illustrate the above 
method 

Ex. 1 . — Suppose that an analysis of the properties of a parti- 
cular class of substances has led to the following general conclu- 
sions, viz. : 

1st That wherever the propeities A and B are combined, 
cither the property C, or the property D, is present also ; but 
they are not jointly present 

2nd. That wherever the pioperties B and C are combined, 
the properties A and D are cither both present with them, or 
both absent. 

3rd That wherever the properties A and B are both absent, 
the properties C and D are both absent also; and vice versa, where 
the properties C and D are both absent, A and B are both absent 
also 

Let it then be required from the above to determine what 
may be concluded in any particular instance from the presence of 
the property A with respect to the presence or absence of the 
properties B and C, paying no regard to the property D 

Represent the property A by x ; 

„ the property B by y ; 

„ the property C by z ; 

„ the property D by w. 

Then the symbolical expression of the premises will be 

xy = v {w (1 - z) + z (1 - w)) ; 
yz-v j xw + (1 - a :) (1 - mi )}; 

(1 - x) (1 - y) = (1 - z) (1 - w ) 

From the first two of these equations, separately eliminating the 
indefinite class symbol v, we have 

xy {1 - w (1 - z ) - z (1 - mj )} = 0 ; 
yz (1 - xw - (1 - x) (1 - w)} = 0. 

Now if we observe that by development 

1 - w (1 - c) - z (1 - w) = wz + (1 - w) (1 - z~), 

and 

1 - xw - (1 - x) ( l - to ) = x (1 - w) + io (1 - a ;), 
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and in these expressions replace, for simplicity, 

1 - x by x , 1 - y by y , &c , 
we filial] have from the three last equations, 

xy (wz + wz) = 0 ; (1) 

yz (xw + xw) = 0 ; (2) 

Iy = wz; (3) 

and from this system we must eliminate w. 

Multiplying the second of the above equations by c, and the 
third by d, and adding the results to the first, we have 

xy (wz + wz) + cyz (xw + xw) + d (xy - wz) <=> 0. 

When w is made equal to 1, and therefore w to 0, the first mem- 
ber of the above equation becomes 

xyz + cxyz + dxy. 

And when in the same member w is made 0 and w = 1, it be- 
comes 

xyz + cxyz + dxy - dz. 

Hence the result of the elimination of w may be expressed in the 
form 

(xyz + cxyz + cly) (xyz + cxyz + c'xy - dz) = 0 ; (4) 

and from this equation x is to be determined. 

Were we now to proceed as in former instances, we should 
multiply together the factors in the first member of the above 
equation ; but it may be well to show that such a course is not 
at all necessary. Let us develop the first member of (4) with 
reference to x, the symbol whose expression is sought, we find 

yz (yz + cyz - dz) x + (cyz + c'y) (c'y - dz) (1 - x) = 0 ; 

or, cyzx + (cyz + dy) (c'y - dz) (1 - x) = 0 ; 

whence we find, 

j (cyz+ c'y ) (c'y - dz) 

~ (cyz + c'y) (dy - dz) - cyz ’ 

and developing the second member with respect to y and z. 
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x = 0yz + -yz + ^yz i Q yz-, 

0l, X= (l-y)z+^y(l-z) + ®(l-y)(l- 2 ); 

* = (1 - y) z + jj (1 - s ) ; 

the interpretation of which is, Wherever the property A is present, 
there either C is present and B absent, or C is absent. And in- 
versely, Wherever the property C is present, and the property B 
absent, there the property A is present 

These results may be much more readily obtained by the 
method next to be explained. It is, however, satisfactory to 
possess diffeicnt modes, serving for mutual verification, of ar- 
riving at the same condition. 

4. Wc proceed to the second method 

Proposition II. 

If any equations, 1 ^ = 0, 1^ = 0, $ c , arc such that the develop- 
ments of their first mcmlets consist only of constituents with positive 
coefficients, those equations may be combined together into a single 
equivalent equation by addition 

For, as bcfoie, let At lcpiesent any term in the development 
of the function V„ Bt the corresponding tcim in the develop- 
ment of V., and so on. Then will the coi responding term in the 
development of the equation 

r, + r, + & c . = o, (i) 

formed by the addition of the scvcial given equations, be 
{A + B -) &c.) t. 

But as by hypothesis the coefficients A, B, &c. arc none of them 
negative, tlic aggicgatc coefficient A+B, &c in the dciivcd 
equation will only vanish when the scpaiatc coefficients A, B, &c. 
vanish together. Hence the same constituents will appeal in the 
development of the equation (1) as in the several equations 
V, = 0, I r . = 0, S.c. of the oi igmal system taken collectively, and 
theicfoic the intcipictatioii of the equation (1) will be equiva- 
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leuL to the collective into quotations of the several equations from 
which it is derived 

Proposition III. 

5 If V x = 0, F 2 = 0, $ c tepresent any system of equations, the 
terms of which have by transposition been brought to the first side, 
then the combined interpretation of the system will be involved m the 
single equation, 

V? + V t * + 4-c = 0, 

formed by adding together the squares of the given equations 

For let any equation of the system, as V, = 0, produce on de- 
velopment an equation 

a,t, + a.t, + ifcc. = 0, 

in which t„ t,, &c. aie constituents, and a„ a 2 , &c. their corres- 
ponding coefficients. Then the equation F, a = 0 will produce 
on del elopmcnt an equation 

a, a 1 1 + aSt, + tic. = 0, 

as may be piovcd either from the law of the development or by 
squaring the function a, t, h a.t,, &c in subjection to the con- 
ditions 

t,- = t„ tr = U, t,U = 0, 

assigned in Prop. 3, Chap. \. Hence the constituents which 
appear in the expansion of the equation V," - 0, aie the same 
with those which appear in the expansion of the equation V, = 0, 
and they have positive coefficients. And the same lemaik ap- 
plies to the equations F, = 0, &e. Whence, by the last Propo- 
sition, the equation 

V{- + T'V + tic. = 0 

will be equivalent m intcrpietation to the system of equations 
V, = 0, F 2 =0, tic. 

Corollary. — Any equation, F= 0, of which the fiist member 
already satisfies the condition 

F s = F, or F(1 - F) = 0, 
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does not need (as it would remain unaffected by) the process of 
squaring. Such equations are, indeed, immediately developable 
into a scries of constituents, with coefficients equal to 1, Chap. v. 
Prop. 4. 

Proposition IY. 

6 Whenever the equations of a system have by the above pro- 
cess of squaring, or by any other process, been reduced to a form 
such that all the constituents exhibited in their development have 
positive coefficients, any derived equations obtained by elimination 
will possess the same character, and may be combined with the 
other equations by addition. 

Suppose that we have to eliminate a symbol x from any 
equation V - 0, which is such that none of the constituents, in 
the full development of its first member, have negative coefficients. 
That expansion may be written in the form 

V,x+ V 0 (l-x) = 0, 

V , and V 0 being each of the form 

a,t, + a, t , . . + a„t„, 

in which t,t 2 . . t n are constituents of the other symbols, and 
a, <z, . . a n in each case positive or vanishing quantities. The re- 
sult of elimination is 

V, r, = 0; 

and as the coefficients in V, and V 2 are none of them negative, 
there can be no negative coefficients in the product V, V 2 . 
Hence the equation V, V 2 = 0 may be added to any other equa- 
tion, the coefficients of whose constituents are positive, and the 
resulting equation will combine the full significance of those 
from which it was obtained. 

Proposition V. 

7. To deduce from the previous Propositions a practical rule or 
method for the reduction of systems of equations expressing propo- 
sitions in Logic 

We have by the previous investigations established the fol- 
lowing points, viz. : 



CIIAP. Mil.] 


Or REDUCTION. 


123 


1st. That any equations which are of the form V=Q, V sa- 
tisfying the fundamental law of duality F(1 - V') = 0, may be 
combined together by simple addition 

2ndly. That any other equations of the form V= 0 may be 
reduced, by the process of squaring, to a form in which the same 
principle of combination by mere addition is applicable. 

It remains then only to determine what equations in the ac- 
tual expression of piopositions belong to the former, and what to 
the latter, class. 

Now the gcneial types of propositions have been set forth in 
the conclusion of Chap iv. The div ision of propositions which 
they rcpiescnt is as follows : 

1st. Piopositions, of which the subject is universal, and the 
predicate particular. 

The symbolical type (IV 15) is 

X = vY, 

X and Y satisfying the law of duality Eliminating v, we have 

X(l- Y)-0, (1) 

and this will be found also to satisfy the same law. No further 
reduction by the process of squaiing is needed. 

2nd. Propositions of which both terms arc universal, and of 
which the symbolical type is 

X = Y, 

X and Y separately satisfying the law of duality. Writing the 
equation in the form X - Y = 0, aud squaiing, we have 

X-2XY+ Y = 0, 

or A(1 - Y)+ Y(1 - A r ) = 0. (2) 

The first member of this equation satisfies the law of duality, as 
is evident from its very form. 

We may arrive at the same equation in a different manner. 
The equation 

X = Y 

is equivalent to the two equations 

X = v Y, Y=vX, 
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(for to affirm that X’s are identical with Y’b is to affirm both that 
All Xb are Y’s, and that All Ys are X'e) Now these equa- 
tions give, on elimination of v, 

A r (l-Y) = 0, Y(1 - X) = 0, 

which added, produce (2). 

3rd. Propositions of which both terms are particular. The 
form of such propositions is 

vX = vY, 

but v is not quite arbitrary, and therefore must not be eliminated. 
For v is the representative of some, which, though it may include 
in its meaning all, docs not include none. We must therefore 
transpose the second member to the first side, and square the 
resulting equation according to the rule. 

The lesult will obviously be 

»A r (l - Y) + »Y(1- X) = 0. 

The above conclusions it may be convenient to embody in a 
Rule, which will serve for constant future direction. 

8 Rule — The equations being so expressed as that the terms X 
and Y m the following typical forms obey the law of duality, change 
the equations 

X <= v Y into X (1 - Y) = 0, 

X = Ymlo X(1 - Y) + Y (1 - X) = 0. 
vX = i Y into vX (1 - Y) + v Y(1 - X) = 0 
Any equation which is given m the form X = Q will not need transfor- 
mation, and any equation which presents itself in the form X = 1 
may be replaced by 1 - X = 0, as appears from the second of the 
above transformations 

When the equations of the system have thus been reduced, 
any of them, as well as any equations derived fiom them by the 
process of elimination, may be combined by addition. 

9 Note — It has been seen in Chapter iv. that in literally 
translating the tenns of a proposition, without atten din g to its 
real meaning, into the language of symbols, we may produce 
equations in which the terms X and Y do not obey the law of 
duality The equation w = st(p+ r), given in (3) Prop. 3 of 
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the chapter referred to, is of this kind Such equations, how- 
ever, as it has been seen, have a meaning. Should it, for cu- 
riosity, or for any other motive, be determined to employ them, 
it will be best to 1 educe them by the Rule (VI. 5 ). 

10 Ex 2 — Let us take the following Propositions of Ele- 
mentary Geomctiy: 

1st. Similar figures consist of all whose corresponding angles 
arc equal, and whose cone-ponding sides are piopoitional. 

2 nd Triangles whose coi responding angles arc equal have 
their coircsponding sides proportional, and nee versa. 

To represent these pienuscs, let us make 
s = similar. 
t = tiiangles 

q = having cone-ponding angles equal 
r = having concsponding sides propoitional 
Then the premises are expressed by the following equations : 

s (1) 

tq= tr. (2) 

Reducing by the Rule, or, which amounts to the same thing, 
bringing the terms of these equations to the first side, squaring 
each equation, and then adding, we have 

s + qr - 2 qrs + tq + tr - llqr = 0 . ( 3 ) 

Let it be required to deduce a description of dissimilar figuies 
formed out of the elements expressed by the trams, tiiangles, 
having corresponding angles equal, hav ing corresponding sides 
proportional 

We have from ( 3 ), 

_ tq + q 1 + rt - 2 tqr 
2 qr - 1 

, qr - tq - rt + 2 tqr - 1 

1 ~ S = 2 qr - 1 

And fully developing the second member, we find 
1 ~s = 0 tqr + 2<i7(l -r) + 2*7’(1 - q) + * (1 - q) (1 - r) 

+ 0(1 - t)qr + (1 - t) <7(1 -r) + (1 - t)r (1 - q) 

+ (l-00-?)0-r). 


( 5 ) 
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In. the above development two of the terms have the coefficient 
2, these must be equated to 0 by the Rule, then those terms 
whose coefficients are 0 being rejected, we have 

l-«=/(l-2)(l-r)4(l-f)<7(l-j)+(l -t)r(l-q) 

+ 0-0 0 -?)0 ~ r ); ( 6 ) 

fy(l-r) = 0; (7) 

tr(l-q) = 0; (8) 

the direct interpretation of which is 

1st. Dissimilar figures consist of all triangles winch have not their 
corresponding angles equal and sides proportional, and of all figures 
not being triangles which have either their angles equal, and sides not 
proportional, or their corresponding sides proportional, and angles 
not equal, or neither their corresponding angles equal nor corres- 
ponding sides proportional 

2nd There are no triangles whose corresponding angles are equal, 
and sides not proportional. 

3rd There are no triangles whose corresponding sides are pro- 
portional and angles not equal 

1 1. Such are the immediate interpretations of the final equa- 
tion. It is seen, in accordance with the general theory, that in 
deducing a description of a particular class of objects, viz., dis- 
similar figures, in terms of certain other elements of the original 
premises, we obtain also the independent relations which exist 
among those elements in virtue of the same premises. And that 
this is not superfluous information, even as respects the imme- 
diate object of inquiry, may easily be shown For example, the 
independent relations may always be made use of to reduce, if it 
be thought desirable, to a briefer form, the expression of that re- 
lation which is directly sought. Thus if we write (7) in the 
form 

0 = tq (1 - r), 

and add it to (6), we get, since 

t{l-q) (1 - r) + tq(\ - r) = t - r), 

1 - s = <(1 - r) + (1 - t)q (1 - r) + (1 - f)r (1 - q) 

+ (1-«)(1 -q){\ -i), 
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which, on interpretation, would give for the first term of the de- 
scription of dissimilar figures, “ Triangles whose corresponding 
sides arc not proportional,” instead of the fuller description origi- 
nally obtained. A regard to convenience must always determine 
the propriety of such reduction. 

12. A reduction which is always advantageous (VII. 15) con- 
sists in collecting the terms of the immediate description sought, 
as of the second member of (5) or (6), into as few groups as 
possible. Thus the third and fourth terms of the second mem- 
ber of (6) pioduce by addition the single term (1 - t) (1 - q). 
If this reduction be combined with the last, v\c have 

1 - s = t(l -r) + (1 -t)q (1-r) 4 (l-<) (1 -q), 
the interpretation of which is 

Dissimilar figures consist of all tnangles whose corresponding 
sides are not proportional, and all figures not being triangles which 
have either their corresponding angles unequal, or their corresponding 
angles equal , but sides not proportional. 

The fulness of the general solution is therefore not a super- 
fluity. While it gives us all the information that wc seek, it 
prov ides us also with the means of expressing that information 
in the mode that is most advantageous. 

13. Another observation, illustrative of a principle which has 
already been stated, remains to be made Two of the terms in 
the full development of 1 - s in (5) have 2 foi then coefficients, 

instead of It will hereafter be shown that this circumstance 

indicates that the two premises were not independent. To veufy 
this, let us resume the equations of the premises in their reduced 
forms, viz , 

s(l - qr ) ^ ?r(l - s) = 0, 
tq (1-r) + tr (1 - q) = 0. 

Now if the first members of these equations have any common 
constituents, they will appear on multiplying the equations to- 
gether If' we do this wc obtain 

4 tq (1-r) i sh (1 - y) = 0 
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Whence there will result 

stq (1 - r) = 0, str (1 - q) = 0, 

these being equations which are (lcducible from either of the 
primitive ones. Their interpretations are — 

Similar triangles which have their corresponding angles equal 
have their corresponding sides proportional 

Similar triangles which have their corresponding sides propor- 
tional have their corresponding angles equal 

And these conclusions are equally deducible fiom either pre- 
miss singly In this respect, according to the definitions laid 
down, the premises are not independent. 

14 Let us, in conclusion, resume the problem discussed in 
illustration of the first method of this chapter, and endeavour to 
ascertain, by the present method, what may be concluded from 
the presence of the property C, with reference to the properties 
A and B 

We found on eliminating the symbols v the following equa- 
tions, viz. : 

xy (wz + wz) = 0, (1) 

yz (xio + xw) = 0, (2) 

xy = wz (3) 

From these we are to eliminate w and determine z Now (1) 
and (2) already satisfy the condition F(1 - F) = 0. The thud 
equation gives, on bringing the terms to the first side, and 
squaring 

xy (1 - wz) + w z(l - xy) = 0. (4) 

Adding (1) (2) and (4) together, we have 

xy (wz + wz) + yz (xw +xw)+xiy (1 - wz) + wz (1 - xy) = 0 
Eliminating w, we get 

(xyz + yzx + xy) {xyz + yzx + xyz + z(l - Iy)} = 0. 

Now, on multiplying the terms in the second factor by those in 
the first successively, observing that 

tT = 0, yy = 0, =z ■= 0, 
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ncaily all disappear^ and we have only left 

xyz+ zyz = 0 ; (5) 

whence 0 

‘ ~ xi/ + zjj 

„ 0 - 0_ 

= 0.rj/+ -xy + -xy + Oiy 

0 . 0_ 

= o xy + o iy > 

furnishing the intciprctation. Wherever the property C is found, 
either the property A or the property B will be found with it, but 
not both of them together . 

Fioin the equation (5) we may leadily deduce the result ar- 
rived at in the pie\ ions investigation by the method of aibitnny 
constant multiplies, as well as any other pioposcd forms of the 
relation between x, y, and z ; e. g. If the property B is absent, 
either A and C will be jointly present, or Cwill be absent. And 
conversely, If A and C are jointly present, B will be absent. 
The converse part of this conclusion is founded on the presence 
of a term xz with unity lor its coefficient in the developed value 
oiy. 
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CHAPTER IX. 

ON CERTAIN METHODS OF ABBREVIATION 

1 r I "'HOUGH the three fundamental methods of development, 
elimination, and reduction, established and illustrated in 
the previous chapters, are sufficient for all the practical ends of 
Logic, yet there are ceitain cases in which they admit, and espe- 
cially the method of elimination, of being simplified in an un- 
poitant degree; and to these I wish to diicct attention in the 
present chapter. I shall fiist demonstrate some propositions in 
which the principles of the above methods of abbiciiation are 
contained, and I shall afterwards apply them to particular ex- 
amples. 

Let us designate as class terms any teims which satisfy the 
fundamental law V (1 - F) = 0. Such teims will indii idually 
be constituents ; but, when occurring together, will not, as do 
the terms of a development, necessarily involve the same symbols 
in each. Thus ax+ bxy + cyz may be desciibed as an cxpiession 
consisting of three class terms, x, xy, and yz, multiplied by the 
coefficients a, b, c lespectively. The principle ajiplied in the two 
following Piopositions, and which, in some instances, gieatly 
abbreviates the piocess of elimination, is that of the rejection of 
superfluous class terms; those being regarded as superfluous 
which do not add to the constituents of the final result. 

Proposition I. 

2 From any equation , V= 0, in winch V consists of a senes of 
class terms having positive coefficients, we are permitted to reject any 
tenn which contains another term as a factor, and to change every 
positive coefficient to unity. 

For the significance of this scries of positive terms depends 
only upon the number and natuie of the constituents of its final 
expansion, i. e. of its expansion with reference to all the symbols 
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which it involves, and not at all upon the actual values of the 
coefficients (VI 5). Now let x be any term of the series, and 
xy any other term having a; as a factor. The expansion of x with 
reference to the symbols x and y will be 

xy + x(l -y), 

and the expansion of the sum of the terms x and xy will be 
2 xy + x (1 - y). 

But by what has been said, these expressions occiuringin the 
first mcmbei of an equation, of which the second membci is 0, 
and of which all the coefficients of the first member aie positive, 
are equivalent ; since there must exist simply the two constituents 
xy and x (1 - y) in the final expansion, whence will simply aiisc 
the resulting equations 

xy = 0, x (1 - y) = 0. 

And, therefore, the aggregate of terms x + xy may be replaced by 
the single term x. 

The same reasoning applies to all the cases contemplated in 
the Proposition. Thus, if the term x is repeated, the aggregate 
2x may be leplaced by x, because under the circumstances the 
equation x = 0 must appear in the final reduction. 

Proposition II. 

3. Whenever in the process of elimination we have to multiply 
together two factors, each consisting solely of posituc terms, satisfying 
the fundamental law of logical symbols, it is permitted to reject from 
both factors any common term, orfiom cither factor any temi which 
is divisible by a term in the other factor ; provided always, that the 
rejected term be added to the product of the » csultmg factors 

In the enunciation of this Pioposition, the word “divisible” 
is a term of convenience, used m the algebiaic sense, in which xy 
and x (1 - y) are said to he divisible by x. 

To render more clcai the nnpoit. of this Pioposition, let it be 
supposed that the factois to be multiplied togetliei aie ,i + //+ z 
and x + yw + t It is then asscitcd, that fiom these two factors 
we may reject the teim r, and that fiom the second factor we 
may reject the term yw, provided that these teims be tiansf erred 
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to the final product. Thus, the resulting factors being y i z 
and t, if to their product yt + zt we add the terms x and yw, 
we have 

x + yw + yt + zt, 

as an expression equiv alent to the product of the given factors 
x + y + z and x + yw 4 t\ equivalent namely in the process of 
elimination. 

Let us consider, first, the case in which the two factois have 
a common tenn x, and let us represent the factors by the expies- 
sions x + P, x + Q, supposing P in the one case and Q in the 
other to be the sum of the positive terms additional to x. 

Now, 

( x 1- P) (x + Q) = x + xP + xQ + PQ ( 1 ) 

But the process of elimination consists in multiplying certain 
factois together, and equating the result to 0. Either then the 
second mcmbei of tlic above equation is to be equated to 0 , or it 
is a factoi of some expression which is to be equated to 0 . 

If the founcr alternative be taken, then, by the last Propo- 
sition, we aic peunitted to 1 eject the terms xP and x Q, inasmuch 
as they aic positive terms having another term a; as a factor. 
The lcsulting cxpiession is 

x + PQ, 

which is what we should obtain by rejecting a; from both factois, 
and adding it to the pioduct of the factors which remain. 

Taking the second alternative, the only mode 111 which the 
second member of ( 1 ) can affect the final lesult of elimination 
must depend upon the number and natuie of its constituents, 
both which elements aic unaffected by the rejection of the terms 
xP and xQ. Eor that dev elopment of x includes all possible con- 
stituents of which x is a factoi . 

Consider finally the case in which one of the factors contains 
a term, as xy, divisible by a tcim, x, in the other factor 
Let x + P and xy + Q be the factors. Now 

(x + P) (xy + Q) = xy + xQ + xyP + PQ. 

But by the reasoning of the last Proposition, the term xyP may be 
rejected as containing anothci positive tci m xy as a factor, whence 
vve have 
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xy + xQ + PQ 
= xy + (x + P) Q. 

But this expresses the rejection of the term xy fiom the second 
factor, and its transference to the final product. Wherefore the 
Proposition is manifest. 


Proposition III. 

4 If t be any symbol which, is retained in the final result of the 
elimination of any other symbols from any system of equations, the re- 
sult of such elimination may be expressed in the form 

Et + E (1 - t) = 0, 

iu which E is formed ly makiny in the proposed system t = 1, and eli- 
minating the same other symbols ; and E‘ by making in the proposed 
system t = 0, and eliminating the same other symbols. 

For let <j> (t) = 0 represent the final result of elimination. 
Expanding this equation, we hay e 

0 (1) t + 0 (0) (1 - t) = 0. 

Now by whatever piocess we deduce the function 0 ( t ) fiom the 
proposed system of equations, by the same process should we de- 
duce 0 (1), if in those equations t were changed into 1, and by 
the same process should we deduce 0 (0), if in the same equations 
t were changed into 0. Whence the truth of the proposition is 
manifest. 

5 Of the three propositions last proved, it may be lcmaikcd, 
that though quite unessential to the strict development oi appli- 
cation of the general theory, they yet accomplish niipoi taut ends 
of a practical nature. By Pi op. 1 «c can simplify the results 
of addition; by Prop. 2 we can simplify tho«c of multiplication ; 
and by Prop. 3 we can bieak up any tedious pioccss of elimi- 
nation into two distinct piocc 5 scs, which will m geucial be of a 
much less complex character. This method will be \ eiy fre- 
quently adopted, when the final object of mquiiv is the dctci mi- 
nation of the value of t, in terms of the other >-) mhui' u Inch remain 
after the elimination is performed. 

6 Ex. 1. — Aristotle, in the Nicoinachean Ethic-, Book ii. 
Cap. 3, having determined that actions aic virtuous, not as pos- 
sessing in themselves a certain character, but as implying a cer- 
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tain condition of mind in him who performs them, viz., that he 
perform them know ingly, and with deliberate preference, and for 
their own sake®, and upon fixed principles of conduct, proceeds 
in the two following chapters to consider the question, whether 
virtue is to be refericd to the genus of Passions, or Faculties, or 
Habit®, together with some other connected points. He grounds 
his investigation upon the following premises, from which, also, 
he deduces the general doctrine and definition of moral virtue, of 
which the remainder of the treatise forms an exposition. 

PREMISES. 

1. Viituc is cither a passion (ira'Ooe), or a faculty (ovvo/mq), 
or a habit (e&e). 

2. Pas=ions aie not things accoiding to which we arc praised 
or blamed, or in which we exeicise deliberate preference 

3. Faculties arc not tilings accoiding to which we are praised 
or blamed, and wlucli aie accompanied by delibeiatc picfcicnce. 

4. Vntue is something accoiding to which we aie praised 
or blamed, and which is accompanied by deliberate preference. 

5. Whatcvci ait or science makes its woik to be in a good 
state avoids extremes, and keeps the mean in view relative to 
human nature (to piaov irphg i)paf). 

6. Virtue is more exact and excellent than any art or science. 

This is an argument a fortiori. If science and true art shun 

defect and extravagance alike, much more does viitue puisue the 
iindcviating line of model ation. If they cause their woik to be 
in a good state, much more reason have to we to say that Virtue 
causeth her peculiar work to be “ in a good state.” Let the 
final piemiss be thus intci preted. Let us also pretermit all re- 
ference to praise or blame, since the mention of these in the pre- 
mises accompanies only the mention of deliberate preference, and 
this is an element which we purpose to ictam. We may then 
assume as our representativ e symbols — 
v = viituc. 
p = passions 
/ = faculties. 
h = habits. 

d - things accompanied by deliberate prcleicncc. 
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g = things causing their work to be in a good state. 
m = things keeping the mean in view relative to human 
natuic. 

Using, then, q as an indefinite class symbol, our premises will be 
expressed by the following equations : 

v = qlp(l~f) (l - h) +f(\ -p) (l - h) + h(l -p) (l “/))• 
p=q ( i - d )- 
f=q{\ ~ d )- 

v = qd. 
g = qm. 
v = qg. 

And separately eliminating from these the symbols q, 

* ( 1 ~P (1 -/) (1 - *) -/(l ~P) (1-A)-*(1-P)(1 -/) = 0. (1) 


pd = 0. 

(2) 

© 

II 

(3) 

v (1 - d) = 0. 

(4) 

g (1 - m) = 0. 

(5) 

v(l -g)=0. 

(6) 


We shall first eliminate from (2), (3), and (4) the symbol d, and 
then determine v in relation to p, f, and h. Now the addition of 
(2), (3), and (4) gives 

(P + /) d + w (1 - d ) = 0. 

From which, eliminating d in the ordinary way, we find 

(?+/> = 0. (7) 

Adding this to (1), and determining v, we find 

0 

* P +f+i-p(i-/)a- k ) - /(i - p) (i - *) - h (i ~f) (i - P y 

Whence by development, 

« = §*(! -/) (1-W- 

The interpretation of this equation is : Virtue is a habit, and not 
a faculty or a passion. 
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Next, we will eliminate/, p, and g fiom the original system 
of equations, and then determine v in relation to A, d, and m. 
We will in this ca«c eliminate p and / together. On addition of 
(1), (2), and (3), we get 

" 1 1 ~P (1 -/) (1 - *) -/(l - V ) 0 - *) - * (1 ~P) (1 "/) i 

+ pd +fd = 0. 

Developing this with reference to p and /, we have 

(e + 2 d)pf+ (vh + d)p(l -/)+ ( vh + d)(l-p)f 

+ w (1 - A) (1 -p) (1 -/) = 0. 

Whence the result of elimination will be 


(v + 2d) (vh + d) (yh + d) v (1 - 7t) = 0. 

Now u + 2 d = v + d + d, which by Prop. I is reducible to v + d. 
The product of this and the second factor is 

(u + d) (yh + d), 

which by Prop. II. reduces to 

d + v (vh) or vh + d. 

In like manner, this result, multiplied by the third factor, gives 
simply vh + d Lastly, this multiplied by the fourth factor, 
v (1 - h), gives, as the final equation, 

vd( 1 - A) = 0. (8) 

It remains to eliminate g from (5) and (6). The result is 


v (1 - m) = 0. 

Finally, the equations (4), (8), and (9) give on addition 
v (1 - d) + vd (1 - A) + v (1 - m) = 0, 
from which we have 

0 


( 9 ) 


l-d+ d(l-A) +l-m' 
And the development of this result gives 



f which the interpi ctation is, — Virtue is a habit accompanied bg 
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deliberate preference, and keeping in view the mean relative to 
human nature. 

Properly speaking, this is not a definition, but a description 
of virtue. It is all, however, that can be correctly infened from 
the premises. Aristotle specially connects with it the necessity 
of piudence, to determine the safe and middle line of action ; and 
there is no doubt that the ancient theories of virtue generally 
partook more of an intellectual chaiactei than those (the theoiy 
of utility excepted) which have most picvailed in modem days. 
Viituc was legal ded as consisting in the light state and habit of 
the whole mind, lather than in the single supicmacy of con- 
science or the moral faculty And to some extent those theories 
were undoubtedly light. Foi though unqualified obedience to 
the dictates of conscience is an e-scntial clement of vntuous con- 
duct, yet the conformity of those dictates with those unchanging 
principles of rectitude (altluna Sirota) which aic founded in, or 
which rather arc themselves the foundation of the constitution of 
things, is another element. And generally this conformity, in 
any high degree at least, is inconsistent with a state of ignorance 
and mental hebetude. Revolting to the paiticular theory of 
Aristotle, it will piobably appear to rao4 that it is of too ne- 
gative a chaiacter, and that the shunning of extremes docs not 
affoida sufficient scope for the expcndituic of the nobler energies 
of our being. Aristotle seems to liav c been imperfectly conscious 
of this defect of his sj stem, when in the opening of his seventh 
book he spoke of an “hcioic viituc”* rising above the measure 
of human nature. 

7. I have already remarked (VIII. 1) that the themy of sin- 
gle equations 01 piopositions comprehends questions which can- 
not be fully answeied, except in connexion with the theory of 
eystems of equations. This icmaik is exemplified when it is 
proposed to detennine from a given single equation the relation, 
not of some single elementary class, but of some compound class, 
involving in its cxpiession more than one element, m teims of 
the remaining elements. The following paiticulai example, and 
the succeeding general problem, aic of this natuic. 


ti/v virip *ipag ap&TTjv TjpwiKijv riva kat Quay — XlC Etji Book \ii. 
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Ex. 2. — Let us resume the symbolical expression of the defi- 
nition of wealth employed in Chap, vii., viz., 

w = st{p + r (1 -p)), 

wherein, as before, 


w = wealth, 

s = things limited in supply, 
t = things transferable, 
p = things pioductive of pleasure, 
t = things preventive of pain ; 

and suppose it required to determine hence the relation of things 
transferable and productive of pleasure, to the other elements of 
the definition, viz., wealth, things limited in supply, and things 
preventive of pain. 

The expression for things transferable and productive of plea- 
sure is ip. Let us represent this by a new symbol y. We have 
then the equations 

w = st {p + r(l -p)\, 
y = t P , 

from which, if we eliminate t and p, we may determine y as a 
function of w, s, and r. The result interpreted will give the re- 
lation sought. 

Bringing the terms of these equations to the first 6ide, we 
have 

w - stp - str (1 - p) = 0 , . 

V-tp = 0. ^ ' 

And adding the squares of these equations together, 

w + stp + str (1 -p) - 2 wstp - 2 wstr (1-p) + y + tp - 2 ytp = 0. (4) 

Developing the first member with respect to t and p, in order to 
eliminate those symbols, we have 

(u; + s - 2ios + 1 - y) tp + (in + sr - 2 wsr + y) t (1 -p) 

+ (w + y)(l-t)p + (w + y) (1-0 (1 -p); (5) 

and the result of the elimination of t and p will be obtained by 
equating to 0 the product of the four coefficients of 

tp, «(1 ~p), (1 - t)p, and (1 - 0 (1 - p). 
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Or, by Prop. 3, the 1 esult of the elimination of t and p from the 
above equation will be of the form 

Ey + E(\ -y), 

wherein E is the result obtained by changing in the given equa- 
tion y into 1, and then eliminating t and p; and E' the result 
obtained by changing in the same equation y into 0, and then 
eliminating t and p. And the mode in each case of eliminating t 
and p is to multiply together the coefficients of the four con- 
stituents tp , t (1 - p), &c. 

If we make y = 1, the coefficients become — 

1st. u (1 - s) + s (1 - ir). 

2nd. 1 + w (1 - sr) + s (1 - u) r, equivalent to 1 by Prop. I. 
3id and 4tli. 1 + w, equivalent to 1 by Prop. I. 

Hence the value of E will be 

to (1 - s) + s(l — id). 

Again, in (5) making y = 0, we have for the coefficients — 
1st. 1 + w (1 - s) + s (1 - w), equivalent to 1. 

2nd. w (1 - sr) + sr (1 - w). 

3id and 4th. w. 

The product of these coefficients gives 
E' = w (1 - sr). 

The equation from which y is to be determined, tlieicforc, is 
(ir (1 - s) + s (1 - «;)} y + w(l - sr) (1 - y) = 0, 
w ( 1 - sr) 

’ ' ^ w (1 - sr) — w (1 - s) - s (1 - w) * 
and expanding the second member, 

y = jj wsr + wa (1 - r) + ^ w (1 - s) r + ^ w (1 - s) (1 - r) 

+ 0 (1- to) sr + 0 (I-m>) s (1 -r) + ^ (1 - «,) (1 - s) r 

+ (i-*) (i-O; 

whence i educing 
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y = ws (1 - r) + ^ wsr + ^ (1 - w) (1 - s), (6) 

with w (1 - s) = 0. (7) 

The interpretation of which is — 

1st. Things transferable and productive of pleasure consist of 
all ivealth ( limited in supply and) not preventive of pain, an inde- 
finite amount of wealth ( limited m supply and) preventive of pain , 
and an indefinite amount of what is not wealth and not limited in 
supply. 

2nd. All wealth is limited m supply. 

I have in the above solution wiitten in parentheses that part 
of the full description which is implied by the accompanying in- 
dependent l elation (7). 

8. The following problem is of a more general nature, and 
will furnish an easy piactical lulc for pioblems such as the last. 

General Problem. 

Given any equation connecting the symbols x, y . w, z . . 

Required to determine the logical expression of any class ei- 
pressed in any way by the symbols x, y . . in terms of the i eina Ming 
symbols, w, z, &c. 

Let us confine ourselves to the case in which theic are but 
two symbols, x, y, and two symbols, w, z, a case sufficient to de- 
teimine the general Rule. 

Let V= 0 be the given equation, and let <p ( x , y) represent 
the class whose expression is to be determined. 

Assume t = <p (x, y), then, fiom the above two equations, x 
and y aie to be eliminated. 

Now the equation V= 0 may be expanded in the form 

Axy + Bx{l-y) + C(1 - x) y + D (1 - x) (1 - y) = 0, (l) 
A, B, C, and D being functions of the symbols w and z. 

Agam, as <p {x, y) lcpiesents a class or collection of things, it 
must consist of a constituent, or sciics of constituents, whose co- 
efficients are 1. 
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Whcieforc if the full dc\ clopmenl, of tj> //) lie represented 
iu the foim 

aai/s kr(L - //) I r(l - i ) // I f/(l rj (l y), 

the coefficient!- a, I), e, <1 mibt each he 1 oi 0. 

No iv ledueing the equation t = ^ (r, y) by transposition and 
squaring, to the fonn 

M i - <t> (h y)\ + i> (•*•) y) (l - 1) - o ; 

and expanding with lcfeicnce to x and y, we get 

{<(1 -«) + a(l-0)'* y {<(1 -ft) +4(1- t)\ X(\ ~y ) 

+ (/(l -c) + c(l-t)) (1 -x)y 

+ {r (i - d) + c? (i - Oi (i - *1 (i- y ) = o* 

whence, adding this to (1), wc lun c 
[A + t (1 - a) + a (1 -f)j xy 

H (5 + t(l -/>) + jr(l-y)+&c. = a. 

Let the result of the elimination of x and y be of the form 
Et + E (1 - t) = 0, 

then E will, by what has been said, be the reduced produet of 
what the coefficients of the above expansion become when / = I, 
and E the pioduct of the same factors similarly reduced by the 
condition t = 0. 

Hence E will be the reduced pi oduct 

(A 4 1 - a) (B + 1 - b) (C+ 1 - r) (1) + 1 - </t. 

Considering any factor of this expression, ns ,1 s l - a, we see 
that when a = 1 it becomes A, and when a = 0 it becomes I i ,1, 
which reduces by Prop. T. to 1. Hence we min inter that t' will 
be the product of the coefficients of those constituents in the de- 
velopment of V whose coefficients in the development of f ( t, y) 
are 1. 

Moreover E will be the reduced product. 

(A + a) (JJ i b) (C l r) (J) I ./). 

Considering any one of tlie-s* liiotors, ns .1 I n, we see that tins 
become? A when a = 0, and reduces to I when u- 1 s imtl on 
for the other-. Hence E will la: (lie product of the coefficient* 
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of those constituents in the development of y, whose coefficients 
in the development <j> ( x , y) are 0. Viewing these cases together, 
we may establish the following Rule : 

9. To deduce from a logical equation the relation of any class 
expressed by a given combination of the symbols x , y, to the 
classes represented by any other symbols involved in the given 
equation. 

Rule. — Expand the given equation with reference to the sym- 
bols x, y. Then form the equation 

Et + E{\ -t) = 0, 

in which E is the product of the coefficients of all those constituents 
m the above development , whose coefficients in the expression of the 
given class are 1, and E the product of the coefficients of those con- 
stituents of the development whose coefficients m the expression of the 
given class are 0 The vulue of t deduced fom the above equation 
by solution and interrelation will be the expiesswn lequired. 

Note. — Although in the demonstration of this Rule V is sup- 
posed to consist solely of positive terms, it may easily be shown that 
this condition is unnecessary, and the Rule general, and that no pre- 
paiatwn of the given equation is really required. 

10. Ex. 3. — The same definition of wealth being given as in 
Example 2, requued an expression for things transferable, but not 
productive ofpleasme, <(1 - p), in terms of the other elements 
represented by w, s, and r. 

The equation 

w - sip - str (1 - p) = 0, 
gives, when squared, 

w + sip + sir (1 - p) - 2 wslp - 2wstr (1 - p) = 0 ; 
and developing the first member with respect to t and p, 

(to + s - 2uw) tp + (to + sr - 2w sr) t (1 - p) + w (1 - 1) p 

+ w (1 - t) (1 -p) = 0. 

The coefficients of which it is best to exhibit as in the following 
equation ; 

jto(l-s)+ s(l- w))tp + {tt(l-«') + «r(l-te)| t(\-p) + iv(l-t)p 

f to (1 - t) (1 - p) = 0 


If 
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Let the function t (1 - p) to be determined, be represented by r ; 
then the full development of z in respect of t and p is 

z = 0 tp + t (1 - p) + 0 (1 - t) p + 0 (1 - t) (1 - p). 

Hence, by the last problem, we have 

Ez + E'(l-z)~0; 

wheie E = w (1 — sr) + sr (1 — w ) ; 

E' = { w (1 — s) + s (1 — w ) ) x jo x w = w ( 1 — s) ; 

.•. [w (1 - «r) + sr (1 - «’)} z + io (1 - s) (X - z) = 0. 
Hence, 

«* ( 1 -s) 

2 if sr - ids - sr 

= wsr + 0 m (1 - r) + i w (1 - s) r + ^ to (1 - i) (1 - r), 

+ 0(1- «’) sr + ^ (1 — tf) s (1 - r) + ^ (1 - w) (1 - s) r 

+ ?(!-«,) (1 - a ) (1 - 

0 2 = 5 “*»• + § (! - ») « (l - »•) + 5 (1 - «’) (!-»). 

with w (1 - s') = 0. 

Hence, Things transferable and not productive of pleasure are 
either wealth ( limited in supply and preventive of pain) , or things 
which are not wealth, but limited in supply and not preventive of 
pain; or things which aie not wealth, and are unlimited in supply 
The following results, deduced in a similar mannci, will be 
easily verified : 

Things limited in supply and productive of pleasure which are 
not ivealth, — at e intransferable. 

Wealth that is not productive of pleasure is transferable , limited 
in supply, and preventive of pain. 

Things limited in supply which are either wealth, or arc pro- 
ductive of pleasure, but not both, — are either transferable and pre- 

1 entire of pain, or wtrairferable 

11. From the domain of natuial histoiy a huge number of 
curious examples might be selected. I do not, howc\cr, con- 
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ceive that such applications would possess any independent va- 
lue. They would, for instance, throw no light upon the true 
pvinciples of classification in the science of zoology For the 
discor eiy of these, some basis of positive knowledge is requisite, — 
some acquaintance with oiganic stiucture, with teleological adap- 
tation ; and this is a species of knowledge which can only be de- 
rived from the use of external means of observation and analysis. 
Taking, bower er, any collection of piopositions in natural liis- 
toiy, a gieat number of logical problems present themselves, 
without legard to the system of classification adopted. Peihaps 
in forming such examples, it is better to avoid, as superfluous, 
the mention of that propeity of a class or species which is im- 
mediately suggested by its name, c. g. the ling-stiuctuie in the 
annclida, a class of animals including the eaith-worm and the 
leech. 

Ex. 4. — 1. The annclida aie soft-bodied, and either naked or 
enclosed in a tube. 

2. The annclida consist of all invcitebrate animals having 
red blood in a double system of circulating vessels. 

Assume a = annelida ; 

s = soft-bodied animnls ; 
n = naked ; 

t - mclosed in a tube ; 
i = invertebrate ; 
r = having red blood, &c. 

Then the piopositions given will be expressed by the equations 
a = va {« (l - () -M (1 - n)) , (1) 

a = ir ; (2) 

to which we may add the implied condition, 

nt = 0 (3) 

On eliminating n, and reducing the system to a single equation, 
wc have 

a J1 -sn(l- «)-at(l -n)} + a (1 - ir) + ir(l - a) + nt = 0. (4) 

Suppose that we wish to obtain the relation in which soft- 
bodied animals enclosed in tubes are placed (by viituc of the 
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premises) with respect to the following elements, viz , the pos- 
session of red blood, of an external covering, and of a vertebral 
column. 

We must first eliminate a. The result is 

ir { 1 - sn (1 - t) - at (1 - «)} + nt = 0. 

Then (IX. 9) developing with respect to a and t, and reducing 
the first coefficient by Prop. 1, we have 

ns< + ir(l-n)$(l- <) + (ir 4 n)(l- a) t + tr (l-s)(l -t) = 0 (5) 

Hence, if st = w, we find 

nw + ir (1 - n) x (*r + n) x ir (l - w) = 0 ; 
or, nw + ir (l - n) (l - «<) = 0 ; 

ir (l - n) - n 

«= 0 wit + ir (l - w) + Ot (1 - r) n + ^ i (1 - r) (1 - n) 

+ 0 (1 — t) rn + ^ (1 — t) r (1 — n) + 0 (1 — *) (1 — r) n 

+ 5 ( 1_? )( 1_r )( 1 ~”) ; 

01 w = tr (1 - n) + ^ i (1 - r) (1 - n) 4 jj (1 - i) (1 - n ). 

Hence, soft-bodied animals enclosed in tubes consist of all 
invertebrate animals having red blood and not naked, and an in- 
definite remainder of invertebrate animals not having red blood and 
not naked, and of vertebrate animals which are not naked 

And in an exactly similar manner, the following reduced equa- 
tions, the interpretation of which is left to the reader, have been 
deduced from the development (5). 

0 0 

s (1 - t) = vm + - i (1 - n) + ^ (1 - i) 

(1 - •’) t = 5 0 - 0 r (1 - «) + jj (1 - r) (1 - w) 

(1-.)(1-0-J»<1-0 
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In none of the above examples has it been my object to ex- 
hibit in any special manner the power of the method. That, 
I conceive, can only be fully displayed in connexion with the 
mathematical theory of pi obabilities. I would, howcvei, suggest 
to any who may be desnous of forming a conect opimon upon 
this point, that they examine by the lules of ordinary logic the 
following pioblem, before inspecting its solution; rcmeinbeung 
at the same time, that whatever complexity it possesses might, 
be multiplied indefinitely, with no other effect than to render its 
solution by the method of this woik more opeiose, but not le«s 
certainly attainable. 

Ex. 5. Let the observation of a class of natuial productions 
be supposed to have led to the following general results. 

1st, That in whichsoever of these pioductions the propel ties 
A and C are missing, the piopeity E is found, together with one 
of the properties B and D, but not with both 

2nd, That whenever the properties A and I) are found while 
E is missing, the propeitics B and C will eithei both be found, 
or both be missing. 

3rd, That wlieicvcr the piopeity A is found in conjunction 
with either B or E, or both of them, there either the property 
C or the propci ty D will be found, but not both of them And 
conversely, whcicver the piopeity C or I) is found singly, there 
thcpropeity A will be found in conjunction with either B 01 E, 
or both of them. 

Let it then be required to asccitain, fiist, what in any parti- 
cular instance may be concluded fiom the ascertained picsencc of 
the propci ty A, with rcfeiencc to the piopeities B, C, and D , 
also whether any relations exist independently among the pio- 
perties B, C, and D. Secondly, what may be concluded in like 
manner respecting the propeity B, and the propeitics A, C, 
and I). 

It will be observed, that in each of the three data, the informal 
tion.conveyed respecting the properties A , B, C, and I), is com- 
plicated with another element, E, about which we dcsiic to say 
nothing m oui conclusion. It will hence be requisite +0 eliminate 
the symbol icprcsenting the property E fiom the system of equa- 
tions, by which the giv cn propositions will be expressed 
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Let us represent the property A by x, B by y, C by z, D by 
w, E by v. The data are 


xz = qv (yw 4 wy)\ 

0) 

vxw = q (yz 4 yz); 

(2) 

xy 4 xvy = wz 4 zw; 

(3) 


x standing for 1 - x, &c., and q being an indefinite class symbol. 
Eliminating q separately from the first and second equations, 
and adding the results to the third equation reduced by (5), 
Chap.'vm., we get 

55(1 - vyw - vwy) 4 vxw ( yz 4 zy ) 4 (xy 4 xvy ) (wz + wz) 

4 (wz 4 zw) (1 - xy- xvy ) = 0. (4) 

From this equation v must be eliminated, and the value of x 
determined fiom the result. For effecting this object, it will 
be convenient to employ the method of Prop. 3 of the present 
chapter. 

Let then the result of elimination be represented by the 
equation 

Ex 4 E'(l -x) = 0. 

To find E make x = 1 in the first member of (4), we find 
vw (yz 4 zy ) 4 (y 4 vy) (wz 4 wz) 4 (wz 4 zw) vy. 
Eliminating v, we have 

(wz 4 wz) [w(yz + zy) 4 y (wz+w7) 4 y (wz + zw ) ) ; 

which, on actual multiplication, in accordance with the conditions 
ww = 0, zz = 0, &c , gives 

E=wz + ywz. 

Next, to find E' make x = 0 in (4), we have 

z( 1 - vyw - vyw ) 4 wz 4 zw. 

whence, eliminating v, and reducing the result by Propositions 

1 and 2, we find _ 

£' = wz+zw\ywz\ 

and, therefore, finally we have 

(i wz + yidz) x + (wz + zw +ywz ) 5 = 0; 


from which 


(5) 
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wz + zw + ywz 

x = — — = — =-- ; 

wz 4 zw 4 ywz -wz- ywz 

wherefore, by development, 

x = 0 yzw 4 yzw 4 yzw 4 0 yzw 

4 0 jjzio yzw 4 yzio + yzT\ 

or, collecting the terms in vertical columns, 

x = zlb + zto + yzo>; (6) 

the interpretation of which is — 

In whatever substances the property A is found , there will also 
be found either the property C or the property D, but not both, or 
else the properties B, C, and D, will all be wanting. And con- 
versely, where either the pi opei ty C or the property D is found 
singly , or the properties B, C, and D, are together missing, there 
the propei ty A will he found. 

It also appears that there is no independent relation among 
the properties B, C, and D. 

Secondly, wc ai c to find y Now developing (5) with respect 
to that symbol, 

( xwz + xwz i Iwz+ Izw)y 4 (xwz 4 xwz 4 ~xzu> +xzw)y = 0 ; 
whence, proceeding as bcfoie, 


^ [xxoz 4 XWZ 4 xzw). 

00 

xzw = 0 ; 

(8) 

xzw = 0 ; 

(9) 

xzw = 0 ; 

(10) 


From (10) reduced by solution to the form 



wc have the independent relation , — If the property A is absent 
and C present , D is present. Again, by addition and solution (8) 
and (9) give 

__ 0 _ 

XZ 4 XZ = - W. 


Whence we have for the general solution and the remaining in- 
dependent relation : 
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lit If the property B be prevent m one of the productions, eithei 
the propel ties A, C, and D, are all absent, or some one alone of them 
is absent. And conversely, f they are all absent it may be con- 
cluded that the property A is present (7). 

2nd. If A and C are both present or both absent, D will be ab- 
sent, quite independently of the presence or absence of B (8) and (9). 

I have not attempted to verify these conclusions. 
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CHAPTER X. 

OF THE CONDITIONS OF A PERFECT METHOD 

1. r I ''HE subject of Primary Propositions has been discussed at 

-A length, and ire are about to enter upon the consideration 
of Secondary Propositions. The interval of transition between 
these two great divisions of the science of Logic may afford a fit 
occasion for us to pause, and while reviewing some of the past 
steps of our progress, to inquire what it is that in a subject like 
that with which we have been occupied constitutes perfection of 
method. I do not heic speak of that perfection only winch con- 
sists in power, but of that also which is founded in the conception 
of what is fit and beautiful. It is piobablc that a careful analysis 
of this question would conduct us to some such conclusion as the 
following, viz., that a perfect method should not only be an effi- 
cient one, as respects the accomplishment of the objects for which 
it is designed, but should in all its parts and pioccsscs manifest 
a certain unity and haimony. This conception would be most 
fully lealized if even the very forms of' the method were sugges- 
tive of the fundamental punciples, and if possible of the one fun- 
damental principle, upon which ihey arc founded. In applying 
these considciations to the science of Reasoning, it may be well 
to extend our v lew beyond the mere analytical processes, and to 
inquire what is best as lcspects not only the mode or form ol 
deduction, but aho the system of data or premises from which 
the deduction is to be made. 

2. As respects mere power, there is no doubt that the hist 
of the methods developed in Chapter vm. is, within its piopci 
sphere, a perfect one The introduction of arbitrary constants 
makes us independent of the forms of the premises, as well as oi 
any conditions among the equations by which they are repre- 
sented But it seems to introduce a foieign element, and while 
it is a more laborious, it is also a less elegant form of solution 
than the second method of reduction demonstrated in the same 
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chaptei. There aic, however, conditions under which the latter 
method assumes a moic pcifect foim than it otherwise heais To 
make the one fundamental condition expressed by the equation 

a ( 1 - oc) = 0, 

the universal type of foim, would give a unity of character to 
both proces&es and results, which would not else he attainable. 
Weie brevity or convenience the only valuable quality of a me- 
thod, no adv antage would flow fiom the adoption of such a prin- 
ciple. Foi to impose upon every step of a solution the character 
above dcsciibcd, woidd invohe in some instances no slight la- 
bour of picliniinaiy 1 eduction. But it is still inteiesting to know 
that this can be done, and it is even of some iinpoitancc to be 
acquainted with the conditions undci which such a foim of solu- 
tion would spontaneously piesent itself Some of these points 
will be considered in the piesent chapter. 

Proposition I. 

3. To reduce any equation among logical symbols to the foim 
V = 0, m which V satisfies the law of duality , 

F(1 - V) = 0. 

It is shown in Chap. v. Prop. 4, that the above condition is 
satisfied whenever V is the sum of a sciics of constituents. And 
it is evident fiom Pi op 2, Chap. vi. that all equations aie equi- 
valent which, when 1 educed by tiausposition to the foim V = 0, 
pioducc, by development of the fust membci, the same senes of 
constituents with coefficients which do not vanish, the particular 
numerical values of those coefficients being immatciial 

lluice the object of this Tiojiosition mag always be aciom- 
phshed by In nujmg all the tei ms oj an equation to the first sale, 
fully expanding that member, and changing in the result all the co- 
efficients which do not vanish into unity, except such us have alien dy 
that value. 

But as the development of functions containing many sym- 
bols conducts us to expicssions inconvenient fiom their gicat 
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length, it is desirable to show how, in the only cases which do 
practically offer themselves to our notice, this source of com- 
plexity may be avoided. 

The great pnmaiy forma of equations have already been dis- 
cussed in Chapter vm. They are — 

X = vY, 

X = Y, 
oX = v Y. 

Whenever the conditions X (1 - X) = 0, Y (1 - Y) = 0, are 
satisfied, we have seen that the two first of the above equations 
conduct us to the forms 

x (i - Y) = o; (i) 

A (1 - Y) + Y (1 - X) = 0 ; (2) 

and under the same circumstances it may be shown that the last 
of them gives 

i> f X (1 - Y) + Y(1 - X)} = 0 ; (3) 

all which results obviously satisfy, in their first members, the 
condition 

V (1 - V) = 0 

Now as the above are the form® ■>”d conditions under which the 
equat'™ 1 ® of ", logical system properly expressed do actually pre- 
sent themselves, it is always possible to i educe them by the 
above method into subjection to the law inquired. Though, 
however, the separate equations may thus satisfy the law, their 
equivalent sum (VIII 4) may not do so, and it remains to 
show how upon it also the ieqiu®ite condition may be imposed. 

Let ns then represent the equation formed by adding tbc 
several reduced equations of the system together, in the form 

v + v + v", &c. = 0, (4) 

this equation being singly equivalent to the system from which 
it was obtained. We su t pose v, v, v", &c. to be class term® 
(IX. 1) satisfying the conditions 

v (1 - v) = 0, v (1 - v') = 0, &c 

Now the full interpretation of (4) would be found by devc- 
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loping tlic fiist member with ie?pect to all the elemcntaiy symbols 
a, y, etc which it contain', and equating to 0 all the constituents 
whose coefficients do not \ iini'h , in other words, all the consti- 
tuents which aie found m cithei v, v', v', etc. But those consti- 
tuents consist of — 1st, such as aie found m v ; 2nd, such as are 
not found in v, but ai e found in v' ; 3id, such as aie neither found 
in v nor v, but arc found in o", and so on. Ilcncc they will be 
such as aie found in the cxpicssion 

o + (1 — v) i! a (l — v) (1 — v) v" + etc , (5) 

an expression in which no constituents are repeated, and which 
obviously satisfies the law F(1 - V) = 0. 

Thus if we had the cxpiession 

(1 - t) + v + (1 - z) + Izw, 

in which the terms 1 - t, 1 - s are bracketed to indicate that they 
are to be taken as single class terms, wc should, in accordance 
with (5), reduce it to an cxpicssion satisfying the condition 
V(\ - V) = 0, by multiplying all the terms after the first by t, 
then all after the second by 1 - v ; lastly, the tenn which remains 
after the thiid by z ; the result being 

1 - t + tv + t(l - v) (1 - z) + t (1 - o) zw. (0) 

4. All logical equations then are reducible to the form V= 0, 
V satisfying the law of duality But it would ob\iously be a 
higher degree of perfection if equations always presented them- 
selves in such a foim, without prcpaiation of any kind, and not 
only exhibited this foim in their onginal statement, but retained 
it unimpaired aftci those additions which are ncccssaiy in order 
to reduce systems of equations to single equivalent forms That 
they do not spontaneously piesent this fcatuie is not properly 
attributable to defect of method, but is a consequence of the fact 
that our premises are not alw ays complete, and accurate, and in- 
dependent. They are not complete when they invoh e material 
(as distinguished from formal) relations, which are not expiessed. 
They are not accurate when they imply relations which arc not 
intended. But setting aside these points, with which, in the 
present instance, we arc less concerned, let it be considcied in 
what sense they may fail of being independent. 
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5. A system of propositions may be termed independent, 
when it is not possible to deduce from any portion of the system 
a conclusion dcducible from any other portion of it. Supposing 
the equations representing those propositions all reduced to the 
form 

F=0, 

then the above condition implies that no constituent which can 
be made to appear in the dev elopment of a particular function V 
of the system, can be made to appear in the development of any 
other function V of the same system. When this condition is 
not satisfied, the equations of the system are not independent. 
This may happen in various cases. Let all the equations satisfy 
in their first membeis the law of duality, then if there appears a 
positive term x in the expansion of one equation, and a term xy 
in that of another, the equations are not independent, for the 
term x is further developable into xy + a: (1 -y), and the equation 

xy - d 

is thus involved in both the equations of the system. Again, let 
a term xy appear in one equation, and a term xz in another 
Both these may be developed so as to give the common consti- 
tuent xyz And other cases may easily be imagined in which 
premises which appear at first sight to be quite independent are 
not really 60. Whenever equations of the form V = 0 are thus 
not truly independent, though individually they may satisfy the 
law of duality, 

F(1 - V) = 0, 

the equivalent equation obtained by adding them together will 
not satisfy that condition, unless sufficient reductions by the me- 
thod of the piescnt chapter have been performed When, on 
the other hand, the equations of a system both satisfy the abov e 
law, and arc independent of each other, their sum will also sa- 
tisfy the same law. I have dwelt upon these points at greater 
length than would otherwise have been necessary, because it ap- 
pears to me to be important to endeavour to form to oursclv es, 
and to keep before us in all our investigations, the pattern of an 
ideal perfection, — the object and the guide of future efforts. In 
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the piesent, class of inquiries the chief mm of improvement of me- 
thod should be to facilitate, as far as is consistent with brevity, 
the transfoimation of equations, so as to make the fundamental 
condition above adverted to universal 

In connexion with this subject the following Propositions are 
deserving of attention. 

PuoPosnioN II. 

If the fist member of any equation V = 0 ratify the condition 
V (l - V) = 0, and f the ea jn es non of any symbol t of that equa- 
tion be detei mined as a developed Junction of the other symbols, the 

coefficients of the expansion can only assume the forms 1, 0, 

For if the equation be expanded with lcfcrcncc to t, we ob- 
tain as the result, 

Et+ E (l - t), (1) 

E and E being what 1 ’ becomes when t is successively changed 
therein into 1 and 0. Ilcncc E and E' will themselves satisfy 
the conditions 

£(1 - E) = 0, E{ 1 - E) = 0. (2) 

Now (1) gives 



the second member of which is to be expanded as a function of 
the remaining symbols. It is evident that the only numerical 
values which E and E can lcccivc in the calculation of the co- 
efficients will be 1 and 0. The following cases alone can there- 
fore arise : 

E 1 

isx. -C/ = 1 , i, meu £, _ jr = Q- 

JT' 

2nd E = 1, E = 0, then £ = 1. 

E 

3id. E= 0, E= 1, then ^ — -£ = 0. 

E 0 

4th. E = 0, E = 0, then £, - p = - 

Whence the truth of the Pioposition is manifest. 
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6. It may he remarked that the forms 1, 0, and — appear in 
the solution of equations independently of any reference to the 
condition V (\ - V) = 0 But it is not so with the coefficient 

The terms to which this coefficient is attached when the above 
condition is satisfied may receive any other value except the 


three values 1, 0, and when that condition is not satisfied It 


is permitted, and it would conduce to uniformity, to change any 
coefficient of a development not presenting itself in any of the 

four forms referred to in this Proposition into regarding this 

as the symbol proper to indicate that the coefficient to which it is 
attached should be equated to 0. This course I shall frequently 
adopt. 


Proposition III. 


7. The result of the elimination of any symbols x, y, Sfc.fi om 
an equation V - 0, of which the first member identically satisfies 
the law of duality, 

F(1 - F) = 0, 

may be obtained by developing the given equation with reference to 
the other symbols , and equating to 0 the sum of those constituents 
tohose coefficients in the expansion are equal to unity. 

Suppose that the given equation F = 0 involves but three 
symbols, x, y, and t, of which x and y are to be eliminated Let 
the development of the equation, with respect to t, be 

AtvB (l-f) = 0, (1) 

A and B being free from the symbol t. 

By Chap. ix. Prop. 3, the result of the elimination of a; and y 
fiom the given equation will be of the form 

Et + E (1 - t) = 0, (2) 

in which E is the result obtained by eliminating the symbols x 
and y from the equation A = 0, E' the result obtained by elimi- 
nating from the equation B = 0. 
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Now A and B must satisfy the condition 
J(l-i) = 0, Z?(l -£) = <) 

Hence A (confining ouisclves foi the piesent to this coefficient) 
will eitliei be 0 01 1, 01 a constituent, or the sum of a part of the 
constituents which involve the symbols a; and y. If A = 0 it is 
ev ident that E = 0 ; if A is a single constituent, or the sum of a 
part of the constituents im ol\ ing x and y, E will be 0. For the 
full development of A, with respect to x and y, will contain terms 
with vanishing coefficients, and E is the pioduct of all the co- 
efficients lienee when *1 = 1, _Eis equal to A, but in other cases 
E is equal to 0. Sinulaily, when B = 1, E' is equal to B, but in 
other cases E' vanishes. Hence the cxpiession (2) will consist of 
that part, if any theie be, of (1) in which the coefficients A, B 
are unity And this leasoning is general. Suppose, for instance, 
that V involved the symbols a, y, z, t, and that it were required 
to eliminate x and y. Then if the development of V, with re- 
ference to z and t, were 

zt + a:z(l - 1) + y (1 - z) t + (1 - z) (1 - t), 
the result sought would be 

zt + (1 - z) (1 -t) = 0, 

this being that poition of the development of which the co- 
efficients are unity 

Hence, if from any system of equations we deduce a single 
equivalent equation Y= 0, V satisfying the condition 

V(l - V) = 0, 

the ordinary processes of elimination may be cntiiely dispensed 
with, and the single piocess of de\elopmcnt made to supply 
their place. 

8. It may be that theie is no practical advantage in the me- 
thod thus pointed out, but it possesses a theoretical unity and 
completeness which render it deserving of regard, and I shall ac- 
cordingly devote a future cli apter ( XIV.) to its illusti ation . The 
progress of applied mathematics has presented otlici and signal 
examples of the reduction of systems of problems oi equations to 
the dominion of some ccntial but pervading law 
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9. It is seen from what precedes that there is one class of 
propositions to which all the special appliances of the above me- 
thods of preparation are unnecessary It is that which is cha- 
racterized by the following conditions : 

First, That the piopositions are of the ordinary kind, impb'ed 
by the use of the copula is or are, the predicates being particular. 

Secondly, That the terms of the proposition are intelligible 
without the supposition of any understood relation among the 
elements which enter into the expression of those terms. 

Thirdly, That the propositions are independent 

We may, if such speculation is not altogether vain, permit 
ourselves to conjecture that these are the conditions which would 
be obeyed in the employment of language as an instrument of 
expression and of thought, by unerring beings, declaring simply 
what they mean, without suppression on the one hand, and with- 
out repetition on the other. Considered both in their relation 
to the idea of a perfect language, and in their relation to the pro- 
cesses of an exact method, these conditions are equally worthy 
of the attention of the student. 
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CHAPTER XL 

OF SECONDARY PROPOSITIONS, AND OF THE PRINCIPLES OF THEIR 
SYMBOLICAL EXPRESSION. 

1. npHE doctiinc has already been established in Chap iv., 
that every logical proposition may be refen ed to one or 
the other of two gieat classes, viz., Piimary Piopositions and 
Secondary Propositions. The foimci of tlie«c classes lias been 
discussed in the preceding cliaptcis of this woik, and w c aic now 
led to the consideration of Seeondaiy Piopositions, i. c. of Piopo- 
sitions concerning, or relating to, other piopositions legarded as 
true or false. The investigation upon which we ai c enteiing will, 
in its general older and progiess, resemble that which we have al- 
ready conducted. The two inquiiics differ as to the subjects of 
thought which they recognise, not as to the formal and scientific 
laws which they reveal, or the methods or processes which aie 
founded upon those laws. Pi obability would in some measure fa- 
vour the expectation of such a result. It consists with all that we 
know of the uniformity of Nature, and all that w e believe of the im- 
mutable constancy of the Author of Nature, to suppose, that in the 
mind, which lias been endowed with such high capabilities, not 
only for conveise with suuounding scenes, but foi the knowledge 
of itself, and for reflection upon the laws of its own constitution, 
there should exist a hannony and uniformity not let- leal than 
that which the study of the physical science'- makes known to us. 
Anticipations such ai tins aic ncvci to be made the puinaiy mle 
of our inquiiics, noi are they in any dcgiec to diveit us fiom 
those labours of patient ic«caich by which we asecitain what is 
the actual constitution of things within the particular pio\ince 
submitted to investigation. But when the grounds of 1 e-cm- 
blance have been properly and independently determined, it is 
not inconsistent, even with purely scientific ends, to make that 
resemblance a subject of meditation, to trace its extent, and to 
receive the intimations of tiutli, jet undiscovcicd, which it may 
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seem to us to convey. The necessity of a final appeal to fact is 
not thus set aside, nor is the use of analogy extended beyond its 
proper sphere, — the suggestion of relations which independent 
inquiry must either verify or cause to be rejected. 

2. Secondary Propositions are those winch concern or relate to 
Propositions considered as true or false. The relations of things 
we express by primary propositions. But ive are able to make 
Propositions themselves also the subject of thought, and to ex- 
press our judgments concerning them. The expression of any 
such judgment constitutes a secondary proposition. There exists 
no proposition whatever of which a competent degree of know- 
ledge would not enable us to make one or the other of these two 
assertions, viz., either that the proposition is true, or that it is 
false ; and each of these assertions is a secondary proposition. “ It 
is true that the sun shines “ It is not true that the planets 
shine by their own light,” aie examples of this kind. In the 
former example the Proposition “ The sun shines,” is asserted to 
be true. In the latter, the Pioposition, “ The planets shine by 
their own light,” is asserted to be false. Secondary propositions 
also include all judgments by which we expiess a relation 01 de- 
pendence among propositions. To this class or division we may 
refer conditional propositions, as, “If the sun shine the day will 
be fair.” Also most disjunctive propositions, as, “ Either the sun 
will shine, or the enterprise will be postponed.” In the former 
example we express the dependence of the tiuth of the Propo- 
sition, “ The day will be fair,” upon the truth of the Proposition, 
* ‘ The sun will shine.” In the latter we expi ess a lelation between 
the two Propositions, “ The sun will shine,” “ The enterpuse w ill 
be postponed,” implying that the truth of the one excludes the 
truth of the other. To the same class of secondary propositions we 
must also refer all those propositions which assert the simultaneous 
truth 01 falsehood of piopositions, as, “ It is not true both that 
‘ the sun will shine’ and that ‘ the journey will be postponed.’ ” 
The elements of distinction which we have noticed may even be 
blended together in the same secondary proposition. It may m- 
vohe both the disjunctive element expiessed by either , o> , and 
the conditional clement expiessed by ?/; in addition to which, 
the connected propositions may tlicmsches be of a compound 
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character. If“ the sun shine," and “ leisure permit,” then either 
“ the enterpiisc shall be commenced,” or “ some preliminary 
Step shall bo tafcen ’’ In this example a number of piopositions 
are connected together, not aibitianly and unmeaningly, but in 
such a manner as to expi ess a definite connexion between them, — a 
connexion having reference to then lespective ti nth or falsehood. 
This combination, theiefbrc, according to our definition, forms 
a Secondaiy Proposition. 

The thcoiy of Secondaiy Piopositions is deseiving of at- 
tentive study, as well on account of its \i uicd applications, as 
foi that close and haimomous analogy, alieady icfeiied to, which 
it sustains with the theory of Piunaiy Piopositions. Upon each 
of these points I de«ne to offci a few fm flier observations. 

3. I would in the fiist place lcmailc, that it is in the form of 
secondary piopositions, at least as often as m that of primary pro- 
positions, that the leasomngs of oulinary life are exhibited. The 
discourses, too, of the moralist and the metaphysician are perhaps 
less often concerning things and their qualities, than concerning 
principles and hypotheses, concerning ti uths and the mutual con- 
nexion and relation of tiuths. The conclusions which our narrow 
experience suggests, in relation to the gi cat questions of morals and 
society yet unsolved, manifest, in moic ways than one, the limi- 
tations of their human oiigin, and though the existence of uni- 
versal punciples is not to be questioned, the paitial formula; 
which compiisc oui knowledge of then application aic subject 
to conditions, and exceptions, and failuie. Thus, in those de- 
partments of inquuy which, fiom the natuie of then subject- 
matter, should be the most uitei csting of all, much of our actual 
knowledge is hypothetical That tlieie has been a stiong ten- 
dency to the adoption of the same foims of thought in writers 
on speculative philosophy, will lieieaftci appeal. Hence the in- 
troduction of a gcneial method foi the discussion ot hypothetical 
and the other vaiieties of secondaiy piopositions, lull open to us 
a more inteiesting field of applications than we have before met 
with. 

4. The discussion of the theory of Secondary Propositions is 
in the next place intci esting, from the close and remarkable ana- 
logy which it bears with the thcoiy of Piimary Piopositions. It 
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will appear, that the formal laws to which the operations of the mind 
are subject, are identical in expression in both cases. The mathe- 
matical processes which are founded on those laws are, therefore, 
identical also. Thus the methods which have been investigated 
in the formei portion of thia work will continue to be available 
in the new applications to which we are about to proceed. But 
while the laws and processes of the method remain unchanged, 
the rule of inteipictation must be adapted to new conditions. 
Instead of classes of things, we shall have to substitute propo- 
sitions, and for the relations of classes and individuals, we shall 
have to consider the connexions of propositions or of events. 
Still, between the two systems, however differing in purport and 
interpretation, there will be seen to exist a pervading harmonious 
relation, an analogy which, while it serves to facilitate the con- 
quest of every yet remaining difficulty, is of itself an interesting 
subject of study, and a conclusive proof of that unity of cha- 
racter which marks the constitution of the human faculties. 

Proposition I. 

5. To investigate the nature of the connexion of Secondary Pro- 
positions with the idea of Time 

It is necessary, in cntei ing upon this inquiry, to state clearly 
the nature of the analogy which connects Secondary with Primary 
Propositions. 

Pi unary Propositions express relations among things, viewed 
as component parts of a universe within the limits of which, 
whether coextensive with the limits of the actual universe or 
not, the mattei of our discourse is confined. The relations ex- 
pressed aie essentially substantive. Some, 01 all, or none, of the 
members of a given class, are also members of another class. 
The subjects to which primary propositions refer — the relations 
among those subjects which they expiess — are all of the above 
character. 

But m treating of secondary propositions, we find ourselves con- 
cerned with another class both of subjects and relations. For the 
subjects with which we have to do are themselves propositions, so 
that the question niaj be asked, — Can we legard these subjects 
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also as things , and refer them, by analogy with the previous 
case, to a universe of their own ? Again, the relations among 
these subject propositions are relations of coexistent truth or 
falsehood, not of substantive equivalence. We do not say, when 
expressing the connexion of two distinct propositions, that the 
one is the other, but use some such forms of speech as the fol- 
lowing, according to the meaning which we desire to convey; 
“Either the proposition X is true, or the proposition F is true 
“ If the proposition X is true, the proposition Y is true j” “ The 
propositions X and Fare jointly true ,” and so on. 

Now, m considering any such relations as the above, we are 
not called upon to impure into the whole extent of then possible 
meaning (foi this might involve us in metaphysical questions of 
causation, which arc beyond the proper limits of science) ; but it 
suffices to ascertain some meaning which they undoubtedly pos- 
sess, and which is adequate for the purposes of logical deduction. 
Let us take, as an instance for examination, the conditional pro- 
position, “ If the proposition X is true, the proposition F is 
true.” An undoubted meaning of this proposition is, that the 
time in which the proposition X is tiue, is time in which the pro- 
position F is true. This indeed is only a relation of coexistence, 
and may or may not exhaust the meaning of the proposition, but 
it is a relation really involved in the statement of the pioposition, 
and further, it suffices for all the purposes of logical inference. 

The language of common life sanctions this view of the es- 
sential connexion of secondary piopositions with the notion of 
time. Thus we limit the application of a pimiaiy pioposition by 
the word “some,” but that of a secondaiy pioposition by the 
word “sometimes.” To say, “Sometimes injustice triumphs,” 
is equivalent to asseiting that theic aie times in which the pro- 
position “Injustice now triumphs,” is a tine proposition. There 
aie indeed piopositions, the truth of which is not thus limited to 
particular periods or conjunctuics ; propositions which are true 
throughout all time, and have received the appellation of “ etci- 
nal truths.” The distinction must be familiar to every icadei of 
Plato and Aristotle, by the latter of whom, especially, it is em- 
ployed to denote the contrast between the abstract venties of 
science, such as the propositions of geometry which are always 
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true, and those contingent or phenomenal relations of things 
which are sometimes true and sometimes false. But the forms of 
language in which both kinds of propositions are expressed ma- 
nifest a common dependence upon the idea of time ; in the one 
case as limited to some finite duration, in the other as stietched 
out to eternity. 

6. It may indeed be said, that in ordinary reasoning we are 
often quite unconscious of this notion of time involved in the veiy 
language we are using But the rcmaik, howevei just, only 
serves to show that we commonly reason by the aid of words 
and the forms of a well-constiucted language, without attending 
to the ulterior grounds upon which those very forms have been 
established The coui sc of the pi esent investigation will affoi d an 
illustration of the very same pnnciplc. I shall avail myself of 
the notion of time in ordci to dcteimine the laws of the expression 
of secondary propositions, as well as the laws of combination of 
the symbols by which they are cxpiessed. But when those 
laws and those forms aie once determined, this notion of time 
(essential, as I believe it to be, to the above end) may practically 
be dispensed with. We may then pass from the forms of com- 
mon language to the closely analogous forms of the symbolical 
instrument of thought here dev eloped, and use its processes, and 
interpret its results, without any conscious recognition of the idea 
of tune whatever. 


Proposition II. 

7 To establish a system of notation for the expression of 
Secondary Pi opositums, and to show that the symbols which it 
involves are sidiject to the same laws of combination as the corres- 
ponding symbols employed in the expression of Primary Propo- 
sitions. 

Let us employ the capital letters X, Y, Z, to denote the ele- 
mental y propositions concerning which we desire to make some 
assei tion touching their truth or falsehood, or among which we 
seek to expiess some relation in the form of a secondary propo- 
sition. And let us employ the coiresponding small letters x, y, z, 
considoicd as expressive of mental operations, in the following 
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sense, viz : Let .r represent an act of the m'nd by which we fix 
our regard upon that portion of time for which the proposition A 
is true , and let this meaning be understood when it is asseited 
that x denotes the time foi which the pioposition X is true. Let 
us fuither employ the connecting signs -t , =, &c., in the fol- 

lowing sense, viz : Let x +y denote the aggiegate of those por- 
tions of time for which the propositions X and Y are respectively 
tiue, those times being cntiicly sepaiated from each other. Si- 
milarly let x - y denote that remainder of time which is left when 
we take away from the poition of time for which X is true, that 
(by supposition) included poition for which I' is tiue. Also, let 
x = y denote that the time for which the pioposition X is true, 
is identical with the time foi which the pioposition Lis true. 
We shall term x the i epi esenfr\ue symbol of the pioposition A, &c. 

Fiom the above definitions it will follow, that we shall 
always have 

x + y = y + x, 

for cither member will denote the same aggregate of time. 

Let us further repiesent by xy the pcrfoimance in succession 
of the two operations repiesent ed by y and x, i.e. the whole 
mental operation which consists of the follouing elements, viz, 
1st, The mental selection of that portion of time for which the 
proposition Lis true. 2ndly, The mental selection, out of that 
portion of time, of such portion as it contains of the time in 
which the pioposition A is tiue, — the icsiilt of these successive 
pioccsscs being the fixing of the mental rcgaid upon the whole 
of that portion of time foi which the piopositions A and L are 
both true. 

From this definition it will follow, that we shall always have 
zy = yr. (1) 

For whether we select mentally, fiist that poition of time for 
which the pioposition L is tiue, then out of the ' 't that con- 
tained poition for which A is true; or fiist, that poition of time 
for which the proposition X is true, then out of the lcsult that 
contained poition of it foi which the pioposition Lis tine; we 
shall airivc at the same final result, viz , that portion of time for 
which the propositions A and Y are botli true. 
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By continuing this method of reasoning it may be established, 
that the laws of combination of the symbols x, y, z, &c., in the 
species of interpretation here assigned to them, are identical in 
expression with the laws of combination of the same symbols, in 
the interpretation assigned to them in the first part of this 
treatise. The reason of this final identity is apparent. For in 
both cases it is the same faculty, or the same combination of fa- 
culties, of which we study the operations ; operations, the essen- 
tial character of which is unaffected, w hether we suppose them to 
be engaged upon that universe of things in which all existence 
is contained, or upon that whole of time in which all events aie 
realized, and to some part, at least, of which all assertions, 
truths, and propositions, refer. 

Thus, in addition to the laws above stated, we shall have by 
(4), Chap, ii , the law whose expression is 

x (y + z) = xy + xz ; (2) 

and more particularly the fundamental law of duality (2) Chap, n., 
whose expicssion is 

a? 1 = x, or, x (1 - x) = 0 ; (3) 

a law, which while it serves to distinguish the system of thought 
in Logic fiom the system of thought in the science of quantity, 
gives to the processes of the former a completeness and a gene- 
rality which they could not otherwise possess. 

8. Again, as this law (3) (as well as the other laws) is satis- 
fied by the symbols 0 and 1, we are led, as bcfoie, to inquue 
whethci tlio«c symbols do not admit of interpretation in the pre- 
sent system of thought. The same course oficasoning which we 
before pm sued shows that they do, and warrants us in the two 
following positions, viz. : 

1st, That in the expression of secondary propositions, 0 le- 
presents nothing in lcferencc to the clement of tune. 

2nd, That in the same system 1 represents the universe, or 
whole of time, to which the cliscouise is supposed in any manner 
to relate 

As in primary propositions the universe of discourse is some- 
times limited to a small portion of the actual universe of things, 
and is sometimes co-extcnsive with that universe ; so in sccon- 
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dary propositions, the universe of discourse may be limited to a 
single day or to the passing moment, or it may comprise the 
whole duiation of time. It may, in the most literal sense, be 
“ eternal.” Indeed, unless there is some limitation expressed or 
implied in the nature of the discourse, the proper interpietation 
of the symbol 1 in secondary propositions is “ eternity even as 
its proper interpretation in the primary system is the actually 
existent universe 

9 Instead of appropriating the symbols x, y, z, to the repre- 
sentation of the truths of propositions, we might with equal pro- 
priety apply them to repiesent the occurrence of events In fact, 
the occurrence of an event both implies, and is implied by, the 
truth of a proposition, viz., of the proposition which asserts the 
occunence of the event. The one signification of the symbol x 
necessanly involves the other. It will greatly conduce to con- 
venience to be able to employ our symbols in either of these 
really equivalent inteipietations which the circumstances of a 
problem may suggest to us as most desirable ; and of this libcity 
I shall avail myself whenever occasion requires. In problems of 
pure Logic I shall consider the symbols x, y, &c as representing 
elementary propositions, among which relation is expressed in 
the premises. In the mathematical theory of probabilities, which, 
as before intimated (I. 12), rests upon a basis of Logic, and 
which it is designed to treat in a subsequent portion of this work, 
I shall employ the same symbols to denote the simple events, 
whose implied or rcquiied frequency of occurrence it counts 
among its elements. 


Proposition III. 

10. To deduce general Rules for the expression of Secondaiy 
Propositions. 

In the various inquiries arising out of this Proposition, fulness 
of demonstration will be the less necessary, because of* the exact 
analogy which they bear with similar inquiries already completed 
with reference to primary propositions. W e shall first consider 
the expression of terms ; secondly, that of the propositions by 
which they are connected. 
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As 1 denotes the whole duration of time, and x that portion 
of it for which the proposition X is true, 1 - x will denote that 
portion ot time for which the proposition X is false 

Again, as xy denotes that portion of time for which the pro- 
positions X and Y are both true, we shall, by combining this and 
the previous observation, be led to the following interpretations, 
viz. : 

The expression x (1 - y) v\ ill represent the time during which 
the proposition X is true, and the proposition Y false. The ex- 
pression (1 - x) (1 - y) will represent the time during which the 
propositions X and Y are simultaneously false. 

The expression z(l - y) + y(l - x) will fexpress the time 
during which either X is true or Y true, but not both ; for that 
time is the sum of the times in which they are singly and exclu- 
sively true. The expression xy + (1 - x) (1 - y) will express the 
time during which X and Y are either both true or both false. 

If another symbol z presents itself, the same principles remain 
applicable Thus xyz denotes the time in which the propositions 
X, Y, and Z are simultaneously true, (1 -r) (1 -y) (1 - r) the 
time in which they are simultaneously false; and the sum of 
these expressions would denote the time in which they are either 
true or false together. 

The general principles of interpretation involved in the above 
examples do not need any further illustiations or more expbeit 
statement. 

1 1 . The laws of the expression of propositions may now be 
exhibited and studied in the distinct cases in which they piesent 
themselves. There is, however, one principle of fundamental 
importance to w liicli I wish in the first place to direct attention. 
Although the principles of cxpi ession which hav e been laid down 
arc perfectly geneial, and enable us to limit our assertions of the 
truth or falsehood of propositions to any particular portions of 
that whole of time (whether it bcaD unlimited eternity, or a pe- 
riod whose beginning and whose end are definitely fixed, or the 
passing moment) which constitutes the universe of our discourse, 
yet, in the actual pioceduic of human reasoning, such limitation 
is not commonly employed. When we assert that a proposition 
is true, vve generally mean that it is true throughout the whole 
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duration of the time to which our discourse refers ; and when dif- 
ferent assertions of the unconditional truth or falsehood of propo- 
sitions ai e jointly made as the premises of a logical demonstration, 
it is to the same univeise of time that those asset tions are re- 
feircd, and not to particular and limited parts of it. In that 
necessary matter which is the object or field of the exact sciences 
eveiy assertion of a tiuth may be the assertion of an “eternal 
truth.” In icasoning upon transient phenomena (as of some 
social conjuncture) each assertion may he qualified by an imme- 
diate refeience to the piesent time, “ Now.” But in both cases, 
unless theie is a distinct cxpi cs.-ion to the conti ary, it is to the 
same period of duiation that each scpaiate proposition relates. 
The cases which then aiise for our consideration are the fol- 
lowing : 

1st. To express the Proposition , “ The proposition X is true.” 

We are here required to express that within those limits of 
time to which the matter of our discourse is confined the propo- 
sition X is true- Now the time for which the proposition X is 
true is denoted by x, and the extent of time to which our dis- 
course lefers is represented by 1 Hence we have 

x = 1 (4) 

as the expression required. 

2nd To express the Pioposition, “ The proposition X is 
false.” 

We are here to express that within the limits of time to which 
our discourse relates, the pi oposition X is false ; or that within 
those limits there is no poi tion of time for which it is true. Now 
the portion of time for which it is true is x Hence the required 
equation will be 

x = 0. (5) 

This result might also be obtained by equating to the whole du- 
ration of time 1, the expression for the time duiing which the 
proposition X is false, viz., 1 - x. This gives 

1 - x - 1, 

whence * = 0. 

3rd. To express the disjunctive Proposition , “ Either the pro- 
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position X is true or the proposition Y is true it being thereby 
implied that the said propositions are mutually exclusive, that is to 
say, that one only of them is true 

The time for which either the proposition X is true or the 
proposition Y is true, but not both, is represented by the ex- 
pression x (1 - y) + y (1 - x). Hence we have 

x(l-y) + y(l-x) = 1, (6) 

for the equation required 

If in the above Proposition the particles either, or, are sup- 
posed not to possess an absolutely disjunctive power, so that the 
possibility of the simultaneous truth of the propositions X and Y 
is not excluded, we must add to the first member of the above 
equations the term xy We shall thus have 

xy + x(\-ij) + (\-x)y = 1, 

or x + (1 - x) y = 1 ' ' 

4th. To express the conditional Proposition, “ If the propo- 
sition Y is true, the proposition X is true.” 

Since whenever the piopo-ition Y is true, the proposition X 
is tiue, it is necessaiy and sufficient here to express, that the time 
in which the proposition 1” is true is time in which the propo- 
sition X is true , that is to say, that it is some indefinite portion 
of the whole time in which the proposition X is true. Now the 
time m which the proposition Y is true is y, and the whole time 
in which the proposition X is true is x. Let v be a symbol of 
time indefinite, then will vi represent an indefinite portion of the 
whole time x. Accoidingly, we shall have 

y = vx 

as the expression of the proposition given 

12. When v is thus regarded as a symbol of time indefinite, 
vx may be understood to represent the whole, or an indefinite 
part, or no part, of the whole time x ; for any one of these mean- 
ings may be lealizcd by a particular determination of the arbitrary 
symbol v. Thus, if v be detci mined to represent a time in which 
the whole time x is included, ox will represent the whole time x. 
If v be determined to repicsent a time, some part of which is in- 
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eluded in the time x, but which does not fill up the measure of 
that time, vx will represent a pai t of the time x. If, lastly, v is 
determined to repicsenta time, of which no partis common with 
any part of the time x, vx will assume the value 0, and will be 
equivalent to “no time,” or “never." 

Now it is to be observed that the proposition, “ If Y is true, 
X is true,” contains no assertion of the truth of either of the 
propositions X and F It may equally consist with the suppo- 
sition that the truth of the proposition F is a condition indis- 
pensable to the truth of the proposition X, in which case we 
shall have v = 1 ; or with the supposition that although F ex- 
presses a condition which, when realized, assures us of the truth 
of X, yet X may be true without implying the fulfilment of that 
condition, in which case v denotes a time, some part of which is 
contained in the whole time x ; or, lastly, with the supposition 
that the proposition F is not true at all, in which case v repre- 
sents some time, no part of which is common with any part of 
the time x. All these cases are involved in the general suppo- 
sition that v is a symbol of time indefinite 

5th. To express a proposition in which the conditional and the 
disjunctive characteis both exist. 

The general form of a conditional proposition is, “ If F is 
true, X is true,” and its cxpicssion is, by the last section, y - vx. 
We may properly, in analogy with the usage which has been es- 
tablished in primary piopositions, designate F and X as the 
terms of the conditional pioposition into which they entci ; and 
we may further adopt the language of the ordinary Logic, which 
designates the term F, to which the particle if is attached, the 
“ antecedent” of the proposition, and the term X the “ conse- 
quent.” 

Now Instead of the trams, as in the above case, being simple 
propositions, let each or cither of them be a disjunctive piopo- 
sition involving dilfcrent terms connected by the pai tides cither , 
or, as in the following illustrative examples, in which X, Y, Z, 
&c denote simple propositions 

1st. If either X is true or F is true, then Z is true. 

2nd. If X is true, then either Fis true or Z true. 
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3rd. If cither X is true or Y is true, then either Z and W 
are both true, or they arc both false. 

It is evident that in the above cases the relation of the ante- 
cedent to the consequent is not affected by the ciicumstance that 
one of those terms or both are of a disjunctive character Ac- 
cordingly it is only necessary to obtain, in conformity with the 
principles already established, the proper expressions for the ante- 
cedent and the consequent, to affect the latter with the indefinite 
symbol v, and to equate the results. Thus for the propositions 
above stated we shall have the respective equations, 

1st a:(l -y) + (1 -x)y = vz. 

2nd x = v [y (1 -z) + z(\ -y)} 

3rd. x (1 - y) + y (1 - x) = v ( zio + (1 - z) (1 - w ) } . 

The rule here exemplified is of general application. 

Cases in which the disjunctive and the conditional elements 
enter in a manner diffeient fiom the above into the expression of 
a compound pioposition, are conceivable, but I am not aware that 
they aie evei presented to us by the natuial exigencies of human 
reason, and I shall therefore refrain from any discussion of them. 
No serious difficulty will arise from this omission, as the general 
principles which have formed the basis of the above applications 
are perfectly general, and a slight effort of thought will adapt 
them to any imaginable case. 

13. In the laws of expiession above stated those of interpre- 
tation are implicitly involved. The equation 

x = 1 

must be understood to expicss that the proposition X is true ; 
the equation 

x = 0, 

that the proposition X is false. The equation 

xy= 1 

will express that the propositions X and Y are both true toge- 
thei ; and the equation 

xy = 0 

that they are not both together true. 
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In like manner the equations 

* 0 - V ) + </( 1 - x) = 1, 

*( l - y) + K 1 -*) = 

will respectiv ely assert the truth and the falsehood of the disjunc- 
tive Proposition, “Either X is tiue or Y is true.” The equa- 
tions 

y = vx 

y = »(1 - x) 

will respectively express the Piopositions, “ If the ' oposition Y 
is true, the proposition X is true.” “ If the proposition Y is 
tiue, the proposition X is false.” 

Examples w-ill fiequcntly present themselves, in the suc- 
ceeding chapteis of this work, of a case in which some terms of a 
particular member of an equation are affected by the indefinite 
symbol v, and other., not so affected The follow ng instance 
will serve for illustiation. Suppose that we have 
y = xz + vx(l - z). 

Here it is Implied that the time for which the prop sition Y is 
true consists of all the time for which X and Z aie together true, 
together with an indefinite portion of the time for which X is 
true and Z false From this it may be seen, 1st, That if YTa 
true, either X and Z are together tiue, o» X is true and Z false ; 
2ndly, If X and Z arc together true, Y is tmc. T^e latter of 
these may be -.ailed the reverse interpretation, and it consists in 
taking the antecedent out of the second member, and the conse- 
quent from the first member of the equation. The existence of 
a term in the second member, whose coefficient is unity, renders 
this latter mode of interpretation possible. The general piinciple 
which it involves may be thus stated : 

14. Principle. — Any constituent tenn or terms in a particular 
member of an equation which have for their coefficient unity , may 
be taken as the antecedent of a proposition, of fv luck all the terms 
in the other member form the consequent. 

Thus the equation 

y = xz + vx (1 — z) + (1 - jc ) (1 - z) 
would have the following interpretations : 
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Direct Interpretation. — If the proposition Y is true , then 
either X and Z ate true, or X is ti ue and Z false, or X and Z 
are both false. 

Reverse Interpretation. — If either X and Z are true, or 
X and Z are false, Y is tiue. 

The aggregate of these partial interpretations will express 
the whole significance of the equation given. 

15. We may here call attention again to the remark, that 
although the idea of time appears to be an essential element in 
the theory of the interpretation of secondary propositions, it may 
practically be neglected as soon as the laws of expression and of 
interpretation aie definitely established. The foims to which 
those laws give lise seem, indeed, to correspond with the forms of 
a perfect language. Let us imagine any known or existing lan- 
guage freed fiom idioms and divested of supcifluity, and let us 
express in that language any given proposition in a manner the 
most simple and litcial, — the most in accoi dance with those 
principles of pure and uim crsal thought upon which all languages 
are founded, of which all bear the manifestation, but from which 
all have more or less depaitcd The transition fiom such a lan- 
guage to the notation of analysis would consist of no more than 
the substitution of one set of signs for another, without essential 
change cithci offoim or character. For the elements, whether 
things or propositions, among which 1 elation is expicsscd, we 
should substitute letters, for the disjunctive conjunction we 
should write + ; for the connecting copula 01 sign of lclation, we 
should write =. This analogy I need not pui sue. Its reality 
and completeness will be made moie appaicnt fiom the study of 
those forms of cxpicssion which will present themselves in sub- 
sequent applications of the present theoiy, viewed in moie imme- 
diate companion with that imperfect yet noble instrument of 
thought — the English language. 

16 Upon the general analogy between the theory of Primary 
and that of Secondary Propositions, I am desiious of adding a 
few remarks before dismissing the subject of the piesent chapter. 

We might undoubtedly have established the theory of Pii- 
maiy Piopositions upon ‘lie simple notion of space, in the same 
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•way as that of secondary propositions has been established upon 
the notion of time. Perhaps, had this been done, the analogy 
which we aie contemplating would lu\e been in somewhat closer 
accordance with the view of those who regard space and time 
as merely “ forms of the human understanding,” conditions of 
knowledge imposed by the veiy constitution of the mind upon 
all that is submitted to its apprehension. But this 1 tew, while 
on the one hand it is incapable of demonstration, on the other 
hand ties us down to the lccogmtion of u place, ’ ro iroii, as an 
essential category of existence. The question, indeed, whether 
it is so or not, hes, I appiehend, beyond the leach of our faculties; 
but it may be, and I conceive lias been, established, that the 
formal processes of reasoning in primary pi opositions do not re- 
quire, as an essential condition, the manifestation in space of the 
things about which we reason; that they would lemain appli- 
cable, with equal strictness of demonstiation, to forms of exis- 
tence, if such there be, which lie beyond the realm of sensible 
extension It is a fact, perhaps, in some degree analogous to this, 
that we are able in many known examples in geometry and dy- 
namics, to exhibit the formal analysis of pioblems founded upon 
some intellectual conception of space different fiom that which is 
presented to us by the senses, or which can be realized by the 
imagination.* I conceive, theieforc, that the idea of space is not 


* Space is presented to us in perception, as possessing the three dimensions 
of length, breadth, and depth But in a large class of problems relating to tlio 
properties of curved surfaces, the rotations of solid bodies around axes, the vi- 
brations of elastic media, &c , this limitation appears in the analvtic.il investi- 
gation to be of an arbitrary charaetei , and if attention were paid to thi processes 
of solution alone, no reason could be discovered why space should not e^ist in 
four or in any greater number of dimensions The intellectual procedure in 
the imaginary world thus suggested can be apprehended b) the clearest light of 
analogy 

The existence of space in throe dimensions, and the view s thereupon of the 
religious and philosophical mind of antiquity, are thus set forth by Aristotle — 
MeyeOog Se to jiev tip tv, ypap.prj i to S’ eiri Svo iirtireSovj ro S' ijrt rpta ctSfia* 
Kai Trap a raura our forty aXXo /zEyefloc, oia to rpta iravra rival rat ro rpiff 
irdrvrp Kadairtp yap ipaai rat oi HvQayopuoi, to irav rai Tit icavra ro7f rpiffiv 
UfptOTat TtXtvrrf yap rai ptaov Kai apx top apt9fiov tX Et T° v row irat toq 
raura Se top Tijg rptaiog Ato Trap a ri/C tiXij^oreg tj<nrep vopovi trtiviyf, 

rat irpbgTug ayurreiag xpw/i£0a rdv Otibv rip apiQpif rovTtp — De Cff/o, 1 
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essential to the development of a theory of primary propositions, 
but am disposed, though desiring to speak with diffidence upon 
a question of such extreme difficulty, to think that the idea of 
time is essential to the establishment of a theory of secondary 
propositions. There seem to be grounds for thinking, that 
without any change in those faculties which are concerned in 
reasoning , the manifestation of space to the human mind might 
have been different from what it is, but not (at least the same) 
grounds foi supposing that the manifestation of time could have 
been otherwise than we perceive it to be. Dismissing, however, 
these speculations as possibly not altogethei free from presump- 
tion, let it be affirmed that the ical giound upon which the 
symbol 1 represents in primary propositions the universe of 
things, and not the space they occupy, is, that the sign of 
identity = connecting the nicmbeis of the corresponding equa- 
tions, implies that the things which they repiesent aie identical, 
not simply that they ai c found m the same portion of space. 
Let it in like mannei be affirmed, that the icason why the symbol 
1 in sccondaiy piopositions lcpiescnts, not the universe of events, 
but the eternity in whose successive moments and periods they 
are evolved, is, that the same sign of identity connecting the 
logical membeis of the corresponding equations implies, not that 
the events which those membeis repiesent aie identical, but that 
the times of their occiurcnce arc the same. These i easons appear 
to me to be decisive of the immediate question of interpretation. In 
a former treatise on this subject (Mathematical Analysis of Logic, 
p. 49), following the theoiy of Wallis respecting the Reduction 
of Hypothetical Piopositions, I was led to interpret the symbol 1 
in secondary propositions as the universe of “ cases” or “ conjunc- 
tures ofciicumstances,” but this view involves the necessity of a 
definition of what is meant by a “ case,” or “ conjuncture of 
circumstances ,” and it is certain, that whatever is involved in 
the term beyond the notion of time is alien to the objects, and 
restrictive of the processes, of formal Logic. 
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CHAPTER XII. 

OF THE METHODS AND PROCESSES TO BE ADOPTED IN T1IE TREAT- 
MENT OF SECONDARY PROPOSITIONS 

1. TT has appeared from pieuous researches (XI. 7) that the 

J- laws of combination of the literal symbols of Logie are the 
same, whether those symbols aic employed in the expression of 
primary or m that of secondary pi npositions, the sole existing 
difference between the two cases being a difference of inteiprc- 
tation. It has also been established (V. G), that whenever dis- 
tinct systems of thought and interpietation are connected with 
the same system of foimal laws, i. e., of laws i elating to the com- 
bination and use of symbols, the attendant pioccsscs, intci mediate 
between the expression of the piimaiv conditions of a pioblcm 
and the interpretation of its symbolical solution, aie the same in 
both. Ilencc, as between the systems of thought manifested in 
the two forms of primal y and of sccondaiy piopositions, this com- 
munity of foimal law exists, the piocc^-cs which luu c been es- 
tablished and lllustiatcd in our discus-ion of the foimci class of 
propositions will, without any modification, be applicable to the 
latter. 

2. Thus the laws of the two fundamental processes of elimi- 
nation and dev clopmcnt ai c the same in the system of secondary 
as in the system of piimaiy piopositions. Again, it has been 
seen (Chap. w. Piop. 2) how, m piimaiy piopositions, the inter- 
pretation of any pioposed equation devoid of fractional forms 
may be effected by dc\ eloping it into a senes of constituent*, and 
equating to 0 evciy constituent who'c coefficient doe* not -vanish. 
To the equations of secoudaiy piopositions the same method is 
applicable, and the intci pi ctcd result to which it finally conducts 
us is, as in the former case (VI. 6), a s} stem of co-existent denials. 
But while in the formei case the force of those denials is ex- 
pended upon the existence of certain classes of tiling', in the 
latter it relates to the truth of certain combinations of the clc- 
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mentary propositions involved in the terms of the given premises. 
And as in primary propositions it was seen that the system of 
denials admitted of conversion into various other forms of propo- 
sitions (VI 7), &c , such conversion will be found to be possible 
hcie also, the sole diffcience consisting not in the forms of the 
equations, but in the natuie of their inteipietation. 

3. Moreovci, as in primary propositions, we can find the ex- 
pression of any clement entering into a system of equations, in 
terms of the remaining elements (VI. 10), or of’ any selected 
number of the remaining elements, and interpret that expression 
into a logical inference, the same object can be accomplished by 
the same means, difference of interpretation alone excepted, in 
the system of secondary propositions. The elimination of those 
elements which we desire to banish from the final solution, the 
reduction of the system to a single equation, the algebraic solu- 
tion and the mode of its development into an interpictablc form, 
diffei in no respect from the corresponding steps in the discussion 
of primary propositions 

To remove, however, any possible difficulty, it may be de- 
sirable to collect under a general Rule the different cases which 
present themselves in the treatment of secondary propositions. 

Rule — Express symbolically the given piopositions (XI. 11). 

Eliminate separately from each equation in winch it is found the 
indefinite symbol v (VII. 5). 

Eliminate the icmanung symbols which it is desued to banish 
from the final solution: always before elimination reducin'/ to a 
single equation those equations in u Inch the symbol or symbols to 
be eliminated ate found (VIII 7) Collect the i (‘suiting equa- 
tions into a single equation V= 0. 

Then pioceeil according to the particular foi m in which it is 
desired to express the final i elation, as — 

1st. If in the form of a denial , or system of denials, develop the 
function V, and equate to 0 all those constituents whose coefficients 
do not vanish. 

2ndly. If in the form of a disjunctive proposition, equate to 1 
the sum of those constituents whose coffiecients vanish. 

3rdly. If m the form of a conditional proposition having a son- 
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pie element, as x or 1 - x, for its antecedent, determine the alge- 
braic expi esswn of that element, and develop that expi ession. 

4thly. If in the form of a conditional proposition having a 
compound expression, as xy, xy + (1 - a-) (1 -y), Sfc , for its ante- 
cedent, equate that expression to a new symbol t, and determine t 
as a developed function of the symbols which are to appear m the 
consequent, either by ordinary methods or by the special method 

(IX. 9) 

5thly. Interpret the results by (XI 13, 14). 

If it only be desired to ascertain whether a particular elemen- 
tary proposition r is tiue or false, we must eliminate all the sym- 
bol shut x ; then the equation i = 1 will indicate that the proposition 
is true, x = 0 that it is false, 0 = 0 that the premises are insufficient 
to determine uhether it is tiue oi false 


4. Ex. 1. — The following pi ediction is made the subject of a 
curious discussion m Ciccio’s fragmental y treatise, De Fato : — 
“ Si quis (Fabius) natus est oncntc Canicula, is in maii non mo- 
rietur.” I shall apply to it tlic method of this chapter. Let y 
represent the proposition, “ Fabius was boin at the rising of the 
dogstar;” x the pioposition, “Fabius will die in the sea.” 
In saying that x lepiesents the pioposition, “ Fabius, &c.,” it is 
only meant that a: is a symbol so appropriated (XI. 7) to the 
above proposition, that the equation a = 1 declares, and the equa- 
tion x = 0 denies, the truth of that pi oposition The equation 
we have to discuss will he 


y = n(l -x). 


(0 


And, first, let it be requited to reduce tlic given proposition to a 
negation or system of negations (XII. 3) We have, on trans- 
position, 

y-v{ 1 -x) = 0. 


Eliminating v, 

!/\y-0 - x )l = °» 

or, y-y{ 1 - as) = o. 


or, 


yx = 0. 


( 2 ) 


The interpretation of this result is : — “ It is not true that Fabius 
was born at the rising of the dogstar, and will die in the sea.” 
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Cicero terms this form of proposition, “ Conjunctio ex repug- 
nantibus and he remarks that Chrysippus thought in this way 
to evade the difficulty which he imagined to exist in contingent 
assertions lespecting the futuie: “ Hoc loco Chrysippus restuans 
falli sperat Chahhcos caitcrosque divinos, neque cos usuios esse 
conjunction thus ut ita sua perccpta pronuntient : Si cpiis natus 
est onente Canicula is in mari non morietur ; sed potius ita dicant: 
Non et natus eat quis orientc Canicula, et in maii moiietur. 
O licentiam jocularem ! . . . . Multa geneia sunt enuntiandi, nec 
ullum distortius quam hoc quo Chrysippus sperat Clialdseos con- 
tentos Stoicorum causa fore ” — Cic. De Fato, 7, 8. 

5. To reduce the given proposition to a disjunctive form. 
The constituents not entering into the first member of (2) arc 

x(\-y), (l -i)y, (1-®)(1 -y)- 
Whence we have 

y (1 - x) + a: (I - y) + (1 - x) (1 - y) = I. (3) 

The interpretation of which is : — Either Fabius was hoi n at the 
rising of the dogstai , and icdl not perish in the sea , or he was not 
born at the rising of the dog star, and will perish in the sea , or he 
was not born at the rising of the dogstar, and will not perish in 
the sea 

In cases like the above, however, in which there exist consti- 
tuents diffeiing fiom each other only by a single factor, it i-, as 
we have seen (VII. 15), most convenient to collect such consti- 
tuents into a single term. If wc thus connect the fiist and third 
terms of (3), we have 

(l-y)* + 1 - x = 1; 

and if we similarly connect the second and third, we have 

y(i-/)+ *-y = i 

These forms of the equation severally give the interpietations — 
Either Fabius was notdmrn under the dogstar , and will die in 
the sea, or he will not die m the sea. 

Either Fabius was born under the dogstar , and will not die in 
the sea, or he was not born under the dogstar. 
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It is ev idcnt that these interpretations are strictly equivalent 
to the former one. 

Let us ascertain, in the form of a conditional pioposition, the 
consequences which flow fiom the hypothesis, that “ Fabius will 
perish in the sea.” 

In the equation (2), which expresses the result of the elimi- 
nation of v fiom the oiiginal equation, we must seek to determine 
a* as a function of y. 

We have 

x = - = 0 y + - (1 - y) on expansion, 


or, 


* — 5 (! -30; 


the interpretation of which is, — If Fabius shall die in the sea , he 
was not born at the rising of the dogstar. 

These examples scr\ c in some measure to illustrate the con- 
nexion which has been established in the picvious sections be- 
tween primary and secondaiy propositions, a connexion of which 
the two distinguishing features aie identity of piocess and analogy 
of interpretation. 

6. Ex. 2. — Tlieic i6 a rcmaikable argument in the second 
book of the Republic of Plato, the design of which is to prove 
the immutability of the Divine Natuie. It is a very fine example 
both of the careful induction fiom f.upiliai instances by which 
Plato arrives at gcncial punciplcs, and of the clear and connected 
logic by which he deduces iioin them the paiticular inferences 
which it is his object to establish The aigumcnt is contained 
in the following dialogue • 

“Must not that which departs from its piopcr form be 
changed citliei by itself or by another thing 0 Necessarily so. 
Are not things which aie in the best state least changed and dis- 
turbed, as the body by meats and di inks, anil laboui s and every 
species of plant by heats and winds, and such like affections ? Is 
not the healthiest and strongest the least changed? Assuiedly. 
And docs not any trouble fiom without least disturb and change 
that soul which is strongest and wisest ? And as to all made 
vessels, and furnitures, and garments, according to the same 
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principle, are not those which are well wrought, and in a good 
condition, least changed by time and othei accidents ? E\ en so. 
And whatc\ er is m a right state, either hv nature or by art, or 
by both the=e, admit' of the smallest change fiom any other 
thing So it seems But God and things dome aie in eiery 
sense in the be«t state. A-suicdlr. In this wav, then, God 
should least of all bear many form* ? Least, indeed, of all. 
Again, should lie tian'torm and change Himself? Manifestly He 
must do a o, if He 1 * changed at all Changes lie then Ilim«elf to 
that which is moi e good and fan , 01 to that which is worse and 
baser? Nece'Saiil)' to the worse, if he be changed. For ne\ er 
shall we say that God is indigent of beauty 01 of Gitue. You 
speak most rightly, said I, and the matter being so, seems it to 
you, 0 Adnnantu*, that God or man willingly makes himself ill 
any sense worse ? Impossible, said he. Impossible, then, it is, 
said I, that a god should wish to change himself; but e\ci being 
fairest and best, each of them e\er remains absolutely in the same 
form.” 

The premises of the above argument are the following : 

let. If the Deity suffers change, He is changed either by Him- 
self or by another 

2nd. If He is in the Lest state, He is not changed by another. 

3rd The Deity is m the best state 

4th. If the Deity is changed by Himself, lie is changed to a 
worse state. 

5 th. If He acts willingly, lie is not changed to a worse state. 

6th The Deity acts willingly 

Let us express the elements of these premises as follows : 

Let x rcpiescntthc proposition, “ The Deity suffeis change.” 

y, He is changed by Himself. 

z. He is changed by another. 

s, lie is in the best state. 

t, He is changed to a worse state. 

w, He acts willingly. 

Then the premises expressed in symbolical language yield, after 
elimination of the indefinite class symbols v, the following equa- 
tions : 



CHAP. XII.] METHODS IN SECONDARY PROPOSITIONS. 183 

xyz + x(\ -y)(l-z) = 0, (1) 

« = 0 , ( 2 ) 

* =1, (3) 

y (1 -0 = 0, (4) 

wt = 0, (5) 

w = 1. (6) 


Retaining x, I shall eliminate in succession z, s, y, t, and w (this 
being the order in which those symbols occur in the above sys- 
tem), and interpret the successive results 

Eliminating z from (1) and (2), we get 

xs(l-y)*=0. (7) 

Eliminating s from (3) and (7), 

x(l-y) = 0. (8) 

Eliminating y from (4) and (8), 

*(l-0 = ° (9) 

Eliminating t from (5) and (9), 

xw = 0. (10) 

Eliminating w from (6) and (10), 

s = 0. (11) 

These equations, beginning with (8), give the following 
results : 

From (8) we have x - jj y, therefore, If the Deity suffers 
change, He is changed by Himself. 

From (9), a = ~ t, If the Deity suffers change, He is changed 
to a worse state. 

From (10), 2 = ^(1- w). If the Deity suffers change, He 
does not act willingly. 

From (11), The Deity does not suffer change. This is Plato’s 
result. 

Now I have before rcmaikcd, that the order of elimination 
is indifferent. Let us in the present case seek to verify this fact 
by eliminating the same symbols in a reverse order, beginning 
with to. The resulting equations are, 
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f = 0, y=-0, -r(l-z) = 0, z = 0, x = 0; 

yielding the following mtcqiretations : 

God tv not changed to a worse slate. 

He is not changed by Himself. 

If He suffers change. He is changed by another. 

He is not changed by another. 

He is not changed. 

We thus reach by a different route the same conclusion. 

Though as an exhibition of the power of the method, the 
above examples are of slight value, they serve as well as more 
complicated instances would do, to illustrate its nature and cha- 
racter. 

7. It may be remarked, as a final instance of analogy between 
the system of prunai y and that of secondary propositions, that 
in the latter 6yotem al-o the fundamental equation, 
x (1 - x) = 0, 

admits of inteiprctat ion. It expresses the axiom, A proposition 
cannot at the same time be true and false. Let this be compared 
with the corresponding mterpietation (III. 15). Solved under 
the form 

0 0 


by development, it furnishes the respective axioms : “ Athuig is 
what it is:” “ If a proposition is true, it is true:” foims of wliat has 
been termed “ The principle of identity ” Upon the nature and 
the value of these axioms the most opposite opinions have been 
entertained. Some liav c regarded them as the v cry pith and mar- 
row of philosophy. Locke devoted to them a chapter, headed, 
“ On Trifling PiopoMtions.” * In both these views there seems 
to have been a mixtuic of tiuth and error. Regarded as sup- 
planting cxpencncc, or as furnishing materials for the vain and 
wordy j anglings of the school-., such propositions are worse than 
trifling. Viewed, on the other hand, as intimately allied with 
the very laws and conditions of thought, they rise into at least a 
speculative impoi tancc 


* Essaj on the Human Understanding, Book IV Chap vm 
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CHAPTER XIII. 

ANALYSIS OF A PORTION OF DR SAMUFL CLARKE’S “DEMONSTRA- 
TION OF TIIE BEING AND ATTRIBUTES OF GOD,” AND OF A 
PORTION OF J-TIE “ ETIIICA ORDINE GEOMETRICO DEMON- 
STRATA” OF SPINOZA 

1 . HTHE gcncial mdci winch, in the investigations of the fol- 
lowing chaptei , I design to put sue, is the following I 
shall examine what aic the actual picnuscs involved in the de- 
monstrations of some of the gcncial propositions of the above 
treatises, whether those pi onuses be cxpicsscd 01 implied. By 
the actual picmises I mean whatever piopositions aie assumed 
in the couise of the aigument, without being pioved, and are 
employed as paits of the foundation upon which the final conclu- 
sion is built. The premises thus dctoi mined, I shall cxpicss in 
the language of sjmbols, and I -hall then deduce fiom them by 
the methods developed in the picvious chaptei s of this woik, the 
most important inferences w Inch the) mv olv e, m addition to the 
particular infeienccs actually diavvn by the authois. I shall m 
some instances modify the premises b) the omission of some fact 
or principle which is contained in them, or by the addition or 
substitution of some new pioposition, and shall deteumne how 
by such change the ultimate conclusions aie affected In the 
pursuit of these objects it will not devolve upon me to UHjune, 
except incidentally, how fin the metaph) sicid pimeiplcs laid down 
in these cclebiated productions aie wot thy of confidence, but 
only to ascertain what conclusions may justly be diawn fiom 
given premises, and in doing this, to exemplify the pci feet li- 
berty which we possess as concerns both ihe elioitc and the 
order of the elements of the final 01 concluding piopo-ilion-, vi/, , 
as to dcteimining what elemental) piopositions aie tine 01 false, 
and what are tiue or false undei given lcstnetions, 01 in given 
combinations. 

2 . The chief practical difficulty of this luquny will consist, 
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not m the application of the method to the premises once deter- 
mined, but in ascertaining what the premises are. In what are 
rcgai ded as the most rigmous examples of reasoning applied to 
nictaphyMC.il questions, it will occasionally be found that different 
tiams of thought aic blended togethei , that particulai but essen- 
tial paits of the dcmonstiation aic given parenthetically, 01 out 
of the mam course of the argument; that the meaning of a pre- 
miss may be in some degicc ambiguous ; and, not unfrequently, 
that arguments, viewed by the strict laws of formal icasonmg, 
arc incorrect or inconclusiv c The difficulty of determining and 
distinctly exhibiting the tine picmises of a demonstration may, 
in such cases, be very considerable. Blit it is a difficulty which 
must be o\ crcomc by all who would ascertain whether a parti- 
cular conclusion is proved or not, whatevci form they may be 
piepared or disposed to give to the ulterior process of leasoning. 
It is a difficulty, therefoic, which is not peculiar to the method 
of this work, though it manifests itself more distinctly in con- 
nexion with this method than with any other So intimate, in- 
deed, is this connexion, that it is impossible, employing the me- 
thod of this treatise, to foim even a conjcctmc as to the validity 
of a conclusion, without a distinct apprehension and exact state- 
ment of all the premises upon which it rests. In the more usual 
course of piocedure, nothing is, however, more common than to 
examine some of the steps of a tiain of aigumcnt, and tliencc to 
form a vague gcncial impression of the scope of the whole, with- 
out any such pieliminary and thorough analysis of the picmises 
which it involves. 

The necessity of a rigorous determination of the real pre- 
mises of a demonstiation ought not to be regarded as an evil; 
especially as, when that task is accomplished, cvciy souice of 
doubt or ambiguity is lcinoved. In employing the method of 
tills treatise, the order in which premises are arianged, the mode 
of connexion which they exhibit, with every similai ciicumstance, 
may be esteemed a matter of indifference, and the process of 
inference is conducted with a piecision which might almost be 
termed mechanical ' 

3. The “ Demonstration of the Being and Attributes of 
God,” consists of a scries of propositions or theorems, each 
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of them proved by means of premises resolvable, for the most 
part, into two distinct classes, viz., facts of observation, such 
as the existence of a matcual woild, the plucnomcnon of mo- 
tion, &c., and hypothetical piinciplcs, the authonty and uni- 
versality of which aie supposed to be recognised u puon It is, 
of course, upon the tiuth of the lattci, assuming the coirectness 
of the reasoning, that the validity of the demonstiation really de- 
pends. But whatevei may be thought of its claims in this re- 
spect, it is unquestionable that, as an intellectual pcifoimancc, its 
merits are veiy high. Though the tiauis of aiguincnt of which 
it consists are not in gencial xeiy clearly aiiangcd, they aie al- 
most always specimens of coneet Logic, and they exhibit a 
subtlety of apprehension and a foicc of icasomng which have 
seldom been equalled, neiei pci haps sui passed. AVc see m them 
the consummation of those intellectual dibits which wcic awa- 
kened in the realm of metaphysical inquiry, at a peiiod when the 
dominion of hypothetical principles w as less questioned than it 
now is, and when the ngoroua demonstmtiono of the newly men 
school of mathematical physics seemed to have furnished a model 
for their diicction They appeal to me fbi tins i eason (not to 
mention the dignity of the subject of which they tieat) to he 
deserving of high consideiation , and I do not deem it a lain 
or superfluous task to expend upon some of them a oaicful 
analysis. 

4 The Ethics of Benedict Spinoza is a ticatisc, the object 
of which is to prove the identity of God and the nmveisc, and 
to establish, upon this doctiine, asjstem of annuls and of philo- 
sophy. The analysis of its mam aiguincnt is cxticinely difficult, 
owing not to the complexity ol' the sepaiatc pi opo-itions w Inch it 
involves, but to the use of vague definition's, and of axioms which, 
through alike defect of clearness, it is pciplexing todeteimine 
whether we ought to accept 01 to 1 eject. While the 1 caponing of 
Dr. Samuel Clarke is in part vci bal, that of Spinoza is -o m a much 
greater degree; and pcihaps tins is the 1 eason wlij, to some 
minds, it has appeared to possess a foimal cogency, to which in 
reality it possesses no just claim. These points will, however, 
be considered in the proper place. 
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clarke’s demonstration. 

Proposition I. 

5. “ Something has existed from eternity.” 

The pi oof is as follows : — 

“ For since something now is, 'tis manifest that something 
always was. Otherwise the things that now are must hav e risen 
out of nothing, absolutely and without cause Which is a 
plain contradiction m tcims. For to say a thing is produced, 
and yet that there is no cause at all of that production, is to say 
that something is effected when it is effected by nothing, that is, 
at the same time when it is not effected at all. Whatever exists 
has a cause of its existence, either in the necessity of its own 
nature, and thus it must have been of itself eternal : or in the 
will of some othei being, and then that other being must, at least 
in the older of natuie and causality, have existed before it.” 

Let us now proceed to anal) ze the above demonstration Its 
first sentence is lcsolvable into the following propositions : 

1st. Something i«. 

2nd. If something is, either something always was, or the 
things that now are must have risen out of nothing. 

The next poition of the demonstration consists of a proof 
that the second of the above alternatives, viz , “ The things that 
now arc have lisen out of nothing,” is impossible, and it may 
formally be lcsolved as follows : 

3id If the things that now are have risen out of nothing, 
something has been effected, and at the same time that some- 
thing has been effected by nothing. 

4th. If that something has been effected by nothing, it has 
not been effected at all. 

The second poition of this argument appears to be a mere 
assumption of the point to be proved, or an attempt to make that 
point clcaicr by a different verbal statement. 

The thii d and last portion of the demonstration contains a dis- 
tinct pi oof of the truth of either the original proposition to be 
proved, viz., “ Something always was,” or the point pioved in 
the second part of the demonstration, viz., the untenable nature 
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of the hypothesis, that “ the things that now are have risen out 
of nothing.” It is resol\ able as follows : — 

5th. If something is, cither it exists by the necessity of its 
own natuie, or it exists by the will of another being. 

6th. If it exists by the necessity of its own nature, something 
always was. 

7 th. If it exists by the will of another being, then the pro- 
position, that the things which exist hai c arisen out of nothing, 
is false. 

The last proposition is not expressed in the same form in the 
text of Dr Clarke ; but his expiesscd conclusion of the prior ex- 
istence of another Being is clearly meant as equivalent to a de- 
nial of the proposition that the things which now are have risen 
out of nothing. 

It appears, therefore, that the demonstration consists of two 
distinct trains of argument : one of those trains comprising what 
I have designated as they?/* I and second paits of the demons trac- 
tion ; the other comprising the,/?r?t and third parts. Let us con- 
sider the lattei train. 

The piemises aic : — 

1st. Something is. 

2nd. If something is, eitlici something always was, or the 
things that now aie have risen out of nothing. 

3rd. If something is, cither it exists m the necessity of its 
own nature, or it exists by the will of anothci being. 

4th. If it exists in the necessity of its own nature, something 
always was. 

5th. If it exists by the will of another being, then the hy- 
pothesis, that the things which now are have risen out of nothing, 
is false. 

We must now express symbolically the above proposition. 

Let x = Something is. 

y = Something always was. 
z = The things which now arc lia\c liscn from 
nothing. 

j) = It exists in the necessity of its own nature 
(i. e. the something spoken of abo\c). 
q = It exists by the will of anothci Being. 
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It must be understood, that by the expression, Let x = 
“ Something L>,” is meant no more than that x is the repre- . 
eentative symbol of that proposition ("XI 7), the equations 
x = 1, x = 0, respectively declaring its truth and its falsehood. 
The equations of the premises are : — 

1st. x = 1; 

2nd. x = v [y (1 - x) + z (\ - y)j; 

3rd. x=v\p{\-q) + q(\-p)\i 
4th. p = vy, 

5th. q = e(l - z); 

and on eliminating the several indefinite symbols v, we have 


l-x = 0; (1) 

x ly z + ( 1 -y)0-*)] = o; ( 2 ) 

x fpq + (1 -p) (1 - q)j = 0 ; ( 3 ) 

p (i - y) = o ; (4) 

V = 0 ( 5 ) 


G. First, I shall examine whether any conclusions are dedu- 
ciblc bom the above, concerning the truth or falsity of the 
single propositions represented by the symbols y, z, p, q, viz., of 
the propositions, “ Something always was “The things which 
now are have risen fiom nothing;” “The something which is 
exists by the necessity of its own nature ,” “ The something 
which is exists by the w ill of another being.” 

For this purpose we must sepiuatcly eliminate all the symbols 
but y, all these but z, &c. The lcsulting equation will deter- 
mine whcthei any such separate l clations exist. 

To eliminate x fiom (1), (2), and (3), it is only necessary to 
substitute in (2) and (3) the value of x derived from (1). Wc 
find as the results, 

?/z + (l-j/)(l-z) = 0 (6) 

m + O-fM = (7) 

To eliminate p we have fiom (4) and (7), by addition, 

+ = ( 8 ) 

whence wc find, 


(i -y)(i-7)-o. 


(9) 
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To eliminate q from (5) and (9), we have 

? s + (1 - y) (i - ?) = 0; 

whence we find 

z(\-y) = 0. (10) 

There now remain but the two equations (6) and (10), which, 
on addition, give 

yz + 1 - y = 0. 

Eliminating from this equation z, we have 

1 ~y = 0, or, y = 1. (11) 

Eliminating from the same equation y, we have 

z = 0. (12) 

The interpretation of (1 1) is 

Something always wax. 

The interpretation of (12) is 

The things which ai e have not risen from nothing. 

Next lesummg the system (6), (7), with the two equations 
(4), (5), let us determine the two equations involving p and q 
rcspcctr. ely. 

To eliminate y we ha\ e fiom (4) and (6), 

pG -y) + + O-yX 1 - z ) = (°); 

whence (p -r 1 - z) z = 0, or, pz = 0 (13) 

To eliminate s fiom (5) and (13), we line 
qz + pz =0 , 

whence we get, 

0 = 0 

There remains then but the equation (7), fiom which elimi- 
nating q, we have 0 = 0 foi the final equation, in p. 

Hence theie is no conclusion del liable fiom the premises af- 
firming the simple tiuth ui falsehood of the pmpositwn, “ The, 
something winch is exists in the necessity of its own uatw c ” And as, 
on eliminating p, theie is the same ic«ult, 0 = 0, foi the ultimate 
equation in q, it also follows, that theie is no conclusion deducible 
from the picmises as to the simple tivth or falsehood of the propo- 
sition, “ The something which is exists by the will of another Being.” 
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Of relations connecting more than one of the propositions re- 
presented by the elementary symbols, it is needless to consider 
any but that which is denoted by the equation (7) connecting 
p and q, inasmuch as the piopositions represented by the remain- 
ing symbols are absolutely true or false independently of any con- 
nexion of the kind here spoken of. The interpretation of (7), 
placed under the form 

/>( 1 -?) + ?( 1 -/0 = 1 > ls > 

The something which is, either exists in the necessity of its 
own nature, or by the will of another being. 

I have exhibited the details of the above analysis with a, 
perhaps, needless fulness and piolixity, because in the examples 
which will follow, I propose rather to indicate the steps by 
which results aie obtained, than to incur the danger of a weaii- 
some frequency of repetition. The conclusions which have re- 
sulted fiom the above application of the method are easily verified 
by oidinaiy reasoning. 

The reader will have no difficulty in applying the method 
to the other tiain of premises involved in Dr. Clarke’s first Pi o- 
position, and deducing fiom them the two first of the conclusions 
to which the above analysis has led. 

Proposition II. 

7. Some one unchangeable and independent Being has existed 
from etei nity. 

The premises from which the above proposition is proved 
arc the following : 

1st. Something has always existed. 

2nd. If something has always existed, either there has existed 
some one unchangeable and independent being, or the whole of 
existing things has been comprehended in a succession of change- 
able and dependent beings. 

3rd. If the universe has consisted of a succession of change- 
able and dependent beings, cither that senes has had a cause fiom 
without, or it has had a cause fiom uithin. 

4tli. It has not had a cause from without (because it includes, 
by hypothesis, all things that exist). 
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5 th It has not had a cause from within (because no part is 
necessary, and if no part is necessary, the whole cannot be ne- 
cessary) 

Omitting, merely for brevity, the subsidiary proofs contained 
in the parentheses of the fourth and fifth premiss, we may repre- 
sent the premises as follows : 

Let x = Something has always existed. 

y = There has existed some one unchangeable and in- 
dependent being. 

z = There has existed a succession of changeable and 
dependent beings. 

p = That sciies has had a cause from without 
q = That series has had a cause from within. 

Then we have the following system of equations, viz. : 

1st. x = 1 ; 

2nd. x = v {y(l - z) + s(l - ^)) ; 

3id. 3 = »{p(l-7) + (l-/0?]5 
4th p = 0 , 

5th. q = 0 : 

which, on the separate elimination of the indefinite symbols v, 
gives 


1 - x = 0; (1) 

X { yz + (1 - y) (1 - *)} = o ; (2) 

* \pq + (i -p) (i - ?)) = 0 ; ( 3 ) 

r = 0; (4) 

7 = 0. (5) 


The elimination from the above system of x, p, q, and y, con- 
ducts to the equation 

z = 0 

And the elimination of x, p, q , and conducts in a similar man- 
ner to the equation 

y= i- 

Of which equations the respective interpretations aic : 

1st. The whole of existing things has not been comprehended 
in a succession of changeable and dependent beings. 

2nd. There has existed some one unchangeable and independent 
being. 
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The latter of these is the proposition which Dr. Clarte proves. 
As, by the above analysis, all the propositions represented by the 
literal symbols .t, 7/, z, p, q, aic determined as absolutely true or 
false, it is needle^ to inquire into the existence of any further re- 
lations connecting those propositions together. 

Another pi oof is given of Prop. 11., which for brevity I pass 
ovei . It may be observed, that the “ impossibility of infinite 
succession,” the proof of which forms a part of Clarke’s argu- 
ment, has commonly been assumed as a fundamental principle of 
metaphysics, and extended to other questions than that of causa- 
tion. Aristotle applic- it to establish the necessity of first pnn- 
ciples of demonstration * the necessity of an end (the good), in 
human actions, &c.f There is, perhaps, no principle more fre- 
quently leferred to in his writings. By the schoolmen it was 
siinilaily applied to prove the impossibility of an infinite subor- 
dination of genera and species, and hence the necessary existence 
of universal. Appaiently the impossibility of our forming a 
definite and complete conception of an infinite seiies, i. e. of 
compiehcnding it as a ic/iole, has been confounded with a logical 
inconsistency, or contradiction in the idea itself. 

8 . The analysis of the following argument depends upon the 
theory of Primary Propositions 


PnOl’OSITIDN III 

That unchangeable and independent Being must he self-e.Tistent. 

The premises are : — 

1 . Every being must cither have come into existence out of 
nothing, 01 it must have been produced by some external cause, 
or it must be self-existent. 

2 . No being has come into existence out of nothing 

3 . The unchangeable and independent Being has not been 
produced by an external cause. 

For the symbolical cxpicssion of the above, let us assume, 


* Motaphj sics, HI 4, Anal Post I 19, ct seg. 
f Nic. Lillies, Look I Cap II 



CLARKE AND SPINOZA. 


195 


CHAP. XIII.] 

x = Beings which have arisen out of nothing. 
y = Beings which ha\ e been produced by an external 
cause. 

z = Beings which are self-existent. 
w = The unchangeable and independent Being. 

Then we have 

^C 1 -y) 0 -*) +y(i -*) 0 - z) + 2 ( 1 -®) (1 -y) = 1, (1) 

x = 0, (2) 

w = v(l~y), (3) 

from the last of which eliminating v, 

wy = 0. (4) 

Whenever, as above, the value of a symbol is given as 0 or 1, it 
is best eliminated by simple substitution. Thus the elimination 
of x gives 

y(l-z) + 2(l-y)= 1; (5) 

or, yz + (1 - y) (I - z) = 0. (6) 

Now adding (4) and (6), and eliminating y, wc get 
ia(l - z) = 0, 
w = vz ; 

the interpretation of which is, — The unchangeable and indepen- 
dent being is necessarily self-existing . 

Of (5), in its actual fonn, the intcipretation is, — Every being 
has either been produced by an external cause, or it is self-existent. 

9. In Dr. Samuel Claike’s observations on the above propo- 
sition occurs a remarkable argument, designed to prove that the 
material world is not the self-existent being above spoken of. 
The passage to which I refer is the follow mg . 

“ If matter be supposed to exist necessarily, then in that ne- 
cessary existence there is cither included the power of gravitation, 
or not. If not, then in a world mei ely material, and in which no 
intelligent being piesides, thcie ncter could have been any mo- 
tion; because motion, as has been ah eady shown, and is now 
granted in the question, is not necessary of itself. But if the 
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power of grav itation be included in the pretended necessary ex- 
istence of mattci ■ then, it following necessarily that there must 
be a vacuum (as the incomparable Sir Isaac Newton has abun- 
dantly dcmonstiatcd that tlieie must, if gravitation be an uni- 
versal quality or affection of mattei), it follows likewise, that 
mattci is not a nece&^aiy being. For if a vacuum actually be, 
then it is plainly rnoic than possible foi matter not to be.” — 
(pp. 25, 26). 

It will, upon attentive examination, be found that the actual 
premises involv ed in the above demonstration aie the following . 

1st. If mattei is a ncccosaiy being, either the property of gia- 
vitation is nccessai lly pi esent, or it is necessarily absent. 

2nd. If gravitation is necessarily absent, and the woild is not 
subject to any picsidmg Intelligence, motion docs not exist. 

3ul. If the piopeity of giavitation is ncccssaiily present, the 
existence of a v acuum is necessary. 

4th I f the existence of a v acuum is necessary, matter is not a 
necessaiy being. 

5tli. If mattci is a necessaiy being, the world is not subject 
to a picsiding Intelligence 

Gtli Motion exists. 

Of the above premises the first four are expressed in the de- 
monstration ; the fifth is implied in the connexion of its first and 
second sentences; and the sixth expi esses a fact, which the au- 
thor docs not appeal to have thought it necessaiy to state, but 
which is obviously a part ofthcgiound of his masoning. Let us 
repi esent the elemental}' propositions in the following manner : 

Let r = Matter is a necessaiy being 

y = Gravitation is ncccssaiily pi esent 
t = Giavitation is ncccssaiily absent. 
s = The woild is mciely material, and not subject to 
any pic-iding Intelligence. 
w = Motion exists. 
o = A vacuum is necessaiy 

Then the system of pi cmiscs will be i cpi cscntcd by the following 
equations, in which y i- emploj cd as the symbol of time indefi- 
nite : 
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X = q {y(l - 0 + (1 

tz = q (1 - w). 

y = qv- 

v = q (1 - a-). 

.r = qz. 
w= 1. 

From which, if we eliminate the symbols q, we have the follow- 


ing system, iiz. : 

*{yt+ (i -y) (1 -0) = 0 . ( 1 ) 

tzw = 0 (2) 

3/(1 -») = <> ( 8 ) 

vx = 0. (4) 

x (1 - z) = 0. (5) 

1 - io = 0. (6) 


Now if from these equations we eliminate if, v, z, y, and t, we 
obtain the equation 

x = 0, 

which expresses the proposition, Mattel is not a necessary bemy. 
This is Dr. Clarke’s conclusion If we endeavour to eliminate 
any other set of five symbols (except the set v, z, y, t, and x, 
which would give w = 1), we obtain a result of the form 0 = 0. 
It hence appeals that there are no other conclusions evpressive of 
the absolute truth or falsehood of any of the elementary propositions 
designated by single symbols 

Of conclusions expressed by equations involving t\v o symbols, 
there exists but the following, \ iz. • — If the world is mei ely mate- 
rial, and not subject to a presiding Intelligence, giautation is not 
necessarily absent. This conclusion is cxpiessed by the equation 

tz = 0, whence r = q (1 - t). 

If in the above analysis wc suppress the concluding picnnss, ex- 
pressing the fact of the existence of motion, and lc;u c the hypo- 
thetical principles which aie embodied in the lcmaming pi causes 
untouched, some lemaikablc conclusions follow. To these I 
shall direct attention in the follow mg cliaj ter. 

10. Of the rcmaindci ol Di. Clarke’s aigumcnt I -hall hi icily 
state the substance and connexion, dwelling only on certain poi- 
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tions of it which are of a more complex character than the others, 
and affoid bettei illustrations of the method of this work 

In lhop. iv. it is shown that the substance or essence of the 
self-exiotcnt being is incomprehensible. The tenor of the reason- 
ing employed is, that we arc ignorant of the essential nature of 
all other things, — much more, then, of the essence of the self- 
existent being. 

In Prop. v. it is contended that “ though the substance or 
essence of the self-existent being is itself absolutely incompre- 
hensible to us, yet many of the essential attributes of his nature 
are stiictly demonstrable, as well as his existence.” 

In Prop. vi. it is argued that “the self-existent being must 
of necessity be infinite and omnipresent ,” and it is contended 
that his infinity must be “an infinity of fulness as well as of 
immensity ” The ground upon which the demonstration pro- 
ceeds is, that an absolute necessity of existence must be inde- 
pendent of time, place, and circumstance, fiee from limitation, 
and therefore excluding all imperfection And hence it is in- 
fened that the sclf-cxistent being must be “a most simple, un- 
changeable, incorruptible being, without parts, figuie, motion, 
or any other such properties as we find in matter.” 

The premises actually employed may be exhibited as follows : 

1. If a finite being is self-existent, it is a contradiction to 
suppose it not to exist. 

2. A finite being may, without contradiction, be absent from 
one place. 

3. That which may without contradiction be absent from one 
place may without contradiction be absent from all places. 

4 That which may without contradiction be absent from all 
places may without conti adiction be supposed not to exist 

Let us assume 
x = Finite beings. 
y = Things self-existent. 

z = Things which it is a contradiction to suppose not to exist. 
w = Things which may be absent without contradiction from 
one place. 

t = Things which without contradiction may be absent fiom 
every place. 
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We have on expressing the above, and eliminating 
symbols, 

the indefinite 

iy(l - - 0. 

(1) 

x (1 - to ) - 0. 

(2) 

w (1 - t) =0. 

(3) 

tz = 0. 

(4) 


Eliminating in succession t, w, and we get 

xy = 0, 


the interpretation of which is, — JVhatevei is self-existent is in- 
finite. 

In Prop. vn. it is argued that the self-existent being must of 
necessity be One. The older of the proof is, that the Belf-exis- 
tent being is “nccessaiily existent,” that “necessity absolute in 
itself is simple and unifoim, and without any possible difference 
or variety,” that all “laricty or difference of existence” implies 
dependence; and hence that “ whatever exists necessarily is the 
one simple essence of the self-existent being.” 

The conclusion is also made to flow fiom the following pre- 
mises : — 

1 . If there are two or more necessary and independent beings, 
cither of them may be supposed to exist alone. 

2 If either may be supposed to exist alone, it is not a contra- 
diction to suppose the other not to exist. 

3. If it is not a contradiction to suppose this, there are not 
two necessary and independent beings. 

Let us represent the elementary propositions as follows : — 
x = there exist two necessary independent beings. 
y = cither may be supposed to exist alone. 
z = it is not a contradiction to suppose the othci not to exist. 

We have then, on proceeding as before, ^ ' 
x{\ -y) =,0 / 
y (1 - z) = 0. 
zx = 0 . 


(0 

( 2 ) 

(3) 
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Eliminating y and s, we have 

i = 0. 

Whence, There do not exist two necessary and independent beings 

1 1. To the pieimscs upon which the two previous propositions 
rest, it is well known that Bishop Butler, who at the time of the 
publication of the “ Dcnionstiation,” was a student in a non- 
conformist academy, made objection in some celebrated letters, 
which, together with Dr. Clarke’s replies to them, aie usually 
.appended to editions of the n oik. The real question at issue is 
the validity of the principle, that “ whatsoever is absolutely ne- 
•cessary at all is absolutely necessary in every part of space, and 
in every point of duration,” — a principle assumed in Di. Claike’s 
reasoning, and explicitly stated in his reply to Butler’s first let- 
ter. In his second communication Butler says : “ I do not con- 
ceive that the idea of ubiquity is contained in the idea of self- 
existence, oi directly follows ft om it, any otherwise than as what- 
ever exists must exist somewhere” That is to say, necessary 
existence implies existence in some part of space, but not in 
every part. It docs not appear that Dr. Clarke was ever able to 
dispose effectually of this objection The whole of the corres- 
pondence is extremely curious and inteiesting. The objections 
of Butler aie picciscly those which would occur to an acute mind 
impiessed with the conviction, that upon the sifting of first prin- 
ciples, lather than upon any mechanical dexterity of reasoning, 
the successful investigation of truth mainly depends. And the 
replies of Dr. Clarke, although they cannot be admitted as satis- 
factory, evince, in a remaikablc degree, that peculiar intellectual 
power which is manifest in the work from which the discussion 
arose. 

12. In Pi op. mii. it is aigucd that the self-existent and oii- 
ginal cause of all things must be an Intelligent Being. 

The main argument adduced in support of this proposition is, 
that as the cause is moie excellent than the effect, the self- 
existent being, as the cause and original of all things, must con- 
tain in itself the perfections of all things ; and that Intelligence 
is one of the peifections manifested in a pait of the creation. It 
is further argued that this pcifection is not a modification of 
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figure, divisibility, or any of tbe known properties of matter ; 
for these are not peifections, but limitations. To this is added 
the a posteriori aigument fiom the manifestation of design in the 
frame of the univeisc. 

Thcie is appended, however, a distinct argument for the 
existence of ail intelligent self-existent being, founded upon the 
phenomenal existence of motion in the universe. I shall biicfly 
exhibit this proof, and shall apply to it the method of the picsent 
treatise. 

The argument, omitting unimportant explanations, is as fol- 
lows : — 

“ ’Tis evident theie is some such a thing as motion in the 
world; which either began at some time 01 othei, oi was eternal. 
If it began in time, then the question is granted that the fiist 
cause is an intelligent being . . . On the conti ary, if motion was 
eternal, either it was eternally caused by some eternal intelligent 
being, or it must of itself be necessary and self-existent, or else, 
without any necessity in its own natuie, and without any cxteinal 
necessaiy cause, it must have existed from eternity by an endless 
successive communication. If motion was eternally caused by 
some eternal intelligent being, this also is gi anting the question 
as to the present dispute If it was of itself necessaiy and self- 
existent, then it follows that it must be a contiadiction in terms 
to suppose any matter to be at rest. And yet, at the same time, 
because the dctci mination of this self-existent motion must be 
every way at once, the effect of it would be nothing else but a 
perpetual rest. . . . But if it be said that motion, without any ne- 
cessity in its own natuie, and without any external necessary 
cause, has existed fiom eternity mcicly by an endless successive 
communication, as Spinoza inconsistcntl} enough seems to assci t, 
this I have befoie shown (in the pi oof of the second gcncial 
proposition of this discourse) to be a plain contradiction. It i e- 
mains, therefore, that motion must of necessity be originally 
caused by something that is intelligent.” 

The premises of the above argument may be thus disposed : 

1 . If motion began in time, the first cause is an intelligent 
being 
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2. If motion has existed from eternity, either it has been 
eternally caused by some eternal intelligent being, or it is self- 
existent, or it must ha\ e existed by endless successive communi- 
cation 

3. If motion has been eternally caused by an eternal intelli- 
gent being, the first cause is an intelligent being. 

4. If it is self-existent, matter is at rest and not at rest. 

5. That motion has existed by endless successive communi- 
cation, and that at the same time it is not self-existent, and has 
not been eternally caused by some eternal intelligent being, is 
false. 

To express these propositions, let us assume — 
x = Motion began in time (and therefore) 

1 - x = Motion has existed from eternity. 
y = The first cause is an intelligent being. 
p = Motion has been eternally caused by some eternal intelli- 
gent being. 

q = Motion is self-existent. 

r = Motion lias existed by endless successive communication, 
s = Matter is at rest. 

The equations of the premises then are — 
x = vy. 

1 - x = i) |p (1 - q) (1 - r) + q (1 -p) (1 - r) + r(l -p) (1 - q)\ . 
P = vy. 

q ■= vs (1 — s) = 0. 
r (1 - y) (1 - p) = 0. 

Since, by the fourth equation, q = 0, we obtain, on substituting 
for q its value in the remaining equations, the system 

x = vy, 1 - x = v {p(l - r) + r (1 -p)}, 
p = vy, r (1 - p) = 0, 

from which eliminating the indefinite symbols v, we have the 
final reduced system, 


P— * 

1 

'w' 

II 

© 

0) 

(1 -x) \pr + (l -p) (l - r)} = 0, 

(2) 

¥ 0 - y) -- 

(3) 

1 

& 

II 

O 

(4) 
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Wc shall fiist seek the value of g, the symbol involved in Dr. 
Clarke’s conclusion Fust, eliminating .r fiom (1) and (2), we 
lme 

i}-y) {/»•+ O-jO (!-'•)) =° (5) 

Next, to eliminate r from (4) and (5), we ha\e 

r { i ~ P ) + ( 1 - y ) + -?)(1 -»•)) = 0 , 

• (1 -j» + 0 - y)p J * (1 -y) (1 ~P) = 0; 

whence 

O-y)O-J»)-0. (6) 

Lastly, eliminating p fiom (3) and (6), we have 

i - y = o, 
y= i» 

which expresses the required conclusion, The Jirst cause is an 
intelligent being. 

Let us now examine what other conclusions are deducible 
from the premises. 

If we substitute the value just found for g in the equations 
(1), (2), {3), (4), they are reduced to the following pair of equa- 
tions, viz., 

(1 -a:) (pr + (l-p) (1-r)} = 0, r(l-p) = 0. (7) 

Eliminating from these equations x, we have 
r (1 -p) = 0, whence r = vp, 

which expresses the conclusion, If motion has existed bg endless 
successive communication, it futs been etermillg caused bg an eter- 
nal intelligent being. 

Again eliminating, fiom the given pair, r, wc have 
(l-x)(l-/0-O, 
or, 1- x = vp, 

which expresses the conclusion, If motion has existed fiom eter- 
nity, it has been etei nallg caused by some eternal intelligent being. 
Lastly, from the same original pair eliminating p, wc get 
(1 -x)r= 0, 

which, solved in the foim 

1 - x = i> ( l - i ), 
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gives the conclusion, If motion has existed from eternity , it has not 
existed by an uidlcss successive communication . 

Solved under the form 

r = vx, 

the above equation leads to the equivalent conclusion, If motion 
exists by an endless successive communication, it beynii in time. 

13. Now it will appear to the leader that the first and last of 
the above four conclusions arc inconsistent with each other. The 
two consequences drawn fiom the hypothesis that motion exists 
by an endless successive communication, viz., 1st, that it has 
been eternally caused by an ctci nal intelligent being ; 2ndly, that 
it began in time, — are plainly at variance. Ncvcitlieles«, they arc 
both rigorous deductions from the original picmi«cs. The oppo- 
sition between them is not of a logical, but of what is technically 
termed a maternal, cliaiacter. This opposition might, however, 
have been foimally stated in the premises. We might have 
added to them a fonnal piopo«ition, asserting that “ whatever is 
eternally caused by aii ctcinal intelligent being, does not begin in 
time ” Ilad this been done, no such opposition as now appeals 
in our conclusions coidd have presented itself. Formal logic 
can only take account of relations which aie formally expiessed 
(YI 16), and it may thus, in particular instances, become ne- 
ccssary to express, in a fonnal manner, some connexion among 
the premises which, without actual statement, is involved in the 
very meaning of the language employed. 

To illustrate vvliat lias been said, let us add to the equations 
(2) and (4) the equation 

px = 0, 

which expresses the condition above adverted to. We have 

(1 - x) j pr + (1 - p) (1 - »)) + r (1 -p) + px = 0. (8) 

Eliminating p from this, we find, simply 

r = 0, 

which expresses the proposition, Motion does not exist by an end- 
less successive communication. If now we substitute for i its value 
in (8), we hav c 

(1 - a) (! - p) \ px =0, or, 1 - % = p; 
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whence we have the interpretation, If motion lias existed from 
eternity , it has been eternally caused by an etei nal intelligent being ; 
together with the converse of that proposition. 

In Piop. ix. it is argued, that “ the self'-exislcnt and original 
cause of all things is not a necessary agent, but a being endued 
withlibeity and choice.” The proof is based mainly upon his 
possession of intelligence, and upon the existence of final causes, 
implying design and choice. To the objection that the supreme 
cause opciatca by necessity for the production of what is best, it 
is leplied, that this is a necessity of fitness and wisdom, and not 
of nature. 

14 . In Piop. x. it is argued, that “ the sclf-cvistent being, 
the supreme cause of all things, must of necessity have infinite 
powei.” The giouud of the demonstration is, that as “all the 
powers of all things arc deiived fiom him, nothing can make any 
difficult} or resistance to the execution of his will.” It is de- 
fined that the infinite power of the self-existent being does not 
extend to the “ making of a thing which implies a conti adietion,” 
or the doing of that “ which would imply imperfection (whether 
natural or moral) m the being to whom «uch powei is ascubcd,” 
but that it does extend to the ci cation of mnttci, and of an im- 
material, cogitath e substance, endued with a power of beginning 
motion, and with a libeity of will 01 choice Upon this doctiine 
of liberty it is contended that wc are able to gn e a satisfactory 
answer to “ that ancient and great question, nulhv to kokov, 
what is the cause and ongmal of evil?” The aigumcnt on this 
head I shall buefly exhibit. 

“ All that wc call evil is either an evil ofimpoifection, as the 
want of certain faculties 01 excellencies winch othci cieatuics 
have ; or natuial evil, a> pam, death, and the like . 01 moial evil, 
as all kinds of vice. The fiist of tlic-c is not piopcily an cwl; 
for every power, faculty, or perfection, which any cieatuic enjoys, 
being the free gift of God, . . it is plain the w r ant of anj certain 
faculty or perfection in any kind of cieatuics, which nevei be- 
longed to their natuies is no moic an evil to them, than their 
never having been created or biought into being at all could pio- 
perly have been called an evil. The second kind of evil, which 
we call natuial evil, is cithci a necc-s.uy consequence of the 
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former, as death to a cieature on whose nature immortality was 
never conferred , and then it is no more properly an evil than the 
former. Or else it is counterpoised on the whole with as great 
or greater good, as the afflictions and sufferings of good men, 
and then also it is not pioperly an evil; or else, lastly, it is a 
punishment, and then it is a necessary consequence of the third 
and last kind of evil, viz , moral evil. And this anses wholly 
from the abuse of liberty which God gave to His creatures for 
other purposes, and which it was reasonable and fit to give them 
for the perfection and older of the whole creation. Only they, 
contrary to God’s intention and command, have abused what was 
necessary to the perfection of the whole, to the corruption and 
depravation of themselv es And thus all sorts of evils have en- 
tered into the world without any diminution to the infinite good- 
ness of the Cieator and Governor thereof.” — p. 112. 

The main piemises of the above argument may be thus 
stated . 

1st. All reputed evil is either evil of imperfection, or natural 
evil, or moral evil. 

2nd. Evil of imperfection is not absolute evil 

3rd. Natural evil is either a consequence of evd of imperfec- 
tion, or it is compensated with greater good, or it is a conse- 
quence of moial evd 

4th. That which is either a consequence of evil of imperfec- 
tion, or is compensated with gi cater good, is not absolute evil. 

5th. All absolute evils are included in reputed evils. 

To express these premises let us assume — 

w = reputed evil. 
x = evil of imperfection. 
y = natural evil. 
z = moral evil 

p = consequence of evil of imperfection. 
q = compensated with greater good, 
r = consequence of moral evil. 
t = absolute evil 

Then, regarding the premises as Primary Propositions, of which 
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all the predicates are particular, and the conjunctions either, or, 
as absolutely disjunctive, we have the following equations : 

«’ = « h (i -y) O -i) + yQ- -*) 0 --) + *(i- 0 (i-y)) 

x = v (1 - t). 

y = v[p(l-q) (l-j) + 7 (l — (1 - r) + r (1 -p) (1 -q)) 

p(\ -j) + ?(i-/»)-®(i -0- 

t = vw. 

From which, if wo separately eliminate the symbol v, we have 
w (1 -x(l-y)(l-^)-y(l-a)(l-=)-c(l-a)(l -y)) =0,(1) 

xt = 0, (2) 

y ( i -p (i - 1) 0 - *) - q C 1 -p) 0 - r ) - r (i -p) (i - ?)) = o, (3) 

(/>(!- ?) + ?( l - J>)1 ^ = o, (4) 

<(1 - w) = 0 (5) 

Let it be required, first, to find what conclusion the premises 
warrant us in foiming lespecting absolute evils, as concerns their 
dependence upon moral evils, and the consequences of moral 
evils. 

For this purpose we must determine l in terms of z and r. 
The symbols w, x, y, p, q must theiefoie be eliminated. The 
process is easy, as any set of the equations is reducible to a single 
equation by addition. 

Eliminating w fiom (1) and (5), we have 

*[i-*(i-y)(i-*)-y(i-*)(l-s)-*(l-*)(i-y))-o. (6) 

The elimination of p fiom (3) and (4) gives 

yqr + yqt + yt (1 - r) (1 - q) = 0. (7) 

The elimination of q from this gives 

yt{ 1-0 = 0- (8) 

The elimination of a; between (2) and (6) gi\cs 

«{y- + (i-y)0-=)) -«■ ( 9 ) 

The elimination of y fiom (8) and (9) gives 

(1 - ?) = 0 . 

This is the only lclation existing between the elements t, z, and r. 
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We hence get 

* = (l^KT-r) 

=s ? 2r + SS z ( 1-r ) + 5 ( 1 - 2: ) r +° ('-*) O-r) 


the interpretation of which is, Absolute evil is either moral evil, or 
it is, if not moral evil, a consequence of moral evil. 

Any of the results obtained in the process of the above solu- 
tion furnish us with interpretations. Thus from (8) we might 
deduce 

t: - J^-p) - + 1 -• r + y) (1 1 - r) 

= ^ r +Sa-y) ; 


whence, Absolute evils are either natural evils, which are the con- 
sequences of moral tvtls, or they are not natural evils at all. 

A variety of other conclusions may be deduced from the given 
equations in reply to questions which may be aibitrarily pro- 
posed. Of such I shall giv e a few examples, without exhibiting 
the intermediate processes of solution 

Quest. 1 Can any relation be deduced from the premises 

connecting the following elements, viz.: absolute evils, conse- 
quences of evils of imperfection, evils compensated with greater 
good? 

Ans. — No relation exists. If we eliminate all the symbols but 
z, p, q, the result is 0 = 0. 

Quest. 2. — Is any relation implied between absolute evils, 
evils of imperfection, and consequences of evils of imperfection. 

Ans. — The final relation between x, t, and p is 

xt + pt = 0 ; 

whence 

t = — - — = ? (1 - p) (1 - x). 
p + x 0 v ’ 

Therefore, Absolute evils are neither evils of imperfection, nor con- 
sequences of evils of imperfection. 
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Quest. 3 . — Required the relation of natural evils to evils of 

impel fection and evils compensated with gi cater good. 

We find m n 

Ply = 0 . 


Therefore, Natural evils are either consequences of evils of imper- 
fection which are not compensated with greater good, or they are not 
consequences of evils of imperfection at all 

Quest 4 . — In what lclation do those natural evils which arc 
not moral evils stand to absolute evils and the consequences of 
moral evils ? 

If 3/ ( 1 - z) = .?, vv c find, after elimination, 
ts (1- r) = 0 ; 

0 0 0 

1 ^7 ) ‘ o rt ‘ + o (1 

Therefore, Natural evils, which ate not moral evils, are cither abso- 
lute evils, which at e the consequences of moral evils, or they are not 
absolute evils at all. 

The following conclusions have been deduced in a similar 
manner. The subject of cacli conclusion will show of what par- 
ticular things a description was icquircd, and the piedicate will 
show what elements it was designed to inv oh e : — 

Absolute evils, which are not consequences of moral nils, are 
moral and not natural evils 

Absolute evils winch are not moral evils air natural evils, which 
are the consequences of moral nils 

Natural evils which ai e not consequences of moral evils are not 
absolute euls 

Lastly, let us seek a desciiption of e\ lls winch arc not abso- 
lute, expressed in terms of natuial and moral evils 

We obtain as the final equation, 

i-<-y* + 5y(i-=) + 50-y)=- O-yH 1 -*)- 

The direct liiterpictation of this equation is a neccssaiy truth, 
but the lev else intcrpietation is remaikablc. Evils which are both 
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natural and moral, and evils which are neither natural nor moral , 
are not absolute euls 

This conclusion, though it may not express a truth, is cer- 
tainly involved in the given premises, as formally stated. 

15 Let us take from the same aigumcnt a somewhat fuller 
system of premises, and let us in those premises suppose that the 
particles, either , or, are not absolutely disjunctive, so that in the 
meaning of the expression, “either evil of imperfection, or na- 
tural evil, or moral evil,” we include whatever possesses one or 
more of these qualities 


Let the premises be— 

1 All evil (id) is either evil of imperfection ( x ), or natural 
evil (y), or moral evil (z). 

2 Evil of imperfection (sc) is not absolute evil (t). 

3. Natural evil (y) is either a consequence of ev ll of imper- 
fection (p), or it is compensated with greater good (q), or it is a 
consequence of moral evil (? ) 

4. Whatever is a consequence of evil of imperfection (p) is 
not absolute evil (t). 

5. Whatever is compensated with gi eater good (q) is not 
absolute evil (t). 

6 Moral evil (z) is a consequence of the abuse of liberty (u). 

7. That which is a consequence of moral evil (r) is a conse- 
quence of the abuse of liberty (u). 

8. Absolute evils are included in reputed evils. 

The premises expressed in the usual way give, after the elimi- 
nation of the indefinite symbols v, the following equations : 


x ) C 1 - y) (i - z ) = o, 

0) 

xt = 0, 

(2) 

p ) (! - g) (* - r ) = 

(3) 

pt = 0, 

(4) 

qt= o, 

(5) 

= (1 - u) = 0, 

(6) 

T (1 - U) = 0, 

(7) 

t (i - w) = 0. 

(8) 


Each of these equations satisfies the condition P(1 - V) = 0. 
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The following results are easily deduced — 

Natural eml is either absolute evil, which is a consequence of mo- 
ral evil, or it is not absolute evil at all 

All evils are either absolute evils, which are consequences of the 
abuse of liberty, or they are not absolute evils 

Natural evils are either evils of imperfection, which are not ab- 
solute evils, or they are not evils of imperfection at all 

Absolute evils are either natui'al evils, which are consequences of 
the abuse of liberty, or they arc not natural evils, and at the same 
time not evils of imperfection 

Consequences of the abuse of libeity include all natural evils 
which are absolute evils, and are not evils of imperfection, with an 
indefinite remainder of natural evils which are not absolute, and of 
evils which are not natui al. 

16. These examples will suffice for illustration. The reader 
can easily supply others if they aie needed. Wc proceed now to 
examine the most essential portions of the demonstration of 
Spinoza. 

DEFINITIONS 

1. By a cause of itself (causa sui), I understand that of which 
the essence involves existence, or that of which the natui c can- 
not be conceived except as existing. 

2. That thing is said to he finite or bounded in its on n kind 
(m suo genere finita ) which may be bounded by anothci thing of 
the same land; c. g. Body is said to lie finite, because we can 
always conceive of anothci body gi cater than a given one. So 
thought is bounded by other thought. But body is not bounded 
by thought, nor thought by body 

3. By substance, I undei stand that wlucli is in itself {in sefi 
and is conceived by itself {per se concipitur), i c., that whose 
conception does not require to be formed fiom the conception of 
another thing. 

4. By attribute, I understand that which the intellect per- 
ceives in substance, as constituting its very essence. 

5. By mode, I understand the affections of substance, oi that 
which is in another thing, by which thing also it is conceived. 

6. By God, I undeistand the Being absolutely infinite, that 
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is the substance consisting of infinite attributes, each of which 
expresses an eternal and infinite essence. 

Explanation . — I say absolutely infinite, not infinite in its 
own kind. For to whatever is only infinite in its own kind wc 
may deny the possession of (some) infinite attributes. But when 
a thing is absolutely infinite, whatsoever expresses essence and 
involves no negation belongs to its essence. 

7. That thing is termed free, which exists by the sole neces- 
sity of its own nature, and is determined to action by itself alone , 
necessary, or rather constrained, which is determined by another 
thing to existence and action, in a certain and determinate man- 
ner. 

8. By eternity, I understand existence itself, in so far as it is 
conceived necessarily to follow from the sole definition of the 
eternal thing. 

Explanation — For such existence, as an eternal truth, is con- 
ceived as the essence of the thing, and therefore cannot be ex- 
plained by mere duration or time, though the latter should be 
conceived as without beginning and without end. 

AXIOMS. 

1. All things which exist are either in themselves (in sc) or 
in another thing. 

2 That which cannot be conceived by another thing ought 
to be conceived by itself. 

3. From a given determinate cause the effect necessarily fol- 
lows, and, contrariwise, if no determinate cause be granted, it is 
impossible that an effect should follow. 

4. The knowledge of the effect depends upon, and involves, 
the knowledge of the cause. 

5. Things which have nothing in common cannot be under- 
stood by means of each other ; or the conception of the one does 
not involve the conception of the other. 

6. A true idea ought to agree with its own object. ( Idea 
ve> u debet cum suo ideato convemre ) 

7. Whatever can be conceived as non-existing docs not in- 
vohe existence in its essence. 
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Other definitions are implied, and other axioms arc virtually 
assumed, in some of the demonstrations. Thus, in Prop, i., 
“ Substance is prior in nature to its affections,” the proof of 
which consists in a mere reference to Defs. 3 and 5, there seems 
to be an assumption of the following axiom, viz , “ That by which 
a tiling is conceived is prior in nature to the thing conceived.” 
Again, in the demonstration of Pi op. v. the converse of this 
axiom is assumed to be true. Many other examples of the same 
kind occur. It is impossible, thcrcfoic, by the mere processes of 
Logic, to deduce the whole of the conclusions of the fiistbook of 
the Ethics from the axioms and definitions which are prefixed to 
it, and which are given above. In the biicf analysis which will 
follow, I shall endeavour to present in their proper order what 
appear to me to be the real piemiscs, whcthci formally stated or 
implied, and shall show in what manner they involve the conclu- 
sions to which Spinoza was led. 

17. I conceive, then, that in the course of his demonstration, 
Spinoza effects sevcial parallel divisions of the universe of pos- 
sible existence, as, 

1st. Into things which are in themselves, r, and things which 
are in some other thing, x; whence, as these classes of thing toge- 
ther make up the universe, we have 

x -t a:' = 1 , (Ax. i.) 
or, x = 1 - at. 

2nd. Into things which are conceived by themselves, y, and 
things which aic conceived through some otlici thing, y\ 
whence 

jr-l-y* (Ax. II.) 

3rd. Into substance, z, and modes, z ! ; whence 
z=\-d. (Dcf. iii. v.) 

4th. Into things free,/, and things necessary,/, whence 

(Dcf vii) 

5th. Into things which aic causes and scll-cxielcnt, e, and 
things caused by sonic otlici thing, e, whence 

e = 1 - e. (Dcf. i Ax. vn.) 
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And liis reasoning proceeds upon the expressed or assumed 
principle, that these divisions are not only parallel, but equiva- 
lent. Thus in Def. in , Substance is made equivalent with that 
which is conceived by itself ; whence 

z=y. 

Again, Ax iv., as it is actually applied by Spinoza, estab- 
lishes the identity of cause with that by which a thing is con- 
ceived; whence 

y = e. 

Again, in Def. vn., things free are identified with things 
self-existent; whence 

/= e 

Lastly, in Def. v., mode is made identical with that which is 
in another thing , whence z' = a!, and therefore, 

z = x. 

All these results may be collected together into the following 
series of equations, viz : 

x-y - z =/= e = 1 - x = 1 - y = 1 - f'= 1- z - 1 - e. 

And any two members of this series connected together by the 
sign of equality express a conclusion, whether drawn by Spinoza 
or not, which is a legitimate consequence of his system. Thus 
the equation 

z=\-e, 

expresses the sixth proposition of his system, viz., One substance 
cannot be produced by another. Similarly the equation 

z = e. 

expresses his seventh proposition, viz., “ It pertains to the nature 
of substance to exist.” This train of deduction it is unnecessary 
to pursue. Spinoza applies it chiefly to the deduction according 
to his views of the properties of the Divine Nature, having first 
endeavoured to prove that the only substance is God. In the 
steps of this process, there appear to me to exist some fallacies, 
dependent chiefly upon the ambiguous use of words, to which it 
will be necessary here to direct attention. 



CHAP. XIII.] CLARKE AND SPINOZA. 215 

18. In Pi op. v. it is endeavoured to show, that “ There cannot 
exist two or more substances of the same nature or attribute.” 
The pioof is liitually as follows : If there aie more substances 
than one, they aie distinguished cither by attributes or modes ; 
if by attiibutes, then theie is only ODe substance of the same at- 
tribute ; if by modes, then, laying aside these as non-essential, 
there remains no teal giound of distinction. Hence there exists 
but one substance of the same attribute. The assumptions here 
involved are inconsistent with those winch aie found in other 
parts of the tieatise. Thus substance, Def. i\ ., is apprehended 
by the intellect through the means of attubute. By Def. \i. it 
may have many attributes One substance may, therefore, con- 
ceivably be distinguished from anothei by adiffeience m some of 
its attributes, while otheis lemain the same 

In Prop, viii it is attempted to show that, All substance 
is necessarily infinite. The pioof is as follows. There ex- 
ists but one substance, of one attribute, Pi op. and it per- 
tains to its natuie to exist, Piop. vii. It will, theicfore, be ofits 
nature to exist eithei as finite or infinite But not as finite, for, 
by Def. u. it would lequire to be bounded by another substance 
of the same nature, which also ought to exist necessarily. Prop. 
vii. Therefore, there would be two substances of the same 
attribute, which is absuid, Prop. v. Substance, therefore, is 
infinite. 

In this demonstration the woid “ finite” is confounded with 
the expression, “ Finite in its own kind,” Def n. It is thus as- 
sumed that nothing can be finite, unless it is bounded by another 
thing of the same kind. Tlua is not consistent i\ ith the ordi- 
nary meaning of the teim Spinoza’s u-c of the teim finite 
tends to make space the only form of substance, and all existing 
things but affections of space, and this, I think, is really one of 
the ultimate foundations of lus system. 

The first scholium applied to the above Proposition is re- 
markable. I give it in the original words • “ Quum fimtuin esse 
revera sit ex parte negatio, et infinitum absolute affhmatio cxis- 
tentise alicujus natural, sequitui eigo ex sola Piop. \n. omnem 
snbstantiam deberc esse infinitain ” Now this is in reality an 
assertion of the principle affirmed by Clarke, and controverted by 
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Butler (XIII. 11), that necessary existence implies existence 
in every part of space. Probably this principle will be found to 
lie at the basis of every attempt to demonstrate, d prion, the 
existence of an Infinite Being. 

From the general properties of substance above stated, and 
the definition of God as the substance consisting of infinite at- 
tributes, the peculiar doctrines of Spinoza relating to the Divine 
Nature necessanly follow. As substance is self-existent, ficc, 
‘causal in its very nature, the thing in which other things are, 
and by which they are conceived ; the same properties are also 
asserted of the Deity. He is self-existent, Prop. xi. ; indni- 
sible, Prop, xm ; the only substance, Prop. xiv. ; the Being in 
which all things are, and by which all things are conceived, 
Prop xv.; fiee, Prop. xvii. , the immanent cause of all things, 
Prop, xviii. The proof that God is the only substance is diawn 
from Def. vi , which is interpreted into a declaration that “ God 
is the Being absolutely infinite, of whom no attribute which ex- 
presses the essence of substance can bo denied.” Every con- 
ceivable attnbutc being thus assigned by definition to Him, and 
it being detei mined in Pi op. v. that theie cannot exist two sub- 
stances of the same atti ibutc, it follows that God is the only 
substance. 

Though the “ Ethics” of Spinoza, like a large portion of his 
other wntings, is picscntcd in the geometrical form, it does not 
affoid a good praxis for the symbolical method of this work. 
Of course cvciy tiain of reasoning admits, when its ultimate 
premises aie truly dete. mined, of being ticated by that method : 
but in the pre.-ent instance, such ticatmcnt scarcely differs, ex- 
cept in the use of lcttcis for words, fiom the pioccsses employed 
in the onginal demonstrations. Beasoning which consists so 
largely of a play upon teims defined as equivalent, is not often 
met with ; and it is lather on account of the interest attaching to 
the subject, than of the merits of the demonstrations, highly as 
by some they aie esteemed, that I have devoted a few pages 
licic to their exposition. 

19. It is not possible, I think, to rise fiom the perusal of the 
arguments of Claike and Spinoza without a deep conviction of the 
futility of all endeav ouis to establish, cntiicly d priori, the existence 
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of an Infinite Being, His attributes, and His relation to the uni- 
verse. The fundamental principlcof all such speculations, \iz., that 
whatever we can cleaily conceive, must exist, fails to accomplish 
its end, even when its truth is admitted. For how shall the finite 
compiehend the infinite ? Yet must the po-sibility of such con- 
ception be giantcd, and in something more than the sense of 
a nieie withdiawal of the limits of phenomenal existence, before 
any solid giound can be established foi the knowledge, d prion, 
of things infinite and eternal. Spinoza’s afliimation of the ic- 
ality of such knowledge is plain and explicit “ Mens humana 
adequatum liabet cognitioncm astern a; ct infinite essentie Dei” 
(Prop xlvii, Pait 2nd) Let this be compared with Pi op. 
xxxiv., Part 2nd: “ Otnnis idea quae in nobis est absolute 
sivc adequata et pcrfccta, veia est and with Axiom vi , Part 
1 st, “ Idea v era debet cum suo ideato coin cun c.” Moi eov cr, this 
species of knowledge is made the essential constituent of all other 
knowledge : “ De natura rationis cat les sub quadain etemitatis 
specie peicipeic” (Prop, xliv., Cor 11 , Part 2nd). Weie it 
said, that thcic is a tendency in the human mind to use in con- 
templation fiom the paiticulai towaids the umveisal, from the 
finite towards the infinite, fioin the tian'-ient towaids the eternal ; 
and that this tendency suggests to us, with high probability, the 
existence of more than sense perceives or undei standing compie- 
hends; the statement might be accepted as tiue for at least a 
a large number of minds TJicie is, however, a class of specu- 
lations, the character of which must be explained in pait by 
reference to other causes, — impatience of piobable oi limited 
knowledge, so often all that wc can ically attain to; a de&nc for 
absolute ceitainty wlieie intimations sufficient to mark out bcfoic 
us the path of duty, but not to satisfy the demands of the specu- 
lative intellect, have alone been granted to us ; perhaps, too, 
dissatisfaction with the picscnt scene of things. With the 
undue predominance of these motives, the nioic sobei pioccdurc 
of analogy and probable induction falls into neglect. Yet the lat- 
ter is, beyond all question, the couise most adapted to oiu pic- 
sent condition. To mfei the existence of an intelligent cause 
from the teeming evidences of suiioundmg design, to lisc to the 
conception of a moral Gov cmoi of the woild, from the study of 
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the constitution and the moral provisions of our own nature ; — 
these, though but the feeble steps of an understanding limited 
in its faculties and its materials of knowledge, are of more avail 
than the ambitious attempt to arrive at a certainty unattainable 
on the ground of natural religion. And as these were the most 
ancient, so are they still the most solid foundations, Revelation 
being set apart, of the belief that the course of this world is not 
abandoned to chance and inexorable fate. 
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CHAPTER XIV. 

EXAMPLE OF THE ANALYSIS OF A SYSTEM OF EQUATIONS BY THE 

METHOD OF REDUCTION TO A SINGLE EQUIVALENT EQUATION 

V = 0, WHEREIN V SATISFIES THE CONDITION V (1 - V) = 0 

1. X ET us take the remarkable system of premises employed 
' i in the previous Chapter, to prove that “ Matter is not a 
necessary being and suppressing the 6th premiss, viz., Motion 
exists, — examine some of the consequences which flow from the 
remaining premises. This is in reality to accept as true Dr. 
Clarke’s hypothetical principles ; but to suppose ourselves igno- 
norant of the fact of the existence of motion. Instances may 
occur in which such a selection of a portion of the premises of 
an argument may lead to interesting consequences, though it is 
with other views that the present example has been resumed. The 
premises actually employed will be — 

1. If matter is a necessary being, either the property of gravi- 
tation is necessarily present, or it is necessarily absent. 

2. If gravitation is necessarily absent, and the world is not 
subject to any presiding intelligence, motion does not exist. 

3. If gravitation is necessarily present, a vacuum is necessary. 

4. If a vacuum is necessary, matter is not a necessary being. 

5. If matter is a necessary being, the woild is not subject 
to a presiding intelligence. 

If, as before, we represent the elementary propositions by the 
following notation, viz. : 

x = Matter is a necessary being 
y = Gravitation is necessarily present. 
u> = Motion exists. 
t = Gravitation is necessarily absent 
z = The world is merely material, and not subject to a 
presiding intelligence. 
v = A vacuum is necessary. 
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"We shall on expression of the premises and elimination of the 
indefinite class symbols (</), obtain the following system of equa- 
tions : 

xyt + xyt = 0, 
tzw = 0, 
rjv = 0, 
vx = 0, 
xz = 0 ; 

in which for brevity y stands for 1 - y, t for 1 - 1, and so on ; whence , 
also, 1- t = t, 1 - y = y, &c. 

As the first members of these equations involve only positive 
terms, we can form a single equation by adding them together 
(VIII. Prop 2), viz.: 

xyt + xyt + yv + ox + xz + tzw = 0, 

and it remains to reduce the first member so as to cause it to 
satisfy the condition V (1 - F) = 0. 

For this puipose we will fust obtain its development with 
reference to the symbols x and y. The result is — 

(t + o + e+ z-J- tzio) xy + (t + v + z + tzw) xy 
+ (u + tzw) xy + tzwly = 0. 

And our object will be accomplished by leducing the four coeffi- 
cients of the development to equivalent forms, themselves satis- 
fying the condition icquircd 

Now the first coefficient is, since v + v = 1, 

1 + t s z + tzw, 

which reduces to unity (IX. Prop. 1). 

The second coefficient is 

t + v 4 z + tzw \ 
and its reduced form (X 3) is 

t + tv + tvz + tvzw. 

The third coefficient, v + tzw , reduces by the same method 
to v + tzwv; and the last coefficient tzw needs no reduction 
lienee the development becomes 
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xy + (t + tv + tvs + tozw) xy + (o + tzwv) xy + tzwxy = 0; (1) 
and this is the form of reduction sought. 

2. Now according to the principle asserted in Prop, ill., 
Chap x., the whole relation connecting any particular set of the 
symbols in the above equation may be deduced by developing 
that equation with reference to the particular symbols in question, 
and retaining in the result only those constituents whose coef- 
ficients arc unity. Thus, if x and y aie the symbols chosen, we 
are immediately conducted to the equation 

xy= 0, 

whence we have 

V = ( l - *)> 

with the interpretation, If gravitation is necessarily present , mat- 
ter is not a necessary being. 

Let us next seek the 1 elation between x and w. Developing 
(1) with respect to those symbols, we get 

(y + ty + tvy + tvzy + tvzy) xw + (y+ty + tvy + tvzy) xw 

+ (vy + tzvy + tzy) ho + vyxw = 0. 

The coefficient of xw, and it alone, reduces to unity. For 
tvzy + tvzy = tvy, and tvy + toy = ty. and ty + ty = y, and lastly, 
y + y - 1. This is always the mode in which such reductions 
take place. Hence we get 

xw = 0, 

.-. w = - (1 — x), 

of which the interpretation is, If motion exists, matter is not a ne- 
cessary being 

If, in like manner, wc develop (1) with respect to x and z, 
we get the equation 

xz = 0, 

0 

with the interpretation, If matter is a necessary being, the u orld 
is merely material, and without a presiding intelligence 
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This, indeed, is only the fifth premiss reproduced, but it 
shows that there is no other relation connecting the two elements 
which it involves 

If we seek the whole relation connecting the elements x, w, 
and y, we find, on developing (1) with reference to those sym- 
bols, and proceeding as before, 

xy + xwy = 0. 


Suppose it required to determine hence the consequences of the 
hypothesis, “ Motion does not exist,” relatively to the questions 
of the necessity of matter, and the necessary presence of gravita- 
tion. We find 


w = 


~ ay 

xy ’ 


. a; 1 _ 0_ 

xy 0 0 


or. 


1 - 10 = xy + jj x, with xy = 0. 


The direct interpretation of the first equation is, If motion does 
not exist, either matter is a necessary being, and gravitation is not 
necessarily present, or matter is not a necessary being. 

The reverse interpretation is, If matter is a necessary being, 
and gravitation not necessary , motion does not exist. 

In exactly the same mode, if we sought the full relation be- 
tween x, z, and w, we should find 


xzw + xz = 0. 


From this we may deduce 


z 


_ 0 _ 
XW + - X, 


with xw = 0. 


Therefore, If the world is merely material, and not subject to 
any presiding intelligence, either matter is a necessary being, and 
motion does not exist, or matter is not a necessary being. 

Also, reversely. If matter is a necessary being, and there is no 
such thing as motion, the world is merely material 

3. We might, of course, extend the same method to the de- 
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termination of the consequences of any complex hypothesis u, 
such as, “ The world is merely material, and without any pre- 
siding intelligence (z), but motion exists” (w), with reference to 
any other elements of doubt or speculation involved in the origi- 
nal premises, such as, “ Matter is a necessary being” ( x ), “ Gra- 
vitation ia a necessary quality of matter,” (y). We should, for 
this purpose, connect with the general equation (1) a new 
equation, 

u = wz, 

reduce the system thus formed to a single equation, V= 0, in 
which V satisfies the condition V - V) = 0, and proceed as 
above to determine the relation between u, x, andy, and finally u 
as a developed function of x and y. But it is very much better 
to adopt the methods of Chapters viii. and ix. 1 shall here 
simply indicate a few results, with the leading steps of their de- 
duction, and leave their verification to the reader’s choice. 

In the problem last mentioned we find, as the relation con- 
necting x, y, w, and z, 

xvo + xwy + xwyz = 0. 

And if we write u = xy, and then eliminate the symbols x and y 
by the general problem, Chap, ix., we find 

xu + xyu = 0, 

1 n . 0_ 

u = - xy + Oxy + - x ; 

wz = ^ x with xy = 0. 

Hence, If the world is merely material, and without a presiding 
intelligence, and at the same time motion exists, matter is not a ne- 
cessary being. 

Now it has before been shown that if motion exists, matter is 
not a necessary being, so that the above conclusion tells us even 
less than we had before ascertained to be (inferentially) true. 
Nevertheless, that conclusion is the proper and complete answer 
to the question which was proposed, which was, to determine 
simply the consequences of a certain complex hypothesis. 


whence 

wherefore 
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4. It would thus be easy, even from the limited system of 
premises before us, to deduce a gi cat variety of additional infe- 
rences, inv olving, in the conditions w hich are git en, any pro- 
posed combinations of the elementary piopositions If the con- 
dition is one which is inconsistent with the premi-es, the fact 
will be indicated by the form of the solution. The talue which 
the method will assign to the combination of symbols expre=sit e 
of the proposed condition will be 0. If, on the other hand, the 
fulfilment of the condition in question imposes no restriction upon 
the propositions among which relation is sought. =o that et ery 
combination of those propositions is equally possible, — the fact 
will also he m Seated by the form of the solution. Examples 
of each of these cas**s are subjoined. 

If in the ordinary way we seek the consequences which would 
flow from the condition that matter is a necessary being , and at 
the same time that motion exists, as affecting the Propositions, 
The world is merely material, and without a presiding intelligence, 
and, Gravitation is necessarily present, we shall obtain the equa- 
tion 

xw = 0, 

which indicates that the condition proposed is inconsistent w ith 
the premises, and therefore cannot be fulfilled. 

If we seek the consequences which would flow fiom the con- 
dition that Matter is not a necessary being, and at the same tune 
that Motion does exist, with refci ence to the same elements as 
above, viz., the absence of a presiding intelligence, and the neces- 
sity of grai itation , — we obtain the following result, 

(1 -x) w~^yz + (1-s) + ^ (1 -y)z + jj(l -y) (1 -z), 

which might literally be interpreted as follows : 

If mottci is not a necessary being, and motion exists, then 
either the umld is merely material and without a piesidnig intel- 
ligence, and grai itution is necessary, or one of these two results fol- 
lows without the other, or they both fail of being true. Wliciefoic 
of the foui possible combinations, of which sonic one is true of 
necessity, and of winch of necessity one only can he true, it is 
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affirmed that any one may be true. Such a result is a truism — 
a mere necessary truth Still it contains the only answer which 
can be given to the question proposed. 

I do not deem it nccessarj to i indicate against the charge of 
laborious trifling these applications. It may be requisite to en- 
ter with some fulness into details useless in themselves, in order 
to establish confidence in general principles and methods. When 
this end shall have been accomplished in the subject of the pre- 
sent inquiry, let all that has contributed to its attainment, but 
has afterwards been found superfluous, be forgotten. 
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CHAPTEE XV 

THE ARISTOTELIAN LOGIC AND ITS MODERN EXTENSIONS, EX- 
AMINED BY THE METHOD OF THIS TREATISE. 

1 . r | ''HE logical system of Aristotle, modified in its details, 
but unchanged in its essential features, occupies so im- 
portant a place in academical education, that some account of its 
nature, and some brief discussion of the leading problems which 
it presents, seem to be called for in the present work. It is, I 
trust, in no narrow or harshly critical spirit that I approach this 
task. My object, indeed, is not to institute any direct compa- 
rison between the time-honoured system of the schools and that 
of the pre.-ent treatise , hut, setting truth above all other con- 
siderations, to endeavour to exhibit the real nature of the ancient 
doctrine, and to remove one or two prevailing misappiehen-ions 
respecting its extent and sufficiency. 

That which may be regarded as essential in the spirit and 
procedure of the Aristotelian, and of all cognate systems of Logic, 
is the attempted classification of the allowable forms of inference, 
and the distinct reference of those forms, collects cly or indivi- 
dually, to some general principle of an axiomatic nature, such as 
the “ dictum of Aristotle "Whatsoever is affirmed or denied of 
the genus may in the same sense be affirmed 01 denied of any 
species included under that genus. Concerning such gpneial 
principles it may, I think, be observed, that they cithei stat ' di- 
rectly, but in an abstract form, the aigument which they ire 
supposed to elucidate, and, so stating that aigument, affirm its 
vahdity , or involve in their expression technical terms which, 
after definition, conduct us again to the same point, viz., 
the abstract statement of the supposed allowable foims of in- 
ference The idea of classification is thus a pervading element 
in those systems. Furthermore, they exhibit Logic as resolvable 
into two great branches, the one of which is occupied with the 
treatment of categorical, the othci with that of hypothetical or 
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conditional propositions. The distinction is nearly identical with 
that of primary and secondary propositions in the present work. 
The discussion of the theory of categorical propositions is, in all 
the ordinary treatises of Logic, much more frill and elaborate than 
that of hypothetical propositions, and is occupied partly with 
ancient scholastic distinctions, partly with the canons of deduc- 
tive inference. To the latter application only is it necessary to 
direct attention here. 

2. Categoiical propositions are classed under the four fol- 
lowing heads, viz. : 

TYPE 

1st. Universal affirmative Propositions : All Y’s are X’a. 

2nd. Universal negative „ No Y’s arc X’b. 

3rd. Particular affirmative „ Some Y’s are X’s. 

4th Particular negative ,, Some Y’s are not X's. 

To these forms, four others have recently been added, so as 
to constitute in the whole eight forms (see the next article) sus- 
ceptible, however, of reduction to six, and Bubject to relations 
which have been discussed with great fulness and ability by Pro- 
fessor De Morgan, in Iris Formal Logic A scheme somewhat 
different from the above has been given to the woild by Sir W. 
Hamilton, and is made the basis of a method of syllogistic in- 
ference, which is spoken of with very high respect by authorities 
on the subject of Logic.* 

The processes of Formal Logic, in relation to the above system 
of propositions, are described as of two kinds, viz., “ Conversion” 
and “ Syllogism.” By Conversion is meant the expression of 
any proposition of the above kind in an equivalent form, but with 
a reversed order of terms. By Syllogism is meant the deduction 
from two such propositions having a common term, whether 
subject or piedicate, of some thud proposition infercntially in- 
volved in the two, and forming the “ cone 1 .sion.” It is main- 
tained by most wiitcio on Logic, that these processes, and ac- 
cording to some, the single pioccss of S} llogitm, fuinhh the 
univcisal types of icasoning, and that it is tlic business of the 
mind, in any train of demonstration, to conform itself', whether 


• Thomson's Outlines of the Laws of Thought, p. 177 
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consciously or unconsciously, to the particular models of the pro- 
cesses which have been classified in the writings of logicians. 

3. The course which I design to puisue is to show how 
these processes of Syllogism and Com ersion may be conducted 
in the most general manner upon the principles of the present 
treatise, and, Clewing them thus in relation to a system of Logic, 
the foundations of which, it is conceived, have been laid in the 
ultimate laws of thought, to seek to determine their true place 
and essential character. 

The expressions of the eight fundamental types of proposi- 
tion in the language of symbols arc as follows : 

1. All Y’s are X’s, y = vx. 

2. No Y’s are X’s, y = v (1 - x). 

3. Some Y’s are X’s, vy = vx. 

4. Some Y's are not- X’s, vy = » (1 - a). 

5. All not- Y’s arc X’s, 1 - y = vx. (1) 

6. No not- Y’s are X’s, 1 -y = u(l-a-). 

7- Some not- Y’s are X’s, v (1 - y) = vx. 

8. Some not- Y’s are not- X’s, v (1 -y) = i>(l - x). 

In referring to these foims, it will be convenient to apply, in 
a sense shoitly to be explained, the epithets of logical quantity, 
“ universal” and “ particular,” and of quality, “ affirmatn c” and 
“ negative,” to the teims of propositions, and not to the propo- 
sitions themselves "We shall thus consider the tcim “ All Y’s,” 
as univ ersal-affirmative ; the tenu “ Y’s,” or “Some Y’s,” as 
paiticuhu-affiimative, the tcim “All not- Y’s,” as mm eiMil-nc- 
gatnc; the term “ Some not- Y’s,” as pai tioular-ncgatrv c The 
cxpiession “ No Y’s,” is not piopeily a term of apioposition, for 
the true meaning of the pioposition, “ No Y's aie X’s,” is “All 
Y’s aic not-X’s.” The subject of that pioposition is, theicfore, 
uni\ ci ,-al-affu niativc, the picdicate particular-negative That 
thcic is a ical distinction between the conceptions of “ men” and 
“not men” is manifest This distinction is all that I contem- 
plate when applying as aboie the designations ofaffiimathc and 
negathe, without, howcier, insisting upon the etymological pro- 
pi icty of the application to the tcnns of propositions. The 
designations positnc and privatuc would have been moic ap- 
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propriate, but the former term is already employed in a fixed 
sense in other parts of this work. 

4. Fiona the symbolical forms above given the laws of con- 
version immediately follow. Thus from the equation 

y = vx. 


representing the proposition, “All F's are X’a," we deduce, on 
eliminating v, 

y (1 - x) = 0, 

which gives by solution with reference to 1 - r, 

1 - a: = 2 ( i - y ) ; 

the interpretation of which is, 

All not-X’s are not- F’s 

This is an example of what is called “ negative conversion.” 
In like maimer, the equation 

y = v (1 - a;), 

representing the proposition, “No F’s are X’s,” gives 

* = 1 0 - y)> 

the interpretation of which is, “ No X’s aie F’s.” This is an 
example of what is termed simple conversion ; though it is in re- 
ality of the same kind as the conversion exhibited in the previous 
example. All the examples of conversion which have been noticed 
by logicians aic eitliei of the above kind, or of that which con- 
sists in the meic tiansposition of the terms of a pioposition, with- 
out altering their quality, as when we change 


into 


vy = ix, representing, Some F's are X’s, 
vx = vy, lepresenting, Some X’s are F’s ; 


or they involve a combination of those processes with some auxi- 
liary process of limitation, as when from the equation 
y = vx, repiesenting. All F’s arc X’s, 


we deduce on multiplication by v, 

vy = vx, representing, Some F’s are X’s, 

and hence 

vx = vy, representing, Some X’s aic F’s 



230 ARISTOTELIAN LOGIC. [CHAP. XV. 

In this example, the process of limitation precedes that of 
transposition. 

From these instances it is seen that conversion is a particu- 
lar application of a much more general process m Logic, of which 
many examples have been gh en in this work. That process has 
for its object the determination of any element in any proposition, 
however complex, as a logical function of the remaining elements. 
Instead of confining our attention to the subject and predicate, 
regarded as simple terms, we can take any element or any 
combination of elements entering into either of them; make that 
element, or that combination, the “ subject” of a new proposition ; 
and determine what its predicate shall be, in accordance with the 
data afforded to us. It may be remarked, that even the simple 
forms of propositions enumerated above afford some ground for 
the application of such a method, beyond what the received laws 
of conversion appear to recognise. Thus the equation 

y=vx, representing, All Y’a are X'a, 

gives us, in addition to the proposition before deduced, the three 
following : 

1st. y (1 - x) = 0. There are no V s that are not-X’s. 

2nd. 1 ~y = ^x + (l - x). Things that are not- F’s include all 

things that are not-X’s, and an 
indefinite remainder of things 
that are X’s. 

3rd. x = y + (1 - y). Things that are X’s include all things 

that are Y’a, and an indefinite 
remainder of thin gs that are not- 
Y’a. 

These conclusions, it is true, merely place the given propo- 
sition in other and equivalent forms, — but such and no more is 
the office of the received mode of “ negative conversion.” 

Furthermore, these processes of conversion are not elemen- 
tary, but they are combinations of processes more simple than 
they, more immediately dependent upon the ultimate laws and 
axioms which govern the use of the symbolical instrument of 
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reasoning. This remark is equally applicable to the case of 
Syllogism, which wc proceed next to consider. 

5. The natme of syllogism is best seen in the particular in- 
stance. Suppose that we have the propositions, 

All .X’s are Y’s, 

All Y’s are Z’ s. 

From these we may deduce the conclusion. 

All X’s are Z'a. 

This is a syllogistic infeience The terms X and Z aic called 
the extremes, and Y ia called the middle term. The function 
of the syllogism generally may now be defined Gh en two pro- 
positions of the kind whose species are tabulated in (1), and in- 
volving one middle or common term I", which is comiected in 
one of the propositions wall an extieme X, m the other with an 
extreme Z ; requn cd the relation connecting the extremes X and 
Z. The teim Y may appear in its affirmative form, as, All Y’s, 
Some Y’s ; or in its negative form, as, AH not- Y’ a, Some not- 
Y’s ; in either pioposition, without regard to the particular form 
which it assumes in the other. 

Nothing is easier than in particular instances to resolve the 
SyUogism by the method of this treatise. Its resolution is, in- 
deed, a particular application of the process for the reduction of 
systems of propositions. Taking the examples above given, 
we have, 

x = vy, 

V = vz; 

whence by substitution, 

x = vv'z, 

which is interpreted into 

All X’s are Z’a. 

Or, proceeding rigorously in accordance with the method deve- 
loped in (VIII. 7), we deduce 

® (!-») = 0, y(l-z) = 0. 

Adding these equations, and eliminating y, we have 
.x(l - z) = 0; 
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•whence 


0 

a '= q z ’ or > 


All X’a are Z’s. 


Anti in the same way may any other case be treated. 

6 Quitting, however, the consideration of special examples, 
let us examine the general forms to which all syllogism may be 
reduced. 


Proposition I. 

To deduce the general rules of Syllogism. 

By the general rules of Syllogism, I here mean the rules appli- 
cable to premises admitting of every variety both of quantity 
and of quality in their subjects and predicates, except the com- 
bination of two universal terms in the same proposition. The 
admissible forms of propositions are therefore those of which a 
tabular view is given in (1). 

Let X and Ybe the elements or things entering into the first 
premiss, Z and Y those involved in the second. Two cases, fun- 
damentally different in character, will then present themselves. 
The terms involving Twill either be of like or of unlike quality, 
those terms being regarded as of like quality when they both 
speak of “ Y’s,” or both of “Not- T’s,” as of unlike quality when 
one of them speaks of “ T’s,” and the other of “ Not- T’s.” Any 
pair of premises, in which the former condition is satisfied, may 
be represented by the equations 

vx = v'y, (1) 

wz = wy ; (2) 

for wc can employ the symbol y to represent either “ All Y’s,” 
or “ All not- T’s,” since the interpretation of the symbol is purely 
conventional If we employ y in the sense of “All not- T’s,” 
then 1 -y will represent “ All T’s,” and no other change will 
be intioduccd. An equal fieedom is permitted with respect 
to the symbols x and z, so that the equations (1) and (2) may, 
by properly assigning the intei pretations of x, y , and z, be made 
to represent all varieties in the combination of premises depen- 
dent upon the quality of the respective terms. Again, by as- 
suming proper interpolations to the symbols v, v, w, id, in those 
equations, all vaiictics with reference to quantity may also be 
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represented. Thus, if we take v = 1, and represent by v a class 
indefinite, the equation (1) will lepiesent a univeisal proposition 
accoiding to the ordinary sense of that term, i. c., a proposition 
with universal subject and paiticular picdieate. We mav, in 
fact, give to subj’cct and picdieate in either premiss whatever 
quantities (using this term in the scholastic sense) we please, ex- 
cept that by hypothesis, they must not both be univci&al The 
system (1), (2), represents. therefoic, with pcifect generality, 
the possible combinations of piemises which have like middle 
teims 

7. That our analysis may be as general as the equations to 
which it is applied, let us, by the method of this work, elimi- 
nate# from (1) and (2), and seek the expressions for x, 1 - x, and 
vx, in terms of ~ and of the symbols r, v, w, to. The above will 
include all the possible forma of the subject of the conclusion. 
The form v (1 -a;) is excluded, inasmuch as we cannot from the 
interpretation vx = Some X’s, given in the premises, interpret 
v (1 - a:) as Some not-X’s. The symbol v, when used in the sense 
of “ some,” applies to that teim only with which it is connected 
in the premises. 

The results of the analysis arc as follows : 
x = [yv'iow' + H (to'(I-w) (l-ic')+icie'(l-i’)(l-r')+(l-i>)(l-H’))]z 

+|jl^(l- “0+1 -’)(!-*)> (!■) 

1 - x= \y (1 - v) ( ww + ( l -w) (1 - jo ) } + 1 ’ ( 1 - w) to 
+ jj (ra'(l - w)(l - to') + ww/(l - v) (1 -i/) + (l -r) (1 - w)))z 

+ [u(l -tc)to' + [vtf (1 - to') + 1 -r)](l --)) (II) 

CT = {l)o'tOlo'+2 XV (1 -w) (1 —«?')] Z+ ^(1 -w) (1 -z) (III.) 

Each of these expressions involves in its second member two 
terms, of one of which z is a factor, of the other 1 - z. But 
syllogistic inference does not, as a matter of foim, admit of con- 
trary classes in its conclusion, as of Z’s and not-X’s together. 
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We must, therefore, in order to determine the rules of th.it 
species of inference, ascertain under what conditions the second 
members of any of our equations are reducible to a single term. 

The simplest form is (III.), and it is reducible to a single 
term if w = 1. The equation then becomes 

vx = vv'wz , (3) 

the first member is identical with the extreme in the first pre- 
miss; the second is of the same quantity and quality as the extreme 
in the second premiss. For since u>' = 1, the second member of 
(2), involving the middle texm y, is universal ; therefore, by the 
hypothesis, the first member is particular, and therefore, the se- 
cond member of (3), involving the same symbol w in its coeffi- 
cient, is particular also Hence we deduce the following law. 

Condition of Inference — One middle term, at least, uni- 
versal. 

Rule of Inference. — Equate the extremes. 

From an analysis of the equations (I.) and (II.), it will further 
appear, that the above is the only condition of syllogistic in- 
ference when the middle terms are of like quality. Thus the 
second member of (I.) reduces to a single term, if w = 1 and 
v = 1 ; and the second member of (II.) reduces to a single term, 
if w = 1, v = 1, w = 1 . In each of these cases, it is necessary that 
io'= 1, the solely sufficient condition before assigned. 

Consider, secondly, the case in which the middle terms are 
of unlike quality. The premises may then be represented un- 
der the forms 

vx = vy, (4) 

wz = w ( 1 - y) ; (5) 

and if, as before, we eliminate y, and determine the expressions 
of 3, 1 - x, and vx, we get 

X — [W(l - mj) vi + ^ (lfl«l'(l-u) + (l-u) (1 - if) (1 - w) 

+ u'(i - w) (i - w)y]z 

+ [v»W + ^ {(1 - v) (1 -if) + »'(1 - «/)}] (1 - z)- (IV.) 
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1 - x = [wto'v + » (1-0(1 - to) + - ( wid (!-») 


+ (1 - V) (1 - V ) ( 1 - to) + t>'(l -to) (1 - to')}] 2 

+ 00 -0+2 O'O -«0 + (!-») (1-0)] (!-*)• (V.) 


vx = {uu'(l - 10)10 + — ««'( 1 - w) (1 - to')) 2 


+ [Wto' + - uu'(l - u/)} (1 - 2 ). (VI.) 


Now the second member of (VI.) reduces to a single term rela- 
tively to 2 , if w = 1, giving 


vx = 


f / , V 

(uuw +- 


ro' (1 - to')) (1 - 2 ) ; 


the second member of which is opposite, both in quantity and 
quality, to the corresponding extreme, ioz, in the second premiss. 
For since to = 1, wz is universal But the factor vv' indicates 
that the term to which it is attached is particular since by hypo- 
thesis v and v arc not both equal to 1. Hence we deduce the 
following law of inference in the case of like middle terms: 

First Condition of Inference. — At least one universal 
extreme. 

Kule of Inference. — Change the quantity and quality of 
that extreme, and equate the result to the other extreme 

Moreover, the second member of (V.) 1 educes to a single term 
if if «= 1, to' = 1 ; it then gives 

1 - x = {»w + ^ (1 - v) to) 2 . 


Now since v = l, id - 1, the middle terms of the premises arc 
both universal, therefore the exti ernes vx, wz, arc paitieular. 
But in the conclusion the extreme invoh ing 1 is oppo-itc, both 
in quantity and quality, to the extreme vx in the fhst piemiss, 
while the extreme involving 2 agrees both in quantity and qua- 
lity with the corresponding extreme wz in the second piemiss. 
Hence the following general law : 
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Second Condition of Inference — Two universal middle 
terms. 

Rule or Inference. — Change the quantity and quality of 
either extreme , and equate the result to the other extreme un- 
changed. 

There aie in the case of unlike middle terms no other condi- 
tions or rules of syllogistic inference than the above. Thus the 
equation (IV ), though reducible to the form of a syllogistic con- 
clusion, when 10 = 1 and v = 1, does not thereby establish a new 
condition of inference ; since, by what has preceded, the single 
condition v - 1 , or w = 1 , would suffice. 

8. The following examples will sufficiently illustrate the ge- 
neral rules of syllogism above given : 

1. All Y’s are X’s. 

All Z’ s are Y’s. 

This belongs to Case 1. All Y’s is the universal middle term. 
The exti ernes equated give as the conclusion 
All Z's are X’s ; 

the universal term, All Z’s, becoming the subject ; the particular 
term (some) X’s, the predicate. 

2. All X’s are Y’s. 

No Z’s are Y’s. 

The proper expression of these premises is 
All X’s are Y’s. 

All Z’s arc not- Y’s. 

They belong to Case 2, and satisfy the first condition of inference. 
The middle term, Y’s, in the fust premiss, is particular-affii m ac- 
tive ; that in the second premiss, not- Y’s, paiticular-negativc. 
If we take All Z’s as the universal extreme, and change its 
quantity and quality according to the ride, we obtain the term 
Some not-Z’s, and this equated with the other extreme, All X’s, 
gives, 

All Xs are not-Z’s, i. e., No X’s are Z’s. 

If we commence with the other universal extreme, and proceed 
similarly, we obtain the equivalent result, 

No Z’s are X’s. 
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3. All Fs are X’s. 

All not- Fs are Fa. 

Here also the middle terms aie unlike in quality. The premises 
therefore belong to Case 2, and there being two universal middle 
terms, the second condition of inference is satisfied. If by the 
rule we change the quantity and quality of the first extieme, 
(some) X’s, we obtain All not-X’s, which, equated with the 
other extreme, gives 

All not- X’s are Fs. 

The reverse order of procedure would give the equivalent result, 
All not-Fs are X’s. 

The conclusions of the two last examples would not be recog- 
nised as valid in the scholastic system of Logic, which virtually 
requiies that the subject of a proposition sliould be affirmative. 
They arc, however, perfectly legitimate in themselves, and the 
rules by which they arc determined form undoubtedly the most 
general canons of syllogistic inference. The piocess of investi- 
gation by which they arc deduced will probably appear to be of 
needless complexity ; and it is ceitain that they might have been 
obtained with greater facility, and without the aid of any sym- 
bolical instrument whatever. It was, however, my object to 
conduct the investigation in the most gencial manner, and by an 
analysis thoioughly exhaustive With this end in view, the 
brevity or piolixity of the method employed is a matter of mdif- 
ferer ze Indeed the analysis is not piopcrly that of the syUpgi$m, 
but < f a much more gencial combination of pioposition/, foi we 
are permitted to assign to the symbols v, i/, w, to', any class-in- 
terpretations that we please. To illustrate this pc mark, I will 
apply the solution (I ) to the following imaginary ca*c : 

Suppose that a number of pieces of cloth striped with diffe- 
rent colours were submitted to inspection, anp that the two fol- 
lowing observations were made upon them : 

1st. That cvciy piece striped with win Ye and giccn was also 
stiiped with black and yellow, and vice veijsa 

2nd That every piece stuped with rad and orange was also 
stiiped with blue and yellow, and vice vc^u. 
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Suppose it then required to determine how the pieces marked 
with grueu stood affected with reference to the colours white, 
black, red, orange, and blue. 

Here if we assume v = white, x = green, v = black, y = yellow, 
w = red, z = orange, w' = blue, the expression of our premises will 
be 

vx = v'y, 
wz= w'y , 

agreeing with the system (1) (2). The equation (I.) then leads 
to the following conclusion : 

Pieces striped with green are either striped with orange, 
white, black, red, and blue, together, all pieces possessing which 
character are included in those striped with green ; or they ore 
striped with orange, white, and black, but not with red or blue ; 
or they are striped with orange, red, and blue, but not with white 
or black ; or they are striped with orange, but not with white or 
red ; or they are striped with white and black, but not with blue 
or orange ; or they are striped neither with white nor orange. 

Considering the nature of this conclusion, neither the sym- 
bolical expression (I.) by which it is conveyed, nor the analysis 
by which that expression is deduced, can be considered as need- 
lessly complex. 

9. The form in which the doctrine of syllogism has been 
presented in this chapter affords ground for an important obser- 
vation. We have seen that in each of its two great divisions the 
entire discussion is reducible, so far, at least, as concerns the de- 
termination of rules and methods, to the analysis of a pair of 
equations, viz , of the system (1), (2), when the premises have 
like middle terms, and of the system (4), (5), when the middle 
terms are unlike. Moreover, that analysis has been actually 
conducted by a method founded upon certain general laws de- 
duced immediately fiom the constitution of language, Chap, n., 
confirmed by the study of the operations of the human mind, 
Chap in , and proved to be applicable to the analysis of all sys- 
tems of equations whatever, by which propositions, or combinar- 
tions of propositions, can be represented, Chap. vm. Here, then, 
we have the means of definitely resolving the question, whether 
syllogism is indeed the fundamental Ij pc of reasoning, — whether 
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the study of its laws is co-cxtcnsive with the study of deductive 
logic. For if it be so, some indication of the fact must be given 
in the systems of equations upon the analysis of which we have 
been engaged. It cannot be conceived that syllogism should be 
the one essential process of 1 caponing, and yet the manifestation 
of that process present nothing indicative of this high quality of 
pre-eminence. No sign, however, appeals that the discussion of 
all systems of equations cxpicssing piopositions is involved in 
that of the particular system examined in tins chapter. And yet 
writers on Logic have been all but unanimous in their assertion, 
not merely of the supicmacy, but of the universal sufficiency of 
syllogistic infeicnce in deductive reasoning. The language of 
Archbishop Whatcly, always clear and definite, and on the sub- 
ject of Logic entitled to peculiar attention, is very express on 
this point. “ For Logic,” he says, “ which is, as it weie, the 
Grammar of Reasoning, docs not biing forward the regular Syl- 
logism as a distinct mode of argumentation, designed to be substi- 
tuted foi any other mode ; but as the form to which all correct 
reasoning may be ultimately reduced.”* And Mr. Mill, in a 
chapter of Ins System of Logic, entitled, “ Of Ratiocination or 
Syllogism,” having enumciatcd the ordinaiy forms of syllogism, 
obseives, “ All valid latiocination, all reasoning by which from 
geneial propositions pieviously admitted, other propositions, 
equally or less geneial, aie infoncd, may be exhibited in some of 
the above forms.” And again “ We aie therefore at liberty, 
in conformity with the geneial opinion of logicians, to consider 
the two elementary forms of the fiist figuie as the univeisal types 
of all correct latiocination.” In accoidancc with these views it 
has been contended that the science of Logic enjoys an immunity 
from those conditions of imperfection and of progress to which 
all other sciences are subject ;t and its oiigin from the travail of 
one mighty mind of old has, by a somewhat daiing metaphor, 
been compared to the mythological birth of Pallas. 

As Syllogism is a species of elimination, the question before 
us manifestly resolves itself into the two following ones : — 1st. 
Whether all elimination is leducible to Syllogism ; 2ndly. Whe- 


* Elements of Logic, p 13, ninth edition, 
f Introduction to Kant’s “Login 11 
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ther deductive reasoning can with propriety be regarded as con- 
sisting only of elimination I believe, upon careful examination, 
the true answer to the former question to be, that it is always 
theoretically possible so to lesolve and combine propositions that 
elimination may subsequently be effected by the syllogistic ca- 
nons, but that the piocess of reduction would in many instances 
be consti aincd and unnatuial, and would involve operations 
which arc not syllogistic To the second question I reply, that 
leasoning cannot, except by an arbitrary restriction of its mean- 
ing, be confined to the process of elimination. No definition can 
suffice which makes it less than the aggregate of the methods 
which arc founded upon the laws of thought, as exercised upon 
propositions ; and among those methods, the process of elimina- 
tion, eminently important as it is, occupies only a place. 

Much of the error, as I cannot but regard it, which prevails 
respecting the natuic of the Syllogism and the extent of its 
office, seems to be founded in a disposition to regard all those 
truths in Logic as pi mat y which possess the character of sim- 
plicity and intuitive ceitainty, without inquiiing into the relation 
which they sustain to other truths in the Science, or to general 
methods in the Ait, of Reasoning Aiistotle’s dictum deomm et 
nullo is a self-ci ident piinciplc. but it is not found among those 
ultimate laws of the reasoning faculty to which all other laws, 
however plain and self-evident, admit of being traced, and from 
which they may in stiictest oidcr of scientific evolution be de- 
duced For though of c\ cry science the fundamental tiuths aic 
usually the most simple of apprehension, yet is not that sim- 
plicity the ct Union by which ihen title to be regarded as funda- 
mental must be judged This must be sought for in the nature 
and extent of the sti ucturc w hick they are capable of supporting. 
Taking this \ icw, Leibnitz appeals to me to have judged cor- 
rectly when he assigned to the “ principle of contradiction” a 
fundamental place in Logic ;* for wc have seen the consequences 
of that law of thought of which it is the axiomatic expression 
(III. 15) But enough has been said upon the nature of deduc- 
tive mfcicncc and upon its constitutive elements The subject of 


’ Nouvcaux Essais sur l’entendement humam. Liv iv cap 2. Theodicec 
l’t I see 44 
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induction may probably receive some attention in another part of 
this woik. 

10 It has been remaiked in this chapter that the ordinary 
treatment of hypothetical, is much more defective than that of 
categorical, piopositions. What is commonly termed the hypo- 
thetical syllogism appeals, indeed, to be no syllogism at all. 
Let the argument — 

If A is B, C is D, 

But A is B, 

Theiefoie C is D, 

be put in the form — 

If the proposition X is true, Y is true, 

But X is true, 

Therefore Y is true ; 

wherein by X is meant the proposition A is B, and by F, the 
proposition C is D. It is then seen that the piemiscs contain 
only two teims or elements, while a syllogism essentially involves 
thi ee The following would be a genuine hypothetical syllogism . 

If X is true, Y is ti uc , 

If Y is ti uc, Z is ti uc , 

If X is tine, Z is true. 

After the discussion of secondary propositions in a formei 
part of this work, it is evident that the fbims of In potlietical 
syllogism must pi esent, in every respect, an exact countcrpait to 
those of categorical syllogism Particular 1’iopositions, such as, 
“ Sometimes if X la true, Y is tine,” may be inti oduccd, and the 
conditions and lules of infeiencc deduced in tills chapter foi ca- 
tegorical syllogisms may, without abatement, be inteipicted to 
meet the concsponding ca°cs in hypothetical* 

11. To what final conclu-ions aie we then led respecting the 
nature and extent of the schola-tic logic’ I thinly to the following, 
that it is not a science, but a collection of scientific tiuths, too 
incomplete to foi m a »v -fein of themselves, and not sufficiently 
fundamental to scivc a« the foundation upon winch a peifect 
system may lest It does not, however, follow, that because the 
logic of the schools has been invested with attubutcs to which it 



242 ARISTOTELIAN LOGIC. [CHAP. XV. 

has no just claim, it is therefore undesciving of regard. Asys- 
tcm which has been associated with the very growth of language, 
which has left its stamp upon the greatest questions and the 
most famous dcinonstiations of philosophy, cannot be altogether 
unworthy of attention. Memory, too, and usage, it must be ad- 
mitted, have much to do with the intellectual processes ; and 
there are ccitam of the canons of the ancient logic which have 
become almost inwo\ cn in the very tcxtiuc of thought in cultured 
minds But whether the mnemonic forms, in which the particu- 
lar rules of conversion and syllogism ha\ e been exhibited, possess 
any real utility, — whether the very skill which they arc supposed 
to impart might not, with gi cater advantage to the mental 
powers, be acquired by the unassisted effoits of a mind left to its 
own resources, — are questions which it might still be not un- 
profitable to examine As concerns the particular lcsults de- 
duced in this chapter, it is to be observed, that they aie solely 
designed to aid the inquiiy concerning the natuie of the 01 dinary 
or scholastic logic, and its relation to a more perfect theory of 
deductive reasoning 
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CHAPTER XVI. 

ON THE THEORY OF PROBABILITIES. 

I . TJEFORE the expiration of another year just two centuries 
will have rolled away since Pascal solved the first known 
question in the theory of Probabilities, and laid, in its solution, 
the foundations of a science possessing no common share of the 
attraction which belongs to the more abstract of mathematical 
speculations. The problem which the Chevalier de Mere, a re- 
puted gamester, proposed to the recluse of Port Royal (not yet 
withdrawn fiom the interests of science* by the more distracting 
contemplation of the “ greatness and the misery of man”), was 
the first of a long series of problems, destined to call into exis- 
tence new methods in mathematical analysis, and to render va- 
luable service in the practical concerns of life Nor does the in- 
terest of the subject centie merely in its mathematical connexion, 
or its associations of utility. The attention is repaid which is 
devoted to the theory of Pi obabihties as an independent object 
of speculation,— to the fundamental modes in which it has been 
conceived, — to the great secondary principles which, as in the 
contemporaneous science of Mechanics, have gradually been an- 
nexed to it, — and, lastly, to the estimate of the measuie of per- 
fection which has been actually attained. I speak heie of that 
perfection which consists in unity of conception and haimony of 
processes. Some of these points it is designed veiy briefly to 
considei in the present chaptei . 

2. A distinguished writerf has thus stated the fundamental 
definitions of the science : 


* See in particular a letter addressed by Pascal to Fermat, who had solicited 
his attention to a mathematical problem (Port Royal, par M de Sainto Beuvo) , 
also various passages in the collection of Fragments published by M Prosper 
Fangdre. 

t Poisson, Recherches surla Probability des Jugemens 
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“ Tlie probability of an event is the reason we have to believe 
that it has taken place, or that it will take place ” 

“ Tlie measure of the probability of an event is the ratio of 
the number of cases favourable to that event, to the total num- 
ber of cases favourable or contrary, and all equally possible” 
(equally likely to happen). 

From these definitions it follows that the word probability, in 
its mathematical acceptation, has reference to the state of our 
knowledge of the chcumstanccs under which ail ev ent may hap- 
pen or fail With the degicc of infoimation which we possess 
concerning the circumstances of an event, the leason we have to 
think that it will occur, or, to use a single term, our expectation of 
it, will vaiy. Probability is expectation founded upon paitial 
knowledge. A perfect acquaintance with all the cncumstances 
affecting the occurrence of an event would change expectation 
into ceitainty, and leave neither loom nor demand for a theory 
of probabilities. 

3. Though our expectation of an event grows stiongei with 
the increase of the ratio of the number of the known cases fa- 
vourable to its occurrence to the whole numbci of equally pos- 
sible cases, fav oui able or unfavourable, it would be unpliilosoplucal 
to affirm that the stiength of that expectation, viewed as an 
emotion of the mind, is capable of being 1 eferred to any numerical 
standard. The man of sanguine temperament builds high hopes 
wheic the timid despau - , and the ii resolute aie lost in doubt. 
As subjects of scientific inquii y, thei e is some analogy between 
opinion and sensation The thermometer and the carefully pre- 
pared photogiapluc plate indicate, not the intensity of the sen- 
sations of heat and light, but ceitain physical cncumstances 
which accompany the pioductior, of those sensations. So also 
the theory of probabilities contemplates the numerical measure 
of the circumstances upon which expectation is founded ; and this 
object embraces the whole range of its legitimate applications. 
The rules which w e employ m life-assurance, and in the other 
statistical applications of the thcoi y of piobabihties, are altogether 
independent of the mental phenomena of expectation. They are 
founded upon the assumption that the future will beai a lescm- 
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blance to the past ; that under the same circumstances the same 
event will tend to lecur with a definite numerical frequency , not 
upon any attempt to submit to calculation the strength of human 
hopes and fears. 

Now expei ience actually testifies that events of a given species 
do, under gi\ cn circumstances, tend to recur with definite fie- 
qucncy, whcthci their tiue causes be known to us or unknown. 
Of couise this tendency is, in general, only manifested when the 
area of obscivation is sufficiently large The judicial rceoids of 
a great nation, its registries of births and deaths, in relation to 
age and sex, &c , present a lemarkable uniformity from year to 
yeai. In a given language, or family of languages, the same 
sounds, and successions of sounds, and, if it be a written lan- 
guage, the same chaiacters and successions of characters lecur 
with determinate ficquencv. The key to the rude Ogham in- 
scriptions, found m various parts of Iicland, and in which no 
distinction of woids could at fiist be tiaced, was, by a strict ap- 
plication of this principle, recovered.* The same method, it is 
understood, has been appliedf to the deciphering of the cuneiform 
lccords recently disentombed from the mins of Nineveh by the 
enterprise of ill Layaid. 

4. Let us endcavoui fiom the above statements and defini- 
tions to foim a conception of the legitimate object of the theory 
of Piobabilitics 

Piobability, it lias been said, consists in the expectation 
founded upon a particulai kind of knowledge, viz , the know- 
ledge of the lelativc fiequency of occuircncc of events Hence 
the piobabilitics of events, or of combinations of events, whether 
deduced from a knowledge of the paiticulai constitution of 
things undci which they happen, m derived fiom the long-con- 
tinued obsei v ation of a past sci les of thcii occun enccs and fai- 
lures, constitute, m all cases, our data. The piobability of some 


* The discovery is due to the Rev Chailes Giaves, Professor of Mathematics 
in the Umveisity ot Dublin — Vide Pioceedmgs of the Royal Irish Academy, 
Feb 14, 1848 Professoi Giaves informs me that ho has verified the principle 
by constructing sequence tables for all the Euiopcan languages 
t By the learned Orientalist, l>i Edward llinoks. 
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connected event, or combination of events, constitutes the cor- 
responding quasitum, or object sought. Now in the most gene- 
ral, yet strict meaning of the term “ event,” every combmation 
of events constitutes also an event. The simultaneous occur- 
rence of two or more events, or the occurrence of an event under 
given conditions, or in any conceivable connexion with other 
events, is still an event. Using the term in this liberty of appli- 
cation, the object of the theory of probabilities might be thus 
defined. Given the probabilities of any events, of whatever 
kind, to find the probability of some other event connected with 
them. 

5. Events may be distinguished as simple or compound, the 
latter term being applied to such events as consist in a combina- 
tion of simple events (I. 13). In this manner we might define it 
as the practical end of the theory under consideration to deter- 
mine the probability of some event, simple or compound, from 
the given probabilities of other events, simple or compound, 
with which, by the terms of its definition, it stands connected. 

Thus if it is known from the constitution of a die that there 

is a probability, measured by the fraction g, that the result of 

any particular throw will be an ace, and if it is requiied to deter- 
mine the probability that there shall occur one ace, and only one, 
in two successive throws, we may state the problem in the order 
of its data and its quasitum, as follows : 

First Datum — Probability of the event that the first throw 
will give an ace = -. 

Second Datum — Probability of the event that the second 
throw will give an ace = 

Qujesitum — -Probability of the event that either the first 
throw will give an ace, and the second not an ace ; or the first 
will not give an ace, and the second will give one. 

Here the two data are the probabilities of simple events de- 
fined as the first throw giving an ace, and the second throw 
giving an ace. The qujesitum is the probability of a compound 
event, — a certain disjunctive combination of the simple events 
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involved or implied in the data. Probably it will generally hap- 
pen, when the numerical conditions of a problem arc capable of 
being deduced, as above, from the constitution of things under 
which they exist, that the data will be tbe probabilities of simple 
events, and the qujesitum the probability of a compound event 
dependent upon the said simple events. Such is the case with a 
class of problems which has occupied perhaps an undue share of 
the attention of those who have studied the theory of probabilities, 
viz , games of chance and skill, in the former of which some 
physical circumstance, as the constitution of a die, detei mines 
the probability of each possible step of the game, its issue being 
some definite combination of those steps ; while in the latter, the 
relative dexterity of the players, supposed to be known a pnon , 
equally determines the same clement. But where, as in statisti- 
cal problems, the elements of our knowledge are diawn, not from 
the study of the constitution of things, but from the registered 
observations of Nature or of human society, there is no reason 
why the data which such observations afford should be the pro- 
babilities of simple events. On the conti ary, the occurrence of 
events or conditions in marked combinations (indicative of some 
secret connexion of a causal character! suggests to us the pro- 
priety of making such concurrences, profitable for future instruc- 
tion by a numerical record of their frequency Now the data 
which observations of this kind afford are the probabilities of 
compound events. The solution, by some general method, of 
problems in which such data arc involved, is thus not only essen- 
tial to the perfect development of the theory of probabilities, but 
also a perhaps necessary condition of its application to a large 
and practically important class of inquiries. 

6 Befoie we proceed to estimate to what extent known me- 
thods may be applied to the solution of problems such as the 
above, it will be advantageous to notice, that there is another 
form under which all questions in the theory ofpiobabilities may 
be viewed ; and this form consists in substituting for events the 
propositions which assert that those events have occurred, or 
will occur ; and viewing the element of numerical probability as 
having reference to the truth of those propositions, not to the oc- 
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currence of the events concerning which they make assertion. 
Thus, instead of considering the numerical fraction p as ex- 
pressing the probability of the occurrence of an event E , let it 
be viewed as representing the probability of the truth of the 
proposition X, which asserts that the event E will occur. Si- 
milarly, instead of any probability, q, being considered as re- 
ferring to some compound event, such as the concurrence of the 
events E and F, let it represent the probability of the truth of 
the proposition which asserts that E and F will jointly occur ; 
and in like manner, let the transformation be made from disjunc- 
tive and hypothetical combinations of events to disjunctive and 
conditional propositions. Though the new application thus as- 
signed to probability is a necessary concomitant of the old one, 
its adoption will be attended with a practical adi antage drawn 
from the circumstance that we have alieady discussed the theory 
of propositions, have defined tlieir principal varieties, and estab- 
lished methods for determining, in e\ ery case, the amount and 
character of their mutual dependence. Upon this, or upon some 
equivalent basis, any general theory of probabilities must rest. 
I do not say that other considerations may not in certain cases of 
applied theory be requisite. The data may prove insufficient for 
definite solution, and this defect it may be thought necessary to 
supply by hypothesis Or, wheie the statement of large num- 
bers is involved, difficulties may arise after the solution, from this 
source, for which special methods of treatment aie required. 
But in eve.y instance, some form of the general problem as above 
stated (Art. 4) is involved, and in the discussion of that problem 
the proper and peculiar work of the theory consists. I desire it 
to be observed, that to this object the investigations of the fol- 
lowing chapters are mainly devoted. It is not intended to enter, 
except incidentally, upon questions involving supplementary hy- 
potheses, because it is of primary importance, even with reference 
to such questions (I. 17), that a general method, founded upon 
a solid and sufficient basis of theoiy, be first established. 

7. The following is a summary, chiefly taken from Laplace, of 
the piinciples which have been applied to the solution of questions 
of probability. They are consequences of its fundamental defini- 
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tions already stated, and may be regarded as indicating the degree 
in which it has been found possible to lender those definitions 
available. 

Principle 1st. If p be the probability of the occurrence of 
any event, 1 -p will be the probability of its non-occuircnce. 

2nd. The probability of the concurrence of two independent 
events is the product of the probabilities of those events. 

3rd The probabdity of the concuncncc of two dependent 
events is equal to the pioduct of the probability of one of them 
by the probability that if that event occur, the other will happen 
also 

4th. The probability that if an event, E, take place, an event, 
F, will also take place, is equal to the probability of the concur- 
rence of the events E and F, divided by the piobability of the 
occurrence of E. 

5th. The probability of the occurrence of one or the other of 
two events which cannot concur is equal to the sum of tlicir se- 
parate probabilities. 

6th. If an observed event can only result from some one of n 
different causes which ai c a pnori equally probable, the proba- 
bility of any one of the causes is a fraction whose numerator is the 
probability of the event, on the hypothesis of the existence of that 
cause, and whose denominator is the sum of the simdar probar- 
bilities relative to all the causes. 

7th. The probability of a future event is the sum of the pro- 
ducts formed by multiplying the probability of each cause by 
the probability that if that cause exist, the said future event 
will take place. 

8 Respecting the extent and the i dative sufficiency of these 
principles, the following obscrv ations may be made. 

1st. It is always possible, by the due combination of these 
principles, to express the probability of a compound event, de- 
pendent in any manner upon independent simple events whose 
distinct probabilities aie given. A very large propoition of the 
problems which have been actually solved arc of this kind, and 
the difficulty attending their solution has not arisen from the in- 
sufficiency of the indications furnished by the tlieoiy of proba- 
bilities, but fiom the need of an analysis which should lender 
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those Indications available when functions of large numbers, 01 
series consisting of many and complicated terms, are theieby in- 
troduced. It may, therefore, be fully conceded, that all pro- 
blems having for their data the probabilities of independent 
simple events fall within the scope of received methods 

2ndly. Certain of the principles above enumerated, and espe- 
cially the sixth and seventh, do not presuppose that all the data 
are the probabilities of simple events. In their peculiar applica- 
tion to questions of causation, they do, however, assume, that the 
causes of which they take account arc mutually exclusive, so 
that no combination of them in the production of an effect is 
possible. If, as before explained, we transfer the numeiical pro- 
babilities fiom the events with which they are connected to the 
propositions by which those events are expressed, the most ge- 
neral problem to which the aforesaid principles are applicable 
may be stated in the following order of data and quanta 

DATA 

1st. The probabilities of the n conditional propositions : 

If the cause At exist, the event E will follow ; 
j» >> E n 

»» -^n »» E ,, 

2nd. The condition that the antecedents of those propositions 
are mutually conflicting 

REQUIREMENTS. 

The probability of the truth of the proposition which declares 
the occurrence of the event E\ also, when that proposition is 
known to be true, the probabilities of truth of the several pro- 
positions which affirm the respective occurrences of the causes 
-d-l, -d 2 • • jf. 

Here it is seen, that the data are the probabilities of a series 
of compound events, expressed by conditional propositions. But 
the system is obviously a very limited and particular one For 
the antecedents of the propositions are subject to the condition of 
being mutually exclusive, and there is but one consequent, the 
event E, in the whole system. It does not follow, from our 
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ability to discuss such a system as the above, that we are able to 
resolve problems whose data aie the probabilities of any system 
of conditional propositions ; far less that we can resolve problems 
whose data are the probabilities of any system of propositions 
ichatever And, viewing the subject in its material rather 
than its formal aspect, it is e\ ident, that the hypothesis of exclu- 
sive causation is one which is not often realized in the actual 
woild, the phenomena of which seem to be, usually, the products 
of complex causes, the amount and chaiactcr of whose co-opera- 
tion is unknown. Such is, without doubt, the case in nearly all 
departments of natural or social inquiry in which the doctrine of 
probabilities holds out any new promise of useful applications. 

9. To the above principles wc may add another, which has 
been stated in the following terms by the Savilian Professor of 
Astronomy in the University of Oxford * 

“ Principle 8. If there be any number of mutually exclusive 
hypotheses, /q, h 2 , h 3 , . . of which the probabdities relative to a 
particular state of information are p,, p 2 , p Jt . . and if new infor- 
mation be given which changes the probabilities of some of them, 
suppose of h, ltti and all that follow, without liming otherwise 
any reference to the rest ; then the probabilities of these latter 
have the same ratios to one another, aftei the new information, 
that they had before, that is, 

P\* Pi* 1 2^ m = P l ' P 2 ' P s ' * * Pmi 

where the accented lcttcis denote the values aftei the new infor- 
mation has been acquired.” 

This piinciple is appaicntly of a more fundamental character 
than the most of those before enumerated, and pci haps it might, as 
has been suggested by Professor Donkin, be regarded as axio- 
matic. It seems indeed to be founded in the very definition of 
the measure of probability, as “ the ratio of the number ot cases 
favourable to an event to the total number of cases favourable or 
contrary, and all equally possible.” For, adopting this definition, 
it is evident that in whatever proportion the number of equally 

* On certain Questions relating to the Theory of Probabilities , by W. F 
Donkin, M. A , F R S , &c. Philosophical Magazine, May, 1851. 
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possible cases is diminished, while the'number of favourable cases 
remains unaltered, in exactly the same proportion will the pio- 
babilities of any events to which these cases has e reference be 
increased. And as the new hypothesis, viz , the diminution of 
the number of possible cases without affecting the number of 
them which are favourable to the events in question, increases 
the probabilities of those events in a constant ratio, the relative 
measures of those probabilities remain unaltcied If the principle 
we are considering be then, as it appeals to be, inseparably in- 
volved in the very definition of probability, it can scarcely, of 
itself, conduct us further than the attentive study of the defini- 
tion would alone do, in the solution of problems. From these 
considerations it appears to be doubtful whether, without some 
aid of a different kind from any that has yet offered itself to our 
notice, any considerable advance, either in the theory of proba- 
bilities as a branch of speculative knowledge, or in the pi actical 
solution of its problems can be hoped foi. And the establish- 
ment, solely upon the basis of any such collection of piinciples as 
the above, of a method universally applicable to the solution of 
problems, without regard either to the number or to the nature 
of the propositions involved in the expression of their data, 
seems to be impossible. For the attainment of such an object 
other elements are needed, the consideration of which will occupy 
the next chapter. 
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CHAPTER XVII. 

DEMONSTRATION OF A GENERAL METHOD FOR THE SOLUTION OF 
PROBLEMS IN THE THEORY OF PROBABILITIES. 

1. TT has been defined (XVI 2), that “ the measure of the 
probability of an event is the ratio of the number of cases 
favourable to that event, to the total numbei of cases favourable 
or unfavourable, and all equally possible.” In the following in- 
vestigations the term probability will be used in the above sense 
of “ measuie of probability.” 

From the above definition we may deduce the following con- 
clusions. 

I. When it is certain that an event will occur, the probability 
of that event, in the above mathematical sense, is 1. For the 
cases which aie favourable to the event, and the cases which are 
possible, aie in this instance the Bamc. 

Hence, also, if p be the probability that an event x will happen, 
l - p will be the probability that the said event will not happen. 
To deduce this result ihrectly from the definition, let m be the 
number of cases favouiable to the event x, n the number of cases 
possible, then n-m is the number of cases unfavouiable to the 
event x Hence, by definition, 

^ = probability that x will happen. 

- — — = probability that x will not happen 
n 

But n-m , m 

=1 = \ - p. 

n n 

II. The probability of the concuncnce of any two events is 
the product of the probability of either of those cicnts by the 
probability that if that e\ent occur, the other will occur also. 

Let m be the number of cases fa\ ourable to the happening 
of the first event, and n the number of equally possible cases un- 
favourable toil; then the probability of the first mentis, bydefini- 
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VI 

tion, . Of the m cases favourable to the first event, let l 

m + n 

cases be favourable to the conjunction of the first and second 
events, then, by definition, — is the probability that if the first 

event happen, the second also will happen Multiplying these 
fractions together, we have 

mil 

X 

m + n m m + n 


But the resulting fraction has for its numerator the num- 

m + n 

ber of cases favourable to the conjunction of events, and for its 
denominator, the number m + n of possible cases. Therefore, 
it represents the probability of the joint occurrence of the two 
events. 

Hence, if p be the probability of any event x, and q the pro- 
bability that if x occur y will occur, the probability of the con- 
junction xy will be pq. 

III. The probability that if an event x occur, the event y will 
occur, is a fraction whose numerator is the probability of their 
joint occurrence, and denominator the probability of the occur- 
rence of the event x. 

This is an immediate consequence of Principle 2nd. 

IV. The probability of the occurrence of some one of a scries 
of exclusive events is equal to the sum of their separate proba- 
bilities. 

For let n be the number of possible cases ; m l the number of 
those cases fav ourable to the first event ; m s the number of cases 
favourable to the second, &c. Then the separate probabilities of 


the events are — , — , &c. Again, as the events are exclusive, 
n n 

none of the cases favourable to one of them is favourable to 
another; and, therefore, the number of cases favourable to some 
one of the scries will be wi, + wi 2 . . , and the probability of some 


one of the series happening will be 


774 1 + TTl't • • ■ 

n 


But this is the 


sum of the pi c\ious fi actions, — , — , &c. Whence the prin- 

nn 

ciple is manifest. 
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2 Definition. — Two events are said to be independent 
when the probability of the happening of either of them is 
unaffected by our expectation of the occurrence or failure of 
the other. 

From this definition, combined with Principle II., we have 
the following conclusion : 

V. The probability of the concurrence of two independent 
events is equal to the product of the separate probabilities of 
those events. 

For if/) be the probability of an event .r, q that of an event y 
regarded as quite independent of x, then is q also the probability 
that if x occur y will occur Hence, by Principle II., pq is the 
probability of the concurrence of x and y. 

Under the same circumstances, the probability that x will 
occur and y not occur will be p (1 - q). F or p is the probability 
that x will occur, and 1 - q the pro liability that y will not occur. 
In like manner (1 - p) (1 - q) will be the probability that both 
the events fail of occurring 

3. There exists yet another principle, different in kind from 
the above, but necessary to the subsequent investigations of this 
chapter, before proceeding to the explicit statement of which I 
desire to make one or two preliminary observations. 

I would, in the first place, remark that the distinction be- 
tween simple and compound events is not one founded in the 
nature of events themselves, but upon the mode or connexion in 
which they are presented to the mind. How many separate par- 
ticulars, for instance, are implied in the terms “ To be in health,” 
“ To prosper,” &c., each of which might still be legarded as 
expressing a “ simple event” ? The prescriptive usages of lan- 
guage, which have assigned to particular combinations of events 
single and definite appellations, and have left unnumbered other 
combinations to be expressed by corresponding combinations of 
distinct terms or phrases, is essentially arbitrary When, then, 
we designate as simple events those which are expressed by a 
single verb, or by what grammaiians term a simple sentence, we 
do not thereby imply any real simplicity in the events them- 
selves, but use the term solely with reference to grammatical 
expression. 
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4. Now if this distinction of events, as simple or compound, is 
not founded in their real nature, but rests upon the accidents of 
language, it cannot affect the question of their mutual depend- 
ence or independence. If my knowledge of two simple events is 
confined to this particular fact, viz., that the probability of the 
occurrence of one of them is p, and that of the other q , then I re- 
gard the events as independent, and thereupon affirm that the 
probability of their joint occunence is pq But the ground of 
this affirmation is not that the events are simple ones, but that 
the data afford no information whatever concerning any connexion 
or dependence between them. When the probabilities of events 
aie given, but all information respecting their dependence with- 
held, the mind legarda them as independent. And this mode of 
thought is equally correct whether the events, judged according 
to actual expression, are simple or compound, 1 . e., whether each 
of them is expiessed by a single verb or by a combination of 
verbs. 

5. Let it, how ever, be supposed that, together with the pro- 
babilities of certain events, we possess some definite infoimation 
respecting their possible combinations. For example, let it be 
known that certain combinations are excluded from happening, 
and theiefoie that the remaining combinations alone aie possible. 
Then still is the same geneial principle applicable. The mode 
in which we avail ourselves of this information in the calculation 
of the probability of any conceivable issue of events depends not 
upon the natuie of the events whose pi obabilities and whose 
limits of possible connexion arc given. It matteis not whether 
they are simple or compound. It is indifferent from what source, 
or by what methods, the knowledge of their probabilities and of 
their connecting relations has been derived We must regard 
the events as independent of any connexion beside that of which 
we have information, deeming it of no consequence whether such in- 
formation has been explicitly conveyed to us in the data , or thence 
deduced by logical inference. And this leads us to the statement 
of the general principle in question, viz. : 

YI. The events whose pi obabilities are given are to be re- 
gal ded as independent of any connexion but such as is either 
expressed, oi nccessai if) implied, in the data; and the mode in 
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■which our knowledge of that connexion is to be employed is in- 
dependent of the nature of the source from which such know- 
ledge has been deiived. 

The practical importance of the above principle consists 
in the circumstance, that whatever may be the nature of the 
events whose probabilities are given, — whatever the nature of 
the event whose piobabihty is sought, we are always able, by an 
application of the Calculus of Logic, to determine the expression 
of the latter event as a definite combination of the former events, 
and definitely to assign the whole of the implied relations con- 
necting the former events with each other. In other words, we 
can determine what that combination of the given events is whose 
probability is required, and what combinations of them are alone 
possible. It follows then from the above principle, that we can 
reason upon those events as if they were simple events, whose 
conditions of possible combination had been directly given by 
experience, and of which the probability of some definite combi- 
nation is sought. The possibility of a general method in proba- 
bilities depends upon this reduction. 

6. As the investigations upon which we are about to enter 
are based upon the employment of the Calculus of Logic, it is 
necessary to explain ccitain terms and modes of expression which 
are derived fiom this application. 

By the event x, I mean that event of which the proposition 
which affirms the occurrence is symbolically expressed by the 
equation 

x = 1. 

By the event <p (%, y, z , . .), I mean that event of which the 
occuncnce is expressed by the equation 

*>••) = L 

Such an event may be termed a compound event, in relation to 
the simple events x, y, s, which its conception imolvcs. Thus, 
if x represent the event “ It rains,” y the event “ It tliundcis,” 
the separate occunences of those events being expressed by the 
logical equations 

x = 1, y = L 

then will *(l-y) + y(l-x) represent the event or state of 
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things denoted by the Proposition, “ It either rains or thunders, 
but not both the expression of that state of things being 

*(1 -y) + y (i-*) = i* 

If for brevity we lepresent the function <p (a:, y, z, . .), used in 
the above acceptation by V, it is evident (VI. 13) that the law 
of duality 

F(1 - F) = 0, 
will be identically satisfied. 

The simple events x, y, z will be said to be “ conditioned” 
when they are not free to occur in every possible combination ; 
in other words, when some compound event depending upon 
them is precluded from occurring. Thus the events denoted by 
the propositions, “It rains,” “ It thundeis,” are “conditioned” 
if the event denoted by the proposition, “ It thunders, but does 
not ram,” is excluded from happening, so that the range of pos- 
sible is less than the range of conceivable combination. Simple 
unconditioned events are by definition independent. 

Any compound event is similarly said to be conditioned if it 
is assumed that it can only occur under a certain condition, that 
is, in combination with some other event constituting, by its pre- 
sence, that condition. 

7. We shall proceed in the natural order of thought, from 
simple and unconditioned, to compound and conditioned events. 


Proposition I. 


1st. If p, q, r are the respective probabilities of any uncon- 
ditioned simple events x, y, z, the probability of any compound 
event V will be [F], this function [F] being formed by changing , 
in the function F, the symbols x, y, z into p, q, r, Sfc. 

2ndly. Under the same circumstances, the probability that if 
the event V occui, any other event V will also occur , will be 
rFF'l 

wherein [ FF 7 ] denotes the result obtained by multiplying 

together the logical functions V and V', and changing in the result 
x, y, z, § c into p, q, r, fyc. 

Let us confine our attention in the first place to the pos- 
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sible combinations of the two simple events, x and y, of which the 
respective probabilities are p and q. The primary combinations 
of those events (V. 11), and their corresponding probabilities, arc 
as follows : 

EVENTS. PROBABILITIES. 

xy , Concurrence of x and y, pq. 

x (1 - y), Occurrence of x without y, p (1 - q). 

(1 - x) y. Occurrence of y without x, (1 - p)q. 

(1 - x) (1 - y), Conjoint failure of x and y, (1 ~p) (1 - q). 

We see that in these cases the probability of the compound event 
represented by a constituent is the same function of p and q as 
the logical expression of that event is of x and y ; and it is obvious 
that this remark applies, whatever may be the number of the 
simple events whose probabilities are given, and whoBeyomf ex- 
istence or failure is involved in the compound event of which we 
seek the probability. 

Consider, in the second place, any disjunctive combination of 
the above constituents The compound event, expressed in or- 
dinary language as the occurrence of “ cither the event x without 
the event y, or the event y without the event x," is symbolically 
expressed in the foim x (1 - y) + y (1 - x), and its probability, 
determined by Principles iv. and v., is p (1 - ?) + <? (1 -p) The 
latter of these expressions is the same function of p and q as the 
former is of x and y. And it is obvious that this is also a par- 
ticular illustration of a general rule. The events which arc ex- 
pressed by any two or more constituents arc mutually exclusive. 
The only possible combination of them is a disjunctive one, ex- 
pressed in ordinary language by the conjunction or, in the lan- 
guage of symbolical logic by the sign +. Now the probability of 
the occurrence of some one out of a set of mutually exclusive 
events is the sum of their separate probabilities, and is expressed 
by connecting the expressions for those sepaiate probabilities by 
the sign +. Thus the law above exemplified is seen to be general. 
The probability of any unconditioned event V will be found by 
changing in V the symbols x, y, z, . . into p, q,r, . . 

8. Again, by Principle m., the probability that if the event 
V occur, the event V will occur with it, is expressed by a ftac- 
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tion whose numerator is the probability of the joint occurrence 
of V and V', and denominator the probability of the occurrence 
of V. 

Now the expression of that event, or state of things, which is 
constituted by the joint occurrence of the events V and V', will 
be formed by multiplying together the expressions V and V ac- 
cording to the rules of the Calculus of Logic ; since whatever 
constituents are found in both V and V will appear in the pro- 
duct, and no others. Again, by what has just been shown, the 
probability of the event represented by that product will be de- 
termined by changing therein x, y, z into p, q, r, . . Hence the 
numerator sought will be what {VV^ by definition represents. 
And the denominator will be [F], wherefore 

rvvi 

Probability that if V occur, V will occur with it = ■ 

9. For example, if the probabilities of the simple events 
x, y, z are p, q, r respectively, and it is required to find the pro- 
bability that if cither x or y occur, then either y or z will occur, 
we have for the logical expressions of the antecedent and conse- 
quent — 

1st Either x or y occurs, x (1 - y) + y (1 - .r). 

2nd. Either y or z occurs, y (1 - z) + z (1 - y). 

If now we multiply these two expressions together according to 
the rules of the Calculus of Logic, we shall have for the expres- 
sion of the concurrence of antecedent and consequent, 

x=(\-y) + y(\-x) (1-z). 

Changing in this result r, y, z into p, q, r, and similarly trans- 
forming the expression of the antecedent, we find for the proba- 
bility sought the value 

P r ( !-?)■* 9(1 ~P) (1 -r) 

p(i-q) + q(i-p) 

The special function of the calculus, in a case like the above, is 
to supply the office of the reason in determining what are the 
conjunctures involved at once in the consequent and the ante- 
cedent. But the advantage of this application is almost entirely 
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prospective, and will be made manifest in a subsequent propo- 
sition 


Proposition II. 

10. Tt is known that the probabilities of certain simple events 
x, y, z, . . are p, q,r , . . respectively when a certain condition V is 
satisfied; V being m expression a function of x, y, z, . . Required 
the absolute probabilities of the events x, y, z, . . , that is, the 
probabilities of their respective occurrence independently of the con- 
dition V. 


Let p, q', r, &c., be the probabilities required, i. e. the pro- 
babilities of the events x, y, z, . . , regarded not only as simple, 
but as independent events. Then by Prop. i. the probabilities 
that these events will occur when the condition F, represented 
by the logical equation V= 1, is satisfied, are 


w m w &c 

[p]’ [ F] ’ A ' C ’’ 

in which [a: F] denotes the result obtained by multiplying F by 
x, according to the rules of the Calculus of Logic, and changing 
in the result x, y, z, into p, q', r, &c. But the above condi- 
tioned probabilities are by hypothesis equal to p, q, r, . . re- 
spectively. Hence we have, 


[H 


= Pi 


Ml 

\r\ 


=?» 


[*F] 

IT] 


■= r, &c., 


from which system of equations equal in number to the quanti- 
ties p', (fi, r\ . . , the values of those quantities may be deter- 
mined. 

Now x V consists simply of those constituents in F of which 
a: is a factor. Let this sum be represented by V x , and in like 
manner let y V be represented by &c. Our equations then 
assume the form 




=p> 


&c • 


(0 


where [ FJ denotes the results obtained by changing in V x the 
symbols x, y, z, &c., into p\ q', r,' &c. 

To render the meaning of the general problem and the prin- 
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ciple of its solution more evident, let us take the following ex- 
ample. Suppose that in the drawing of balls from an urn 
attention had only been paid to those cases in which the balls 
drawn were either of a paiticular colour, “white,” or of a par- 
ticular composition, “ marble,” or were marked by both these 
characters, no lecord having been kept of those cases in which a 
ball that was neither white nor of marble had been drawn. Let 
it then have been found, that whenever the supposed condition 
was satisfied, there was a piobability p that a white ball would be 
drawn, and a probability q that a marble ball would be drawn : and 
from these data alone let it be required to find the probabdity 
that in the next drawing, without reference at all to the condi- 
tion above mentioned, a white ball will be drawn ; also the pro- 
bability that a marble ball will be drawn. 

Here if x represent the drawing of a white ball, y that of a 
marble ball, the condition V will be represented by the logical 
function 

xy + x (1 - y) + (1 - x) y. 

Hence we have 

V x = xy + x(\-y) = x, V„ = xy + (l - x) y = y ; 
whence 

m-p> ra=?s 

and the final equations of the problem are 

p = £ 

pg'+p(i-q') + q'(i-p) p ’ pV+p( l ~q') + q'( l ~ pl q> 

from which we find 

, p + q-\ , p +q - 1 

P j 9= • 

q P 

It is seen that p and q are respectively proportional to p and 
q, as by Professor Donkin’s principle they ought to be. The 
solution of this class of problems might indeed, by a direct appli- 
cation of that principle, be obtained. 

To meet a possible objection, I here remark, that the above 
reasoning docs not require that the drawings of a white and a 
marble ball should be independent, in virtue of the physical con- 
stitution of the balls. The assumption of their independence is 
indeed involved in the solution, but it does not rest upon any 
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prior assumption as to the nature of the balls, and their relations, 
or freedom from relations, of form, colour, structure, &c. It is 
founded upon our total ignorance of all these things. Probabi- 
lity always has reference to the state of our actual knowledge, 
and its numerical value varies with varying information. 

Proposition III. 

11. To determine in any question of probabilities the logical 
connexion of the qucesitum with the data ; that is, to assign the event 
whose probability is sought , as a logical function of the event whose 
probabilities are given. 

Let S, T, &c , represent any compound events whose pro- 
babilities are given, S and T being in expression known func- 
tions of the symbols x, y, z, &c., representing simple events. 
Similarly let W represent any event whose probability is Bought, 
W being also a known function of x, y, z, &c As S, T, . . TV 
must satisfy the fundamental law of duality, we are permitted 
to replace them by single logical symbols, s, t, . . w. Assume 
then 

s = S, t = T, w -W. 

These, by the definition of S, T, . . TV, will be a series of 
logical equations connecting the symbols s, t , . . w, with the sym- 
bols x, y, z . . 

By the methods of the Calculus of Logic we can eliminate 
from the above system any of the symbols x, y, z, . . , repre- 
senting events whose probabilities are not given, and determine 
w as a developed function of s, t, &c., and of such of the symbols 
x, y, z, &c., if any such there be, as correspond to events whose 
probabilities are given The result will be of the form 

w=A+0B+-C+- D , 

where A, B, C, and D comprise among them all the possible 
constituents which can be formed from the symbols s, t, &c., i. e. 
from all the symbols representing events whose probabilities are 
given. 

The above will evidently be the complete expression of the 
relation sought. For it fully determines the event W, repre- 
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sented by the single symbol w, as a function or combination of 
the events similarly denoted by the symbols s, t, &c., and it as- 
signs by the laws of the Calculus of Logic the condition 

.0 = 0 , 

as connecting the events s, t, &c , among themselves We may, 
therefore, by Principle vi., regard s, t, &c., as simple events, of 
winch the combination w, and the condition with which it is as- 
sociated D , are definitely determined. 

Uniformity in the logical processes of reduction being de- 
sirable, I shall here state the order which will generally be pur- 
sued. 

12. By (YIII. 8), the primitive equations are reducible to 
the forms 

s(l-S) + S(l-*) = 0; 

<(l-2>r(l-<) = 0; (l) 

w(\-W)+ IP(1- w) = 0 ; 

under which they can be added together without impairing their 
significance. We can then eliminate the symbols x, y, z, either 
separately or together. If the latter course is chosen, it is ne- 
cessary, after adding together the equations of the system, to 
develop the result with reference to all the symbols to be elimi- 
nated, and equate to 0 the product of all the coefficients of the 
constituents (VII 9). 

As w is the symbol whose expression is sought, we may also, 
by Prop. Hi. Chap, ix., express the result of elimination in the 
form 

Ew + E'(\ - w) = 0. 

E and E' being successively determined by making in the 
general system (1), w - 1 and w = 0, and eliminating the symbols 
x, y, z, . . Thus the single equations from which E and E are 
to be lespectivcly determined become 

s (1 -aS) + 5(1 -s) + t(l - T) + T(l- t) . . + 1 - W= 0; 
«(l-S) + fi(l-i) + #(l-I}+:r(l-f) + Wm 0. 

From these it only remains to eliminate x, y, z, & c., and to de- 
termine w by subsequent development. 
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In the process of elimination we may, if needful, avail our- 
selves of the simplifications of Props, i. and 11 . Chap ix 

13 Should the data, beside infoiming us of the probabilities 
of events, fuither a-t-igu among them any explicit connexion, such 
connexion must be logically expressed, and the equation or equa- 
tions thus formed be intioduced into the general system. 

Proposition IV. 

14. Given the pi obabihties of any system of events ; to deter- 
mine by a general method the consequent or dei wed probability of 
any other event. 

As in the last Proposition, let S, T, &c., be the events whose 
probabilities are given, W the event whose probability is sought, 
these being known functions of x, y, z, Sea. Let us represent the 
data as follows : 

Probability of £ = p ; 

Probability of T= q ; ^ ^ 

and so on, p, q, &c , being known numerical values. If then 
we represent the compound event *S by s, T by t, and W by w, 
we find by the last proposition, 

w = A + 6 B + ^C +^D-, (2) 

A , B, C, and D being functions of s, t, &c. Moreover the data 
(1) are transformed into 

Prob. s = p, Prob. t = q, &c. 

Now the equation (2) is resolvable into the system 
w = A + qC 1 
D= 0, J 

q being an indefinite class symbol (VI. 12). But since 
properties of constituents (V. Prop, in.), we have 

A + B+ C + D=\, 

the second equation of the above system may be expressed in the 
form 


( 3 ) 

( 4 ) 

by the 


A + B+ C= 1. 
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If we represent the function A + B + C by F, the system (4) 
becomes 

w = A + qC; (5) 

V=l. (6) 

Let us for a moment consider this result. Since F is the sum 
of a series of constituents of s, t, &c., it represents the compound 
event in which the simple events involved are those denoted by 
s, t, &c. Hence (6) shows that the events denoted by s, t, &c., 
.and whose probabilities are p, q, &c., have such probabilities not 
as independent events , but as events subject to a certain condition 
V. Equation (5) expresses w as a similarly conditioned combi- 
nation of the same events. 

Now by Principle vi the mode in which this knowledge of the 
connexion of events has been obtained does not influence the mode 
in which, when obtained, it is to be employed. We must reason 
upon it as if experience had presented to us the events .s, t, &e., 
as simple events, free to enter into every combination, but pos- 
sessing, when actually subject to the condition V, the probabili- 
ties p, q, &c., respectively. 

Let then p', q', • • , be the corresponding probabilities of such 
events, when the restriction F is removed. Then by Prop. ii. 
of the present chapter, these quantities will be determined by the 
system of equations, 

[-£] = p > = 00 

and by Prop. i. the probability of the event w under the same 
condition V will be 

Prob w = ( 8 ) 

wherein V, denotes the sum of those constituents in F of which s 
is a factor, and [F,] what that sum becomes when s, t, . . , are 
changed into p, q, . , respectively. The constant c represents 
the probability of the indefinite event q\ it is, therefore, arbitrary, 
and admits of any value from 0 to 1. 

Now it will be observed, that the values of p, q', &c., are de- 
termined from (7) only in order that they may be substituted in 
(8), so as to render Prob. w a function of known quantities, p, q, 
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Ac. It is obvious, therefore, that instead of the letters p', q', Ac., 
we might employ any others as s, t, Ac , in the same quantitative 
acceptations. This particular step would simply inv olvc a change 
of meaning of the symbols s, t, Ac — their ceasing to be logical , 
and becoming quantitative. The systems (7) and (8) would then 
become 

= = <7, Ac.; (9) 

Prob. w = — + y C ^ . (10) 

In employing these, it is only necessary to determine from (9) 
s, t, Ac., regarded as quantitative symbols, in terms of p, q, Ac., 
and substitute the resulting values in (10). It is evident, that 
s, t, Ac , inasmuch as they represent probabilities, will be positive 
proper fractions. 

The system (9) may be more symmetrically expressed in the 
form 

V V, 

- V 

— • • — r * 

P ( J 

Or we may express both (9) and (10) together in the symme- 
trical system 

V 1 _Vt A + cC 

p q u 

wherein u represents Prob. w 

15. It remains to intcipret the constant c assumed to repre- 
sent the probability of the indefinite event q Now the logical 
equation 

w = A + qC, 

interpreted in the reverse order, implies that if either the event 
A take place, or the event C in connexion with the event q, the 
event w will take place, and not otherwise Hence q represents 
that condition under which, if the event C take place, the event 
w will take place But the probability of q is r. Hence, there- 
fore, c = probability that if the event C take place the event w 
will take place. 

Wherefore by Principle ii , 

Probability of concurrence of C and to 
C Probability of C 
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We may hence determine the nature of that new experience 
from which the actual value of c may be obtained. For if we 
substitute in C for s, t, &c., their oiiginal expressions as func- 
tions of the simple events x, y, z, &c., we shall form the ex- 
pression of that event whose probability constitutes the denomi- 
nator of the above value of c ; and if we multiply that expression 
by the original expression of w, we shall form the expression of 
that event whose probability constitutes the numerator of c, and 
the ratio of the frequency of this event to that of the former one , de- 
termined by new observations, will give the value of c. Let it be 
remarked here, that the constant c does not necessarily make its 
appearance in the solution of a problem. It is only when the 
data are insufficient to render determinate the probabdity sought, 
that this arbitrary element presents itself, and in this case it is 
seen that the final logical equation (2) or (5) informs us how it 
is to be determined 

If that new experience by which c may be determined can- 
not be obtained, we can still, by assigning to c its limiting values 
0 and 1, determine the limits of the piobability of w. These 
are 

A 

Minor limit of Prob. w = ^ . 


Superior limit 


A+C 
V ' 


Between these limits, it is certain that the probability sought 
must lie independently of all new experience which does not ab- 
solutely contradict the past. 

If the expression of the event C consists of many constituents, 
the logical value of w being of the form 

w = A + ^Ci + ^C 2 + &c., 


we can, instead of employing their aggregate as above, present 
the final solution in the form 


Prob. w i= 


A + C\C\ + C 2 C 2 + &c. 
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Here Ci = probability that if the event Ci occur, the event w will 
occur, and so on for the others. Convenience must decide which 
form is to be prefeired 

16. The above is the complete theoretical solution of the 
problem proposed. It may be added, that it is apphcable equally 
to the case in 'which any of the events mentioned in its original 
statement are conditioned. Thus, if one of the data is thepioba- 
bility p, that if the event x occui the event y will occur ; the 
probability of the occunence of a: not being given, we must as- 
sume Prob. x = c (an aibitiaiy constant), then Prob. xy = cp, and 
these two conditions must be introduced into the data, and em- 
ployed according to the previous method. Again, if it is sought 
to determine the probability that if an event x occur an event y 
will occur, the solution will assume the form 

Prob sought = p^, 

the numerator and denominator of which must be separately de- 
termined by the previous general method. 

IT. We are enabled by the results of these investigations to 
establish a general rule foi the solution of questions in probabi- 
lities. 


General Rule. 

Case I. — When all the events are ■unconditioned . 

Form the symbolical expressions of the events whose proba- 
bilities are given or sought 

Equate such of those expressions as relate to compound events 
to a new series of symbols, s, t, &c,, which symbols regard as re- 
presenting the events, no longer as compound but simple, to 
whose expressions they have been equated. 

Eliminate from the equations thus formed all the logical sym- 
bols, except those which express events, s, t, &c , whose respective 
probabilities p, q, &c are given, or the event w whose probability 
is sought, and determine w as a developed function of s, t, dLc. 
in the form 


w = A + 0 B + - C + - P. 
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Let A + B + C = V, and let V, represent the aggregate of 
those constituents in. V which contain s as a factor, V t of those 
which contain t as a factor, and thus for all the symbols whose 
probabilities are given. 

Then, passing from Logic to Algebra, form the equations 


V. 

P 



Prob. so = 


A+cC 
V * 


( 1 ) 

( 2 ) 


from (1) determine s, t, &c. as functions of p, q, &c., and sub- 
stitute their values in (2). The result will express the solution 
required. 

Or form the symmetrical system of equations 

V. = Vt A + cC V 
p q u 1* 

where u represents the probability sought. 

If c appear in the solution, its interpretation will be 

Prob. Cw 
° Prob. c ’ 

and this interpretation indicates the nature of the experience 
which is necessary for its discovery. 

Case II. — When some of the events are conditioned. 

If there be given the probability p that if the event X occur, 
the event Y will occur, and if the probability of the antecedent 
X be not given, resolve the proposition into the two following, 
viz. : 

Probability of X = e, 

Probability of XY = cp. 

If the qusesitum be the probability that if the event W occur, 
the event Z will occur, determine separately, by the previous 
case, the terms of the fraction 

Piob. WZ 
Piob. W ’ 

and the fraction itself will express the probability sought 
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It is understood in this case that X, Y, W, Z may be any 
compound events whatsoever The expressions X Y and WZ 
represent the pioducts of the symbolical expressions of X and Y 
and of W and Z, formed according to the mles of the Calculus of 
Logic 

The determination of the single constant c may in certain 
cases be resolved into, or replaced by, the determination of a series 
of arbitrary constants c„ c 2 . according to convenience, as pre- 
viously explained. 

18. It has been stated (1. 12) that there exist two distinct de- 
finitions, or modes of conception, upon which the theory of pro- 
babilities may be made to depend, one of them being connected 
more immediately with Number, the other more directly with 
Logic. We have now considered the consequences which flow 
from the numerical definition, and have shown how it conducts 
us to a point in which the necessity of a connexion with Logic 
obviously suggests itBelf. We have seen to some extent what 
is the nature of that connexion ; and further, in what manner the 
peculiar processes of Logic, and the more familiar ones of quanti- 
tative Algebra, arc involved in the same general method of solu- 
tion, each of these so accomplishing its own object that the two 
processes may be regarded as supplementary to each other. It 
remains to institute the reverse order of investigation, and, setting 
out from a definition of probability in which the logical relation 
is more immediately involved, to show how the numerical defini- 
tion would thence arise, and how the same general method, 
equally dependent upon both elements, would finally, but by a 
different order of procedure, be established 

That between the symbolical expressions of the logical cal- 
culus and those of Algebra there exists a close analogy, is a fact 
to which attention has frequently been directed in the course of 
the present treatise. It might even be said that they possess a 
community of forms, and, to a very considerable degree, a com- 
munity of laws. With a single exception in the latter respect, 
their difference is only one of interpretation. Thus the same 
expression admits of a logical or of a quantitative interpietation, 
according to the particular meaning which we attach to the sym- 
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bols it involves The expression xy represents, under the former 
condition, a concurrence of the events denoted by x and y ; under 
the latter, the product of the numbers or quantities denoted by x 
and y. And thus every expression denoting an event, simple or 
compound, admits, under another system of interpretation, of a 
meaning purely quantitative. Here then arises the question, 
whether there exists any principle of transition, in accordance 
with which the logical and the numerical interpretations of the 
same symbolical cxpiession shall have an intelligible connexion. 
And to this question the following consideiations afford an 
answer. 

19. Let it be granted that there exists such a feeling as ex- 
pectation, a feeling of which the object is the occurrence of events, 
and which admits of differing degrees of intensity. Let it also 
be granted that this feeling of expectation accompanies our 
knowledge of the ciicumstances under which events are pioduced, 
and that it varies with the degree and kind of that knowledge. 
Then, without assuming, or tacitly implying, that the intensity 
of the feeling of expectation, viewed as a mental emotion, admits 
of precise numerical measuiement, it is perfectly legitimate to 
inquire into the possibility of a mode of numerical estimation 
which shall, at least, satisfy these following conditions, viz., that 
the numerical value which it assigns shall increase when the 
known circumstances of an event are felt to j'ustify a stionger 
expectation, shall diminish when they demand a weaker expec- 
tation, and shall remain constant when they obviously require an 
equal degree of expectation. 

Now these conditions at least will be satisfied, if we assume 
the fundamental principle of expectation to be this, viz., that the 
laws for the expiession of expectation, viewed as a numerical 
element, shall be the same as the laws for the expression of the 
expected event viewed as a logical clement. Thus if if> (x, y, z) re- 
present any unconditional event compounded in any manner of 
the events x, y, z, let the same expression 0 (x, y, z), according 
to the above principle, denote the expectation of that event; 
x, y, z representing no longer the simple events involved, but 
the expectations of those events. 
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For, in the first place, it is evident that, under this hypothesis, 
the probability of the occurrence of some one of a set of mutually 
exclusive events will be equal to the sum of the separate proba- 
bilities of those events. Thus if the alternation in question con- 
sist of n mutually exclusive events whose expressions are 

<pi(, x ) y> & (x> y> z ) 0« Hi 2 )> 

the expression of that alternation will be 

0. (x, y , z) + 02 (*> y, z) • - + 0» ( X , y, z) = 1 ; 

the literal symbols x, y, z being logical, and relating to the sim- 
ple events of which the three alternatives are compounded: 
and, by hypothesis, the expression of the probability that some 
one of those alternatives will occur is 

0i (*, y, x) + 02 Or, y, z) . . + 0„ (*, y , 2 ), 

x, y, z here denoting the probabilities of the above simple events. 
Now this expression increases, cateris paribus, with the increase 
of the number of the alternatives which are involved, and di- 
minishes with the diminution of their number ; which is agree- 
able to the condition stated. 

Furthermore, if we set out from the above hypothetical defi- 
nition of the measure of probability, we shall be conducted, 
either by necessary inference or by successive steps of suggestion, 
which might perhaps be termed necessary, to the received nu- 
merical definition. We arc at once led to recognise unity (1) 
as the proper numerical measure of certainty. Foi it is certain 
that any event x or its contrary 1 - x will occur. The expres- 
sion of this proposition is 

x + (1 - a:) = 1, 

whence, by hypothesis, x+ (1 - x), the measure of the proba- 
bility of the above proposition, becomes the measure of certainty. 
But the value of that expression is 1, whatever the particular 
value of x may be. Unity, or 1, is theiefore, on the hypothesis 
in question, the mcasuie of ccitainty. 

Let there, in the next place, be n mutually exclusive, but 
equally possible events, which we will represent by . . t„. 
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The proposition which affirms that some one of these must occur 
will be expressed by the equation 

..+ /([ s 1 j 

and, as when we pass in accordance with the reasoning of the 
last section to numerical probabilities, the same equation remains 
true in form, and os the probabilities #„ t 2 . . t„ are equal, we 
have 

nti = 1 , 

whence h = -, and similarly t 2 •= t„ = -. Suppose it then re- 

71 71 71 

quired to determine the probability that some one event of the 
partial scries t 2 . . t m will occur, we have for the expiession 
required 

t, + t to m terms 

n n 

m 

n' 

Hence, therefore, if there are m cases favourable to the occur- 
rence of a particular alternation of events out of n possible and 
equally probable cases, the probability of the occurrence of that 

,771 

alternation will be expressed by the fraction — . 

n 

Now the occurrence of any event which may happen in diffe- 
rent equally possible ways is really equivalent to the occurrence 
of an alternation, i. c., of some one out of a set of alternatives. 
Hence the probability of the occurrence of any event may be 
expicssed by a fraction whose numerator repiesents the number 
of cases favouiablc to its occurrence, and denominator the total 
number of equally possible cases. But this is the rigorous nume- 
lical dchnition of the measure of probability That definition is 
thcrefoie involved in the more peculiarly logical definition, the 
consequences of which we have endeavoured to trace. 

20. From the above investigations it clearly appears, 1st, 
that whether we set out from the ordinary numerical definition 
of the mcasuic of probability, or fiom the definition which assigns 
to the numerical measure of probability such a law of value as 
shall establish a formal identity between the logical expressions 
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of events and the algebraic expressions of their values, we shall 
be led to the same system of practical results 2ndly, that 
either of these definitions pursued to its consequences, and con- 
sidered in connexion with the relations which it inseparably in- 
volves, conducts us, by inference or suggestion, to the other 
definition. To a scientific view of the theory of probabilities 
it is essential that both principles should be viewed together, in 
their mutual bearing and dependence. 
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CHAPTER XVIII. 

ELEMENTARY ILLUSTRATIONS OF THE GENERAL METHOD IN PROBA- 
BILITIES 

1. XT is designed here to illustrate, by elementary examples, 
the general method demonstrated in the last chapter. 
The examples chosen will be chiefly such as, from their sim- 
plicity, permit a ready verification of the solutions obtained. 
But some intimations will appear of a higher class of problems, 
hereafter to be more fully considered, the analysis of which 
would be incomplete without the aid of a distinct method deter- 
mining the necessary conditions among their data, in order that 
they may represent a possible experience, and assigning the cor- 
responding limits of the final solutions. The fuller consideration 
of that method, and of its applications, is reserved for the next 
chapter. 

2. Ex. 1.— The probability that it thunders upon a given 
day is p, the probability that it both thunders and hails is q, but 
of the connexion of the two phenomena of thunder and hail, no- 
thing fur ther is supposed to be known. Required the probability 
that it hails on the proposed day. 

Let x represent the event — It thunders. 

Let y represent the event — It hails. 

Then xy will represent the event — It thunders and hads ; and 
the data of the problem are 

Prob. x = p, Prob. xy = q. 

There being here but one compound event xy involved, assume, 
according to the rule, 

xy = w. (1) 

Our data then become 

Prob. x = p, Prob a = q ; 
and it is required to find Prob. y Now (1) gives 


( 2 ) 
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y = jjj = VX + ^ w(l - x) + ° (1 - U) X + j|(l - u) (1 - x). 


Hence (XVII. 17) we find 

V = ux + (1 - u) x + (1 - u) (1 - x), 
V x = wx + (1 - u) x = x, V u - ux-, 


and the equations of the General Rule, viz., 



P ? 


Prob. y 


A + cC 

y~ 


become, on substitution, and observing that A - ux, C = ( 1 -u) 
(l - x ), and that V reduces to x + (1 - u) (1 - x ), 


flj 11CC . , V ._v 

-= — = x + (\-u){\-x), (3) 


„ , ux + c(l - u) (1 - x) 

Prol -S'- . n i-.)(i - .) ’ 
from which we readily deduce, by elimination of x and u, 
Prob. y = q + c (1 - p). 


(4) 

(5) 


In this result c represents the unknown probability that if the 
event (1 - it) (1 - x) happen, the event y will happen Now 
(1 - m) (1 - cc) = (1 - xy) (1 - x) = 1 - x, on actual multiplication. 
Hence c is the unknown probability that if it do not thunder, it 
will hail. 

The general solution (5) may therefore be interpreted as fol- 
lows : — The probability that it hails is equal to the probability 
that it thunders and hails, q, together with the probability that it 
does not thunder, 1 ~p, multiplied by the piobabihty c, that if it 
does not thunder it will hail And common reasoning verifies 
this result. 

If c cannot be numerically determined, v e find, on assigning 
to it the limiting values 0 and 1, the following limits of Prob. y, 
viz. : 

Inferior limit = q. 

Superior limit = <y + 1 - p. 
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3 Ex. 2. — The probability that one or both of two events 
happen is p, that one or both of them fail is q. What is the 
probability that only one of these happens ? 

Let x and y represent the respective events, then the data 
are — 

Prob. xy + x (1 -y) + (1 - x)y = p, 

Prob. ®(1 - y) + (1 - x)y + (1 - x) (1 - y) = q ; 
and we are to find 

Prob. a: (1 -y) + y{\ - a). 

Here all the events concerned being compound, assume 

xy + x(l- y) + (\ -x)y = s, 
x(l-y) + (1 -x)y + (1 -a:)(l -y) = t, 
x(l-y) + (l-x)y =w. 

Then eliminating x and y, and determining to as a developed 
function of s and t, we find 

w ■= st + 0 s (1 - 1) + 0 (1 - s) t + ^ (1 - s') (1 - 1). 

Hence A = st, C= 0, V-=st + e(l-<) + (1 -s)t «= * + (1 -s)t, 
V,<=s, Vf=t; and the equations of the General Rule (XVTI. 17) 
become 

---■»* + (1 - a) (1) 

P 9 

Prob. 1 — r; » 

s + (1 - s)t 

whence we find, on eliminating s and t, 

Prob. w =p + q - 1. 

Hence p + q - 1 is the measure of the probability sought. This 
result may be verified as follows : — Since p is the probability that 
one or both of the given events occur, 1 - p will be the proba- 
bility that they both fail ; and since q is the probability that one 
or both fail, 1 - q is the probability that they both happen. 
Hence 1 - p + I - q, or 2 -p - q, is the probability that they 
either both happen or both fail. But the only remaining alter- 
native which is possible is that one alone of the events happens. 
Hence the probability of this occurrence is 1 - (2 - p — q'), or 
p + q - 1, as above. 
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4. Ex. 3. — The probability that a witness A speaks the truth 
is p, the probability that another witness B speaks the truth is q, 
and the probability that they disagree in a statement is r What 
is the probability that if they agree, their statement is true ? 

Let x represent the hypothesis that A speaks truth ; y that 
B speaks truth ; then the hypothesis that A and B disagree in 
their statement will be represented by « (1 -y)+y(l-i); the 
hypothesis that they agree in statement by xy + (1 - x) (1 - y), 
and the hypothesis that they agree in the truth by xy. Hence 
we have the following data : 

Prob. x = p, Prob .y^q, Prob. as (1 - y) + y (1 - x) = r, 

from which we are to determine 

Prob. xy 

Prob. xy + (1 - a) (1 - y )' 

But as Prob. *(1 - y) + y (1 - x) = r, it is evident that Prob. 
xy + (1 - x) (1 - y) will be 1 - r ; we have therefore to seek 

Prob. xy 
1 -r ' 

Now the compound events concerned being in expression, 
x (l - y) + y (1 - x) and xy, let us assume 

*(i -y) + y(i-*)-* 1 (n 

xy ■= w J ' ' 

Our data then are Prob. x = p, Prob. y = q, Prob. s = r, and we 
are to find Prob w. 

The system (1) gives, on reduction, 

(ar(l - y) + y(l - x)) (1 - s) + s [xy + (1 - x) (1 - y)} 

+ xy (1 - w) + w (1 - xy) ■= 0 ; 

whence 

.. »(i-y)(i-j) + y(i~ a! )( 1 - j ) + ja ^+ j ( 1 -g)(i-y)+ay 

2xy- 1 

= i xys + a:y (1 - «) + Os (1 - y)s + ^x (1 - y) (1 - s) 

+ 0(1 -x)ys+ i(l-jr)(l-y)5+i(l-a!) y(l-s) 

+ 0(1 - r) (1 - y) (1 - s). 


( 2 ) 
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In the expression of this development, the coefficient - has been 
made to replace every equivalent form (X. 6). Here we have 
F=a3/(l-s) + iE(l-y)« + (l-a:)^ + (l - x) (1 -y)(l-s); 
whence, passing from Logic to Algebra, 
xy (1 - s) + a(l -y)s _ xy (1 - s) + (1 - x)ys 

p ~ " q 

a(l ~y)s + (1 -x)y 


= ®y(l -*) +*(1 -y)s + (i -x)ijs + (1 -x) (1 -y) (1 -s). 
Prob. w = ~ 

*y (1- *) + * (i - y) * + (i - *) y* + (i - (i -y) (i - <)’ 

from which we readily deduce 


Prob. w = — - ; 

whence we have 

Prob. xy p+q-r /ON 

' 1-r - 2 (1 - r) w 

for the value sought. 

If in the same way we seek the probability that if A and B 
agree in their statement, that statement will be false, we must 
replace the second equation of the system (1) by the following, 
viz. : 

(1 - a:) (1 - y) = w ; 
the final logical equation will then be 

jo=.gays + 0a: < y(l-s) + 0a:(l - y) * + ^ x (1-y) (1-s) 

+ 0(1 -a) i/s + ^(l-a)i/(l-s) + i(l-x)(l- 2 /)s 

+ (1-*) (1-s/) (1-s); (4) 

whence, proceeding as before, we finally deduce 

Prob. iv = — — — — ^ — -. (5) 

Wherefore we have 
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Prob (1 - tr) (1 - ?/) 2 - p - q - r 

1-= 2(1 -r) 

for the value here sought. 

These results are mutually consistent For since it is certain 
that the joint statement of A and B must be either true or false, 
the second members of (3) and (5) ought by addition to make 1. 
Now we have identically, 

P+q-r 2-p-q-r _ 

2(1 -r) + 2(1 -r) 

It is probable, from the simplicity of the results (5) and (6), 
that they might easily be deduced by the application of known 
principles ; but it is to be remarked that they do not fall directly 
within the scope of known methods. The number of the data 
exceeds that of the simple events which they involve. M Cour- 
not, in his very able work, “ Exposition de la Thcorie des 
Chances,” has proposed, in such cases as the above, to select 
from the original premises different sets of data, each set equal in 
number to the simple events which they involve, to assume that 
those simple events are independent, detciminc separately from 
the respective sets of the data their probabilities, and comparing 
the different values thus found for the same elements, judge how 
far the assumption of independence is justified. This method 
can only approach to conectncss when the said simple events 
prove, accoidmg to the above criterion, to be nearly or quite in- 
dependent; and in the questions of testimony and of judgment, 
in which such an hypothesis is adopted, it seems doubtful whether 
it is justified by actual cxpci icnce of the ways of men. 

5. Ex. 4. — Fiom observations made during a period of gene- 
ral sickness, theie was a piobability p that any house taken at 
random in a particular distiict was visited by fever, a piobability 
q that it was visited by cholera, and a probability r that it es- 
caped both diseases, and was not in a defective sanitary condition 
as regarded cleanliness and ventilation. TVhat is the probability 
that any house taken at random was in a defective sanitary 
condition ? 

With reference to any house, let us appropriate the symbols 
x, y, s, as follows, viz. : 
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The symbol x to the visitation of fever. 

y „ cholera. 

z defective sanitary condition. 

The events whose probabilities are given are then denoted by 
x, y, and (l - x) (1 - y) (1 - z), the event whose probability is 
sought is z. Assume then, 

(1 - x) (1 - y) (1 - z) = w •, 

then our data are, 

Prob. x = p, Prob. y = q, Prob. w = r, 
and we are to find Prob. z. Now 

Q -fl) (1 - y) - 

(i-*)(i-y) 

=5®y«> + 5 a 2'( 1 - M ’) + 5*( 1 -y) w+ §®( 1 -y)( l - M ’) 

+5 C 1 - x )v w + ^ G -*)y 0 - ») + o (i - x) (i -y) w 

+ (1 — a?) (1 — y) (1 - w). (1) 

The value of V deduced from the above is 


V= xy (1 - w) + a; (1 - y)(l - w) + (1 - x)y (1 -w) 

+ (1 — ar) (1 — y) to + (1 — as) (l-y)(l-w)= l-to + ic(l-a;) (1 - y); 
and similarly reducing V x , V y , V w , we get 

V x = x(l-w), V y ~y(l-w), V a = w(l - x) (1 - y) ; 

furnishing the algebraic equations 

x(\-w) y(\ -w) w(l-a:)(l -y) ,, . ... 

- L y—=— g — ^—^-i-» + «(l-*)(l -y). (2) 

As respects those terms of the development characterized by 
the coefficients I shall, instead of collecting them into a single 

term, present them, for the sake of variety (XVII. 18), in the 
form 

5a:(l-u>)+ q (l-s)y(l-w); 
the value of Prob. z will then be 


0 ) 
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p rob 2 = (1-*) Q-y)(l-«)+gr(l- ») + c f (l-g)y(l-ip) _ 

l-w + to (1 - x) (1 -y) " ' ' 

From (2) and (4) we deduce 

Prob Z = - - i + CD + c — - — i- i-. 

1 -r 1 - r 

as the expression of the probability required. If in this result 
we make c = 0, and c = 0, we find for an inferior limit of its value 

— — — — 1 ^ — — - — — ; and if we make c = 1, c'= 1, we obtain 
1 - r 

for its superior limit 1 - r. 

6. It appears from inspection of this solution, that the pre- 
mises chosen were exceedingly defective. The constants c and 
c indicate this, and the corresponding terms (3) of the final 
logical equation show how the deficiency is to be supplied. 
Thus, since 

a;(l - jo) = x {1 - (1 - x ) (1 - y) (1 - z )) ■= x, 

(1 - ®) y (1 - to) = (l-®) 2 / {!-(!-*) (l-y)(l-*)}=(l-z)y> 

we learn that c is the probability that if any house was visited by 
fever its sanitary condition is defective, and that c is the proba- 
bility that if any house was visited by cholera without fever, its 
sanitary condition was defective. 

If the terms of the logical development aflected by the coeffi- 
cient had been collected together as in the dnect statement of 

the general rule, the final solution would have assumed the fol- 
lowing form : 

r„b .. J'-rz Wr i z n Jty 

c here representing the probability that if a house was visited by 
either or both of the diseases mentioned, its sanitary condition 
was defective. This result is perfectly consistent with the former 
one, and indeed the necessary equivalence of the diffeicnt forms 
of solution presented in such cases may be formally established. 

The above solution may be verified in particular cases. Thus, 
taking the second foim, if c = 1 we find Prob. z = 1 - r, a correct 
result. For if the presence of either fever or cholera certainly 
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indicated a defective sanitary condition, the probability that any 
house would be in a defective sanitary state would be simply 
equal to the probability that it was not found in that category 
denoted by z, the probability of which would, by the data, be 1 - r. 
Perhaps the general verification of the above solution would be 
difficult 

The constants p, q, and r in the above solution are subject to 
the conditions 

p + r< 1, q + rZ I- 

7. Ex. 5. — Given the probabilities of the premises of a hypo- 
thetical syllogism to find the probability of the conclusion 
Let the syllogism in its naked form be as follows : 

Major premiss : If the proposition Y is true X is true. 
Minor premiss : If the proposition Z is true Y is true. 
Conclusion : If the proposition Z is true X is true. 

Suppose the probability of the major premiss to be p, that of the 
minor premiss q. 

The data then are as follows, representing the proposition X 
by a:, &c , and assuming c and c as arbitrary constants : 

Prob. y = c, Prob. xy = cp ; 

Prob. z = d, Prob. yz = c'q ; 

from which we are to determine, 

Prob xz Prob .xz 

Prob. z ° r c' 

Let us assume, 

xy -u, yz = v, xz = w\ 

then, proceeding according to the usual method to determine w 
as a developed function of y, z, u, and v, the symbols corres- 
ponding to propositions whose probabilities are given, we find 

w = uzvy + On (1 - z) (1 - v) y + 0 (1 - u) zvy 

+ ^0 -«Ml-v)(l-y)+0(l-w)(l-z)(l-u)y 
+ 0 (1 - «) (1 - z) (1 - v) (1 - y) + terms whose coeffi- 
cients are ^ ; 



CHAP. XVIII.] ELEMENTARY ILLUSTRATIONS. 285 

and passing from Logic to Algebra, 

uzvy + u(\-z)(\-v)y uzvy + (1 - u) zvy + (1 - u) z (1 - o)(l -y) 



c 


Prob . w = vz °y +a i l - “M 1 ~ g ) 0 ~ y) t 

wherein 


F= uzvy + w(l -z) (1 -v) y +(1 -u) zvy + (1 - u) z(l -v) (1 -y) 
+ (1 - it) (1 - z) (1 - v) y + (1 - «) (1 - z) (1 - v) (1 - y), 
the solution of this system of equations gives 


whence 


Prob w = cpq + ac (1 - q). 


Prob. xy 


=* pq + a (1 - q), 


the value required. In this expression the arbitrary constant a 
is the probability that if the proposition Z is true and Y false, X 
is true. In other words, it is the probability, that if the minor 
premiss is false, the conclusion is true. 

This investigation might have been greatly simplified by as- 
suming the proposition Z to be true, and then seeking the proba- 
bility of X. The data would have been simply 

Prob. y = q, Prob. xy =pq\ 

whence we should have found Prob. x = pq + a (1 - q). It is 
evident that under the ciicumstances this mode of procedure 
would have been allowable, but I have preferred to deduce the 
solution by the direct and unconditioned application of the 
method. The result is one which ordinary reasoning verifies, 
and which it Joes not indeed require a calculus to obtain. Ge- 
neral methods are apt to appear most cumbrous when applied to 
cases in which their aid is the least required. 

Let it be observed, that the above method is equally appli- 
cable to the categorical syllogism, and not to the syllogism only, 
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but to every form of deductive ratiocination. Given the proba- 
bilities separately attaching to the pi emises of any train of ar- 
gument ; it is always possible by the above method to determine 
the consequent probability of the truth of a conclusion legitimately 
drawn from such premises It is not needful to remind the 
reader, that the truth and the correctness of a conclusion are dif- 
ferent things 

8. One remarkable circumstance which presents itself in such 
applications deserves to be specially noticed. It is, that propo- 
sitions which, when true, are equivalent, are not necessarily 
equivalent when regarded only as probable. This principle will 
be illustrated in the following example. 

Ex. 6. — Given the probability p of the disjunctive proposition 
“ Either the proposition Yis true, or both the propositions X and 
Y are false,” required the probability of the conditional propo- 
sition, “ If the proposition X is true, Y is true.” 

Let x and y be appropriated to the propositions X and Y 
respectively. Then we have 


Prob. y + (1 - x) (1 - y) = p, 

from which it is required to find the value of — . 

^ Prob. x 

Assume y + (1 - ®) (1 - y) = t. 

Eliminating y we get 

(l-*) (i-0 = o 


(0 


whence 




and proceeding in the usual way, 

Prob. x = 1 — p + cp. (2) 

Where c is the probability that if either F is true, or X and F 
false, X is true. 

Next to find Prob. xy. Assume 
xy = w 

Eliminating y from (1) and (3) we get 
--( 1-0 = 0 ; 


( 3 ) 
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whence, proceeding as above, 

Prob. z = cp, 

c having the same interpretation as before. Hence 

Prob. xy cp 
Prob. x 1 - p + cp ’ 

for the probability of the truth of the conditional proposition 
giv n. 

Now in the science of pure Logic, which, as such, is conver- 
sant only with truth and with falsehood, the above disjunctive 
and conditional propositions are equivalent. They are true and 
they are false together. It is seen, however, from the above in- 
vestigation, that when the disjunctive proposition has a proba- 
bility p, the conditional proposition has a different and partly in- 
definite probability - — ^ Nevertheless these expressions 

are such, that when either of them becomes I or 0, the other as- 
sumes the same value The results are, therefore, perfectly con- 
sistent, and the logical transformation serves to verify the formula 
deduced from the theory of probabilities. 

The reader will easily prove by a similar analysis, that if the 
probability of the conditional proposition were given as p, that 
of the disjunctive proposition would be 1 - c + cp, where c is the 
arbitrary probability of the truth of the proposition X. 

9. Ex. 7. — Required to determine the probability of an event 
x, having given either the first, or the first and second, or the 
first, second, and third of the following data, viz. : 

1st. The probability that the event x occuis, or that it alone 
of the three events x, y, z, fails, is p 

2nd. The probability that tlie event y occurs, or that it alone 
of the three events x, y, z, fails, is q 

3rd. The probability that the event z occurs, or that it alone 
of the three events x, y, z, fails, is r. 

SOLUTION OF THE FIRST CASE. 

Here we suppose that only the first of the above data is 
given. 
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We have then, 

Prob. [x + (1 - a:) yz\ = p, 

to find Prob x 

Let x + (1 — x) yx = s, 

then eliminating yz as a tingle symbol, we get, 
x ( 1 - s) = 0 

Hence 

x= rb = 5* + 0(l " s) ’ 

whence, proceeding according to the rule, we have 

Prob. x = cp> (1) 

where c is the probability that if x occurs, or alone fails, the 
former of the two alternatives is the one that will happen. The 
limits of the solution are evidently 0 and p. 

This solution appears to give ub no information beyond what 
unassisted good sense would have conveyed. It is, however, all 
that the single datum here assumed really warrants us in infer- 
ring. We shall in the next solution see how an addition to our 
data restricts within narrower limits the final solution. 

SOLUTION OF THE SECOND CASE. 

Here we assume as our data the equations 
Prob. (a: + (1 -x)yz) =p, 

Prob. [y + (1 -y) xz ) = q. 

Let us write 

x + (1 - a;) yz = s, 

y + (i - y) xz = t ; 

from the first of which we have, by (VIII. 7), 

{*+ (1 - x)yz ) (1 -s) + s [1 -x- (1 -x)yz) = 0, 
or (x + xyz) 1 + sx (1 ~yz) = 0; 

provided that for simplicity we write i for l -x, y for 1 - y, and 
so on. Now, writing for 1 - yz its value in constituents, we 
have 

(a: + xyz) s + si (yz + yz + yz) = 0, 
an equation consisting solely of positive terms. 
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In like manner we have from the second equation, 

(y yxz) t + ty (xz + xz + xz) = 0 ; 

and from the sum of these two equations we are to eliminate y 
and z. 

If in that sum we make y = 1, z = 1, we get the result 1+1. 
If in the same sum we make y= 1, z = 0, we get the result 

xl + ax + t. 

If in the same sum we make y = 0, 2 = 1 , we get 
xl + sx + xl + tx. 

And if, lastly, in the same sum we make y = 0, z = 0, we find 

xl + sx + tx + tx, or xl + sx + t. 

These four expressions are to be multiplied together. Now 
the first and third may be multiplied in the following manner : 

(1 + t) (xl + si + xt + tx) 

= xl + xt + (1 + t) (si + tx) by (IX. Prop, u.) 

= xl + xl + Ixt + sxt. (2) 

Again, the second and fourth give by (IX Prop, i.) 

(xl + sx + t) (xl + sx + 1) 

= xl + sx. (3) 

Lastly, (2) and (3) multiplied together give 
(xl + si) (xl + sxt + xt + txl) 

= xl + sx (sxt + xl+ txl) 

= xl + sxt. 

Whence the final equation is 

(1 - s) x + s (l - t) (1 - x) = 0, 
which, solved with reference to x, gives 

s (1 - 1) 

X ~s(\ -t)-(l-s) 

= ^s< + s(l -t) + 0(1 - s)t + 0(1 - s) (1 - t). 
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and, proceeding with this according to the rule, we have, finally, 

Prob x = p ( 1 — (?) t cpq (4) 

where c is the probability that if the event st happen, x will 
happen. Now if we form the developed expression of st by mul- 
tiplying the expressions for s and t together, we find — 

c = Prob. that if x and y happen together, or x and z happen 
together, and y fad, or y and z happen together, and x fail, the 
event x 17111 happen. 

The limits of Prob x are evidently p (1 - q) and p. 

This solution is more definite than the former one, inasmuch 
as it contains a term unaffected by an arbitrary constant. 

SOLUTION OF THE THIRD CASE. 

Here the data are — 

Prob. [x + (1 - x) yz\ = p, 

Prob. [y + (1 - y ) xz) = q, 

Prob. {z + (1 - z) xy ) = r. 

Let us, as before, write x for l - x, & c., and assume 

x + xyz = s, 
y + yxz = t, 
z + zxy = u. 

On reduction by (VIII. 8) we obtain the equation 

( x + xyz)! + sx {yz + yz + yz) 

+ (y + yxz ) t + tjj {zx + xz + xz) 

+ (z + zxy) ii + uz (xy + 1y + xy) = 0. (5) 

Now instead of directly eliminating y and z from the above 
equation, let us, in accordance with (IX. Prop, ill.), assume the 
result of that elimination to be 

Ex + E (\ - x) = 0, 

then E will be found by making in the given' equation x = 1, 
and eliminating y and - from the resulting equation, and E' will 
be found by making in the given equation x = 0, and eliminating 
y and z from the result. Fust, then, making x = 1, wc have 
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s + (y + yz) t + tyz + (z + yz) u + uyz = 0, 

and making in the first member of this equation successively 
y = 1, z = 1, y = 1, z = 0, &c., and multiplying together the 
results, we have the expression 

(7 + t + u ) (7 + t + m) (7 + t + u) (7 + t + u), 
which is equivalent to 

(7 + t + u) (7 4 t + a). 

This is the expression fori?. We shall retain it in itB present 
form. It has already been shown by example (VIII. 3), that 
the actual reduction of such expressions by multiplication, though 
convenient, is not necessary. 

Again in (5), making x = 0, we have 

yzs + s(yz + yz + yz) + yi + ty + zu + uz = 0 ; 

from which, by the same process of elimination, we find for E the 
expression 

(7+ t + u) (s + t + «) (s + t + u) (s + t + u). 

The final result of the elimination of y and z from (5) is there- 
fore 


(s+7+m)(s+<+ a)ar+(7+<+iZ)(s+f 4 M)(s4f4a)(s4i4 w)(l - x ) = 0. 
Whence we have 

(7+i! + m) (s4*4w) (s4*4K)(s4i4a) 

3» = ■- — ” ^ - - - — “ " j 

(J+t + u)(s + t + lt) (s + t+u) (s + t+u)-(s + 1+ £)(!■+ t-tu) 

or, developing the second member, 


0 l-l 

X = - stu 4 — stu 4 - stu 4 stu, 
+ ^ stu 4 Ostu 4 07 tu 4 Ostu. 


( 6 ) 


Hence, passing from Logic to Algebra, 

stu 4 slu stu 4 stu stu 4 stu 
P ? r 

= stu 4 stu 4 "sill 4 stu 4 stii 


( 7 ) 
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Prob. x 


stu + cstu 

stu + + stu + stu + stu 


( 8 ) 


s t 

To simplify this system of equations, change - into s, — into t, 

s t 

&c , and after the change let X stand for stn + s + 1 + 1 . We then 
have 


Prob x = 


s + cstu 
l 5 


( 9 ) 


with the relations 

stu + s stu + t stu + u 

pgr 


stu + s+t+u+1 


X. (10) 


From these equations we get 


stu + s = Xp, (11) 

stu + s = X — t - u - 1 , 

.*. Xp = X- w- <-l, 

« + X(l-jp) -1. 

Similarly, u + s = X (l - q) - 1, 

and s + t = X (1 - r) - 1. 

From which equations we find 


„_X(l+/>-?-r)-l t _\(l + q-r-p)-l 

s 2 > ‘ = 2 » 

,._*( 1 + 7 '- p -?)- 1 C 12 ) 

2 • 

Now, by (10), 

stu = Xp - s. 

Substitute in this equation the values of s, t, and u above deter- 
mined, and we have 

{(l+p- 2 , -r)X-lj|(l +g , -p-r)X-l){(l + r-p-y)X-l) 

= 4 ((p + y + r - 1) X + 1), (13) 

an equation which determines X The values of s, t, and u, are 
then gi\cn by (12), and their substitution in (9) completes the 
solution of the problem. 
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10. Now a difficulty, the bringing of which prominently be- 
fore the reader has been one object of this investigation, here 
arises. How shall it be determined, which root of the above 
equation ought to taken for the value of X. To this difficulty 
some reference was made in the opening of the present chapter, 
and it was intimated that its fuller consideration was reserved for 
the next one ; from which the following results are taken. 

In order that the data of the problem may be derived from 
a possible expeiience, the quantities p, q, and r must be subject 
to the following conditions : 

l+p-q-r>Q, 

l+$r-p-r>0, (14) 

\ + r- p- q>Q. 

Moreover, the value of X to be employed in the general solution 
must satisfy the following conditions : 

x>-, , X5, , X>I . (15) 

1 +p - q-r 1 + q-p-T 1 + r -p- q 

Now these two sets of conditions suffice for the limitation of 
the general solution It may be shown, that the central equation 
(13) furnishes but one value of X, which does satisfy these con- 
ditions, and that value of X is the one required 

Let l+p-y-rbe the least of the three coefficients of X 

given above, then will be the greatest of those va- 

° l+p - q- > 

lues, above which we are to show that there exists but one value 
of X. Let us write (13) in the form 


{(l+p-g'-r)X-l) ( (1 + y —p -r)X-l}{(l + r- j»-y)X-l} 

-4 j(p + y+ r-l)X + l) = 0; (16) 

and represent the first member by V. 


Assume X = , then V becomes 

1 + p - q - r 

- 4 /y + J + r-1 + , \ , . 4 /»£_), 

Vl+p-y-r / V+p-q-rJ 


which is negative. 
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Let X = oo, then V is positive and infinite. 

Again, 

d 2 V 

gj 7 -(l +p ~ q ~ r) (\ + q - p - r) {(\ + r - p - q)\-\) 

+ similar positive terms, 

winch expression is positive between the limits X = 

1 1 >r p - q - r 

and X = oo. 

If then we consti uct a curve whose abscissa shall be measured 
by X, and whose ordinates by V, that cuive will, between the 
limits specified, pass from below to above the abscissa X, its con- 
vexity always being downwards. Hence it will but once intersect 
the abscissa X within those limits ; and the equation (16) will, there- 
fore, have but one root thereto corresponding. 

The solution is, therefore, expressed by (9), X being that 
root of (13) which satisfies the conditions (15), and s, t, and u 
being given by (12). The interpretation of c may be deduced 
in the usual way. 

It appears from the above, that the problem is, in all cases, 
more or less indeterminate. 
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CHAPTER XIX. 

OF STATISTICAL CONDITIONS. 

1. T> Y the teim statistical conditions, I mean those conditions 

-U which must connect the numerical data of a problem in 
order that those data may be consistent with each other, and 
therefore such as statistical observations might actually have 
furnished. The determination of such conditions constitutes an 
important problem, the solution of which, to an extent sufficient 
at least for the requirements of this work, I purpose to undci take 
in the present chapter, regarding it pai tly as an independent ob- 
ject of speculation, but partly also as a necessary supplement to 
the theory of probabilities already in Borne degree exemplified. 
The nature of the connexion between the two subjects may be 
stated as follows : 

2. There arc innumerable instances, and one of the kind 
presented itself in the last chapter, Ex. 7, in which the solution 
of a question in the theory of probabilities is finally dependent 
upon the solution of an algebraic equation of an elevated degree. 
In such cases the selection of the proper root must be determined 
by certain conditions, partly relating to the numerical values as- 
signed in the data, paitly to the due limitation of the element 
required. The discovery of such conditions may sometimes be 
effected by unaided reasoning. For instance, if there is a proba- 
bility p of the occurrence of an event A, and a probability q of 
the concunence of the said ei cut A, and another e\ent B, it is 
evident that we must have 

P>1- 

But for the general determination of such relations, a distinct 
method is required, and this we pioceed to establish. 

As derived fiom actual experience, the piobabihty of any 
event is the result of a process of approximation. It is the limit 
of the ratio of the number of cases in which the event is obsci ved 
to occur, to the whole number of equally possible cases which 
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observation records, — a limit to which we approach the more 
nearly as the number of observations is increased. Now let the 
symbol n, prefixed to the expression of any class, represent the 
number of individuals contained in that class. Thus, x represent- 
ing men, and y white beings, let us assume 
nx = number of men. 

nxy = number of white men. 

nx (1 - y) = number of men who are not white; and so on. 


In accordance with this notation n(l) will represent the number 

of individuals contained in the universe of discourse, and -~r4 

» 0 ) 

will represent the probability that any individual being, selected 
out of that imi verse of being denoted by n (1), is a man. If ob- 
servation has not made us acquainted with the total values of 
n (x) and «(1), then the probability in question is the limit to 

which approaches as the number of individual observations 
« 0 ) 
is increased 

In like manner if, as will generally be supposed in this chap- 
ter, .t represent an event of a particular kind observed, n (x) will 
represent the number of occurrences of that event, n (1) the 
number of observed events (equally probable) of all kinds, and 

or its limit, the probability of the occurrence of the 


event x. 

Hence it is clear that any conclusions which may be deduced 
respecting the ratios of the quantities n (x), n(y), n (1), &c. may 
be converted into conclusions respecting the probabilities of the 
events repiesented by x, y, &c. Thus, if wc should find such a 
relation as the following, viz., 

«(x) + n (y) < n(l), 

expressing that the number of times in which the event x occurs 
and the number of times in which the event y occurs, are toge- 
ther less than the number of possible occurrences n (l), we might 
thence deduce the relation, 


”(■*) , !i(y) . ■, 
»( 1 ) «( 1 ) ’ 
Prob . x + Prob.y < 1. 


or 
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And generally any such statistical relations as the above will be 
converted into relations connecting the probabilities of the eients 
concerned, by changing n (1) into 1, and any other symbol n(x) 
into Prob. x. 

3. First, then, we shall investigate a method of determining 
the numencal lelations of classes or c\ cnts, and more particularly 
the majoi and minor limits of numerical value Secondly, we 
shall apply the method to the limitation of the solutions of ques- 
tions in the tlieoiy of probabilities. 

It is evident that the symbol n is distributive in its operation. 
Thus we have 

n [xy+ (1 -x) (1 — y)\ = nxy + »(1 -a;)(l - y ) 
nx (1 - y) = nx - nxy, 

and so on. The number of things contained in any class re- 
solvable into distinct groups or portions is equal to the sum of 
the numbers of things found in those separate portions. It is 
evident, further, that any expression formed of the logical sym- 
bols x, y, &c. may be developed or expanded in any way consis- 
tent with the laws of the symbols, and the symbol n applied to 
each term of the result, piovided that any constant multiplier 
which may appear, be placed outside the symbol n ; without affect- 
ing the value of the result. The expression n (1), should it ap- 
pear, will of course represent the number of individuals contained 
in the universe. Thus, 

n (1 - x) (1 - y) = n (1 - x - y + xy) 

= n (1) - n {x) -n{y) + n {xy). 

Again, n [xy + (1 - x) (1 - y)} = » ( 1 - x - y + Ixy) 

= n (1) - nx - ny + 2 nxy). 

In the last member the term 2nxy indicates twice the number of 
individuals contained in the class xy 

4. We proceed now to investigate the numerical limits of 
classes whose logical cxpiession is given. In this inquiiy the 
following principles are of fundamental importance : 

1st. If all the members of a given class possess a certain pro- 
perty x, the total number of individuals contained in the class x 



298 OF STATISTICAL CONDITIONS. [CHAP. XIX. 

■will be a superior limit of the number of individuals contained in 
the given class. 

2nd A min or limit of the number of indiv iduals in any class y 
will be found by subtracting a major numerical limi t of the con- 
trary class, 1 - y, from the number of individuals contained in the 
universe. 

To exemplify these principles, let us apply them to the fol- 
lowing problem : 

Problem — Given, n( 1J, n (x), and n (y), required the su- 
perior and inferior limits of nxy. 

Here our data are the number of individuals contained in the 
universe of discourse, the number contained in the class x, and 
the number in the class y, and it is required to determine the 
limits of the number contained in the class composed of the indi- 
viduals that are found at once in the class x and m the class y. 

By Principle 1 . this number cannot exceed the number con- 
tained in the class x, nor can it exceed the number contained in 
the class y Its major limit will then be the least of the two va- 
lues n (x) and (y) 

By Principle II a minor limit of the class xy will be given by 
the expression 

m( 1) - major limit of {a:(l -y) + y(l -x) + (1 - x) (1 - y)j, (1) 

since x (1 - y) + y (1 - x) + (1 - x) (1 - y) is the complement of 
the class xy, i. e. what it wants to make up the universe. 

Now x(l - y) + (1 - x) (1 - y) = 1 - y. We have there- 
fore for (1), 

n (1) - major limit of { 1 -y + y (1 - *)} 

= a (1) - n (1 - y) - major limit of y (1 - x). (2) 

The major limit of y (1 - x) is the least of the two values n (y) 
and n (1 - x). Let n (y) be the least, then (2) becomes 

n(l)-n(l-y)-n(y) 

= n(l) - w(l) + n(y) -n(y) = 0. 

Secondly, let n (1 - x) be less than n (jj), then 
major limit of ny (1 - *) = n (1 - x) ; 
thciefore (2) becomes 



CHAP. XIX.] 


OF STATISTICAL CONDITIONS. 


299 


n (1) — n (1 — y) - n (1 — x) 

= «(1) - n (1) + n (y) - n (1) + n(x) 

= nx + ny - m(1). 

The minor limit of nxy is therefore either 0 or n (x) + n (y) - n(l), 
according as n (y) is less or greater than n (1 - x), or, whicli is an 
equivalent condition, according as n (x) is greater or less than 
n(\-y). 

Now as 0 is necessarily a minor limit of the numerical value 
of any class, it is sufficient to take account of the second of the 
above expressions for the minor limit of n (xy). We have, theie- 
fore, 

Major limit of n (xy) = least of values n (x) and n (y). 

Minor limit of n (xy) <= n (x) + n (y) - ?i(l).* 

Proposition I. 

5. To express the major and mtnoi limits of a class represented 
by any constituent of the symbols x, y, z, Sjc., having given the va- 
lues ofn (:r), n (?y), n (z), § c., and n (1). 

Consider hist the constituent xyz. 

It is evident that the major numerical limit will be the least 
of the values n(x), n (y), n(z). 

The minor numciical limit may he deduced as in the previous 
problem, but it may also be deduced fiom the solution of that 
problem. Thus : 

Minoi limit of n (xyz) = n (xy) + n(z) - n( 1) (1) 

Now this means that n (ryz) is at least as great as the expics- 
sion n(xy) + n(z) - n (1). But n(xy) is at least as gicat as 
n (a:) + n (y) -n (1). Thcrefoic n (xyz) is at least as great as 

n (x) + n (y) -n(\) + n (z) - n (1), 
or n (x) + n(y) + n (z) - 2n (1). 


• The above expression for the minor limit of nry is applied by Professor 
De Morgan, by whom it appears to have been first given, to the syllogistic form 
Most men in a certain company have coats 
Most men in the same company have waistcoats 
Therefore some in the company have coats and waistcoats 
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Hence we have 

Minor limit of n (xyz) = n (x) +n{y) + n (z) - 2n (1). 

By extending this mode of reasoning we shall arrive at the 
following conclusions : 

1st. The major numerical limit of the class represented by 
any constituent will be found hy prefixing n separately to each 
factor of the constituent, and taking the least of the resulting 
values. 

2nd. The minor limit will be found by adding all the values 
above mentioned together, and subtracting from the result as 
many, less one, times the value of w(l). 

Thus we should have 

Major limit of nxy (1 -z) = least of the values nx, ny, and n{\ -z). 
Minor limit of nxy (l - 2 ) = «(*) + » (y) + »(1 -z) - 2«(1) 

= nx + n(y) - n(z) - m(l). 

In the use of general symbols it is perhaps better to regaid all 
the values n (x), n (y), n (1 - z), as major limits of n [xy (1 - z ) ) , 
since, in fact, it cannot exceed any of them. I shall in the fol- 
lowing investigations adopt this mode of expression. 

Proposition II. 

6. To determine the major numerical limit of a class expressed 
by a series of constituents of the symbols x, y, z, Sfc., the values of 
n(ai), n (y), n(z), Sfc., and n (1), being given. 

Evidently one mode of determining such a limit would be to 
form the least possible sum of the major limits of the several con- 
stituents. Thus a major limit of the expression 

n \ x y + (i - z) (i-y)) 

would be found by adding the least of the two values nx, ny, fur- 
nished by the first constituent, to the least of the two values 
n (1 - x), n (1 - y), furnished by the second constituent If we 
do not know which is in each case the least value, we must form 
the four possible sums, and reject any of these which are equal to 
or exceed n (1). Thus in the above example we should have 
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nx + w(l -x) = b(1) 
n(x) + «(l-?/) = w(l) + n(a:)- n(y). 
n(y) + « (1 - y) = n (1) + n GO - » (®). 
n(l /) + »(1 ~y) = n(l). 

Rejecting the first and last of the above values, we have 
n (1) + n (x) - n (y), and n (1) + n (y) - n (x), 
for the expressions required, one of which will (unless nx = tiy) 
be less than n( 1), and the other greater. The least must of 
course be taken. 

When two or more of the constituents possess a common fac- 
tor, as x, that factor can only, as is obvious from Principle i., 
furnish a single teim n (x) in the final expression of the major 
limit. Thus if n (x) appear as a major limit in two or more con- 
stituents, we must, in adding those limits together, replace 
fix + nx by nx, and so on. Take, for example, the expression 
n \xy + x (1 - y)z) The major limits of this expression, imme- 
diately furnished by addition, would be — 

1. nx 4. ny + nx. 

2. nx + n (1 — y). 5. ny + n( 1 - y). 

3. nx + ii (z). 6. ny + nz. 

Of these the first and sixth only need be retained ; the second, 

third, and fouith being greater than the first ; and the fifth being 
equal to n (1) The limits arc therefore 

n (x) and n (y) + n ( z ), 

and of these two values the last, supposing it to be less than n (1), 
must be taken 

These considerations lead us to the following Rule : 

Rule. — Take one factor fom each constituent, and prefix to 
it the symbol n, add the several terms or lesults thus formed toge- 
ther, rejecting all repetitions of the same term ; the sum thus ob- 
tained will be a major limit of the expression, and the least of all 
such sums will be the major limit to be employed. 

Thus the major limits of the expression 

xyz + x (1 - y) (1 - z) + (1 - *) ^1 - y) (1 - z) 
would be 
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n (x) + n (1 - y), and n (x) + n (1 - z), 
or n (x) + n (1) - n (y), and n (x) + n (1) - n ( z ). 

If we began with n (y), selected from the first term, and took 
n ( x ) from the second, we should have to take n(l-y) from the 
third term, and this would give 

n (y) + n (x) 4 n (1 - y), or n (1) + n (x). 

But as this result exceeds n (1), which is an obvious major limit 
to every class, it need not be taken into account. 

Proposition III. 

7. To find the minor numerical limit of any class expressed by 
constituents of the symbols x, y, z, having given n(x), n(z) . . 
n(l). 

This object may be effected by the application of the pre- 
ceding Proposition, combined with Principle u., but it is better 
effected by the following method : 

Let any two constituents, which differ from one another only 
by a single factor, be added, so as to form a single class term 
as *(1 -y) + xy form x , and this species of aggregation having 
been carried on as far as possible, i. e., there having been selected 
out of the given seiies of constituents as many sums of this kind 
as can be formed, each such sum comprising as many constituents 
as can be collected into a single term, without regarding whether 
any of the said constituents enter into the composition of other 
terms, let these ultimate aggregates, together with those con- 
stituents which do not admit of being thus added together, be 
written down as distinct terms Then the several minor limits 
of those teims, deduced by Prop I., will be the minor limits of 
the expression given, and one only of those minor limits will at 
the same time be positive 

Thus from the expression xy + (1 - ®)y + (1 - x) (1 -y) we 
can fonn the aggregates y and 1 - x, by respectively adding the 
first and second terms together, and the second and third. 
Hence n(y) and w(l - x) will be the minor limits of the expres- 
sion given. Again, if the expression given were 
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xyz + x (1 - y) z + (1 - x) yz + (1 - a;) (1 - y) z 

+ xy(l - z) + (1 - X ) (1 - y) (1 - z), 

we should obtain by addition of the first four teims the single 
term z, by addition of the first and fifth term the smgle term xy, 
and by addition of the fouith and sixth terms the single tcim 
(1 - x) (1 - y ) ; and tlieie is no other way in which constituents 
can be collected into single terms, nor aie theic are any consti- 
tuents left which have not been thus taken account of. The 
three resulting terms give, as the minor limits of the given ex- 
pression, the values 

n(z), n (x) + n(y) - «(l), 

and n (1 - x) + n (1 - y) - n (1), or n (1) - n (x) - n ( y ) 

8. The pioof of the above rule consists in the proper appli- 
cation of the following pi maples : — 1st The minoi limit of any 
collection of constituents which admit of being added into a sin- 
gle term, will obviously be the minoi limit of that single term. 
This explains the first part of the rule 2nd. The minor limit 
of the sum of any two teims which either aie distinct constituents, 
or consist of distinct constituents, but do not admit of being 
added together, will be the sum of their lcspcctive minor limits, 
if those minor limits are botli positive; but if one be positive, and 
the other negativ e, it will be equal to the positive minor limit 
alone For if the negative one were added, the value of the limit 
would be diminished, i. e. it would be less for the sum of two 
terms than for a single term. Now whenever two constituents 
differ in more than one factor, so as not to admit of bang added 
together, the minor limits of the two cannot be both positive. 
Thus let the terms be xyz and ( l - x) ( 1 - y) z, which differ in 
two factors, the minor limit of the first is n (x + y + z - 2), that 
of the second n(l-a;+l-y + --2). m, 

1st. n[x + y - 1 - (1 - z)) . 2nd u {1 - x - y - (1 - z)J 

If n(x + y - 1) is positive, n(\ - x - y) is negative, and the se- 
cond must be negative If n (x + y - 1 ) is negative, the fiist is 
negative; and similarly foi cases in which a laigei number of 
factors are involved It may in this mannci be shown that, ac- 
cording to the mode in which the aggregate teims arc formed in 
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the application of the rule, no two minor limits of distinct terms 
can he adder] together, for either those terms will involve Borne 
common constituent, in which case it is clear that we cannot add 
their minor limits together, — or the minor limits of the two \i ill 
not be both positive, in which ease the addition would be useless. 

Proposition IV. 

9. Given the respective numbers of individuals comprised in 
any classes, s, t, Sfc logically defined, to deduce a system of nume- 
rical limits of any other class w, also logically defined 

As this is the most general problem which it is meant to dis- 
cuss in the present chapter, the previous inquiries being merely 
introductory to it, and the succeeding ones occupied with its ap- 
plication, it is desirable to state clearly its nature and design. 

When the classes s, t w are said to be logically defined, it 
is meant that they are classes so defined as to enable us to write 
down their symbolical expressions, whether the classes in ques- 
tion be simple or compound. By the general method of this 
treatise, the symbol w can then be determined directly as a dei e- 
loped function of the symbols s, t, &c. in the form 

0 1 

ID = A 4 OB 4 - C 4 -D, (I) 

wherein A, B, C, and D are formed of the constituents of s, t, &c. 
How from such an expression the numeiical limits of w may in 
the most general mannei be detei mined, will be considered here- 
after. At present we merely pui pose to show how far this obj ect 
can be accomplished on the principles developed in the prev ious 
propositions; such an inquiry being sufficient for the purposes of 
tins woik. For simplicity, I shall found my argument upon the 
particular development, 

10 = St 4 0.V (1 - t) 4 i (1 - 4) t 4 jj (1 - S) (1 - t), (2) 

in which all the varieties of coefficients present themselves 

Of the constituent (1 -s) (l - /), which has for its coeffi- 
cient jj, it is implied that some, none, or all of the class denoted 
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by that constituent arc found in w. It is evident that n(ir) will 
have its highest numerical value when all the members of the 
class denoted by (1 -s) (1 -/) arc found in w. Morcovra, as 
none of the individuals contained in the classes denoted by 
s (1 - 1) and (1 - s) t are found in w, the superior numerical limits 
of w will be identical with those of the class st + (1 - s) (1 - f). 
They are, therefore, 

ns + n (1 - t) and nt + n (1 - s). 

In like manner a system of superior numerical limits of the 
development A + OH + C + ^ B, may be found from those of 
A + C by Prop 2 

Again, any minor numerical limit of w will, by Principle n., 
be given by the expiession 

n( 1) - major limit of n (1 - «?), 

but the development of to being given by (1), that of 1 - to will 
obviously be 

l-«; = 0ri+.B + ?C+^Z> 

0 0 

This may be directly proved by the method of Piop. 2, Chap. x. 
Hence 

Minor limit of n (id) = n (1) - major limit (B + C) 

= minor limit of ( A + I)), 

by Principle ii., since the classes A + B and B + C are supple- 
mentary. Thus the minor limit of the second member of (2) 
would be u (t), and, generalizing this mode of reasoning, we have 
the following iesult: 

A system of minor limits of the development 
A +0B + Q q C+^D 

will be given by the minor limits of A+ D. 

This result may also be directly inferred For of minoi nu- 
merical limits we aic bound to seek the greatest. Noiv w r e ob- 
tain in geneial a higher minor limit by connecting the class D 
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■with A in the expression of w, a combination which, as shown in 
various examples of the Logic we axe permitted to make, than 
we otherwise should obtain. 

Finally, as the concluding term of the development of w in- 
dicates the equation D = 0, it is evident that n (D) = 0. Hence 
we have 

Minor limit of n ( D ) < 0, 

and this equation, treated by Prop 3, gives the requisite condi- 
tions among the numerical elements n(s), n(i), &c., in order that 
the problem may be real, and may embody in its data the re- 
sults of a possible experience. 

Thus from the term ^ (1 - s)t in the second member of (2) 
we should deduce 

n (1 - s) + n (t) - n (1) < 0, 

.•. n(t)<n (s) 

These conclusions may be embodied in the following rule : 

10. Rule . — Determine the expression of the class was a deve- 
loped logical function of the symbols s, t, §-c. m the form 

io = A + 0J3 + 

Then will 

Maj. lim. w = Maj. lim. A + C. 

Mm. lim. w = Min. lim. A + D. 

The necessary numerical conditions among the data being given by 
the inequality 

Min. lim D <n(l). 

To apply the above method to the limitation of the solutions 
of questions in probabilities, it is only necessary to replace in 
each of the formula. n(*) by Prob. x, n {y) by Prob. y, &c , and, 
finally, n (1) by 1 . The application being, however, of great im- 
portance, it may be desirable to exhibit in the form of a rule 
the chief results of tiansformation. 

11. Given the probabilities of any events s, t, &c., whereof 
another event w is a developed logical function, in the form 

W-A + 0B + + ^ D, 
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required the systems of superior and inferior limits of Prob. w, 
and the conditions among the data. 

Solution. — The supciior limits of Prob (A + C ), and the 
inferior limi ts of Prob (A + D) will form two such systems as aie 
sought. The conditions among the constants in the data will be 
given by the inequality, 

Inf. lim Prob. D < 0 


In the application of these principles we have always 
Inf lim. Prob. x l x 2 ..x„ = Prob x 2 + Prob. x 2 . . + Prob. x n - (n- 1). 


Moreover, the inferior limits can only be deteimined fiom single 
terms, either given or formed by aggregation. Superior limits 
are included in the form 2 Prob x, Prob. x applying only to 
symbols which are different, and are taken from different terms in 
the expression whose superior limit is sought. Thus the supe- 
rior limits of Prob. xyz + x(\ -y) (1 - z) are 

Prob. x, Prob. y + Prob. (1 - z), and Prob. z + Prob. (1 -y). 

Let it be observed, that if in the last case we had taken Prob. z 
from the first term, and Prob (1 - z) from the second, — a con- 
nexion not forbidden, — we should have had as their sum 1, which 
as a result would be useless because a prion necessary. It is 
obvious that we may reject any limits which do not fall between 
0 and 1. 

Let us apply this method to Ex. 7, Case in. of the last 
chapter. 

The final logical solution is 


x = - stu + - stu + - stu + stu 
+ ~7tu+ Ostu+ Ostu + 0 stu, 

the data being 

Prob. s =p, Prob t = q, Prob. u = r. 

We shall seek both the numerical limits of x, and the condi- 
tions connecting p, q, and r. 
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The superior limits of x are, according to the rule, given, by 
those of stu + stu. They are, therefore, 

p,q\\-r, r + 1 - q. 

The inferior limits of x aic gricn by those of 
stu + stu + stu + 1 tu. 

We may collect the first and third of these constituents in the 
single term st, and the second and third in the single term su. 
The inferior limits of x must then be deduced separately from 
the terms s(l - t), s (1 - u), (1 - s) tu , which give 

p + l _ q _ 1, p+l-r-l, \-p+q+r-2 , 
or p -q, p - r, and q + r - p - 1. 

Finally, the conditions among the constants p, q, and r, arc 
given by the terms 

stu, stu, stu, 

from which, by the rule, we deduce 

p+l-q+r-2^0, p + q + l-r-2<0, 1 - p+ q + r - 2 ^ 0. 
or \ + q-p - T>0, l + r-p-g>0, \+p-q- 1 >Q. 

These are the limiting conditions employed in the analysis of 
the final solution. The conditions by which in that solution A is 
limited, were determined, however, simply from the conditions 
that the quantities s, t, and u should be positive Narrower 
limits of that quantity might, in all probability, have been de- 
duced from the above investigation. 

1 2 The following application is taken from an important pro- 
blem, the solution of which will be given in the next chapter. 
There are given, 

Prob. x = c„ Prob. y = c 2 , Prob s = c, p„ Prob. t = c 2 p 2 , 
together with the logical equation 

z = stxy + stay + stly + 07 i 
If stxy + stxy + stxy + stxy + stxy 
® l + silty + Ttxy + stxy + stxy ; 
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and it is required to determine the conditions among the constants 
Ci) Cj, Pi, p<, and the major and minor limits of z. 

First let us seek the conditions among the constants Con- 


fining our attention to the terms whose coefficients are we 


readily form, by the aggregation of constituents, the following 
terms, viz. : 

s(1-t), t(l-y), sy(\-t), ta(l-s); 


nor can we form any other terms which are not included under 
these. Hence the conditions among the constants are, 

n (s) + ;i (1 - x) - n (1) < 0, 
n ( t ) + n(\-y)-n (1) 5 0 , 
n (j) + 7i (y) + n (1 — /) — 2m (1) < 0, 
n(t)+ n (x) + n (1 - s) - 2?i (1) 5 0 


Now replace n (x) by c, , n (y) by c 2 , n (.s) by c,p,, n (t) by 
c^, and m( 1) by 1, and we have, after slight reductions, 

c iPi < c, , C 8 J>2 < Ci, 

CiPi < l-c 2 (l- p 2 ), c 2 pi < 1 - c, (1 - p ,). 

Such are, then, the requisite conditions among the constants. 

Again, the major limits of z arc identical with those of the 
expression 

stxy + s (1 - t) x (1 - y) y (1 - s) t (1 - x) y; 
which, if we bear in mind the conditions 

n 0) < n (x), n(t)<n (y), 
above determined, will be found to be 


n (s) + n (t), or, c, p x + c.p 2 , 
n (s) + n (1 — a), or, 1 - c, (1 - p,) 
n (f) + n (I — y), or, I - c. (1 - p 2 ). 

Lastly, to ascertain the minor limits of z, we readily form 
from the constituents, whose coefficients are 1 or the single 
terms s and t, nor can any other terms not included under these be 
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formed by selection or aggregation. Hence, for the minor limits 
of z we have the values c l p- l and c,p.. 

13. It is to be observed, that the method developed above 
does not always assign the narrowest limits which it is possible 
to determine. But it in all ca^es, I believe, sufficiently limits the 
solutions of questions in the theory of probabilities. 

The problem of the determination of the narrowest limits of 
numerical extension of a class is, however, always reducible to a 
purely algebraical form.* Thus, resuming the equations 

w = A OB + ? C + J A 

let the highest infeiior numerical limit of w be represented by 
the formula an (a) + bn (t) . . + dn (1), wherein a, b, c, . . d are 
numerical constants to be determined, and s, t, &c , the logical 
symbols of which A, B, C, D are constituents. Then 

an (?) T bn (£).. + dn (1) = minor limit of A subject 

to the condition D = 0. 

Hence if we develop the function 

as + bt . . + d, 

reject from the result all constituents which are found in D, the 
coefficients of those constituents which remain, and aie found 
also in A, ought not individually to exceed unity in value, and 
the coefficients of those constituents which lcmain, and which 
arc not found in A, should individually not exceed 0 in v alue. 
Hence we shall have a scries of inequalities of the form f< 1, 
and another seiies of the form g < 0, /and g being linear func- 
tions of a, b, c, &c. Then those values of a, b . d, which, while 
satisfying the above conditions, give to the function 

an (?) + bn (t) . . + dn (1), 

its highest value must be determined, and the highest value in 


* The author regrets the loss of a manuscript, written about four years ago, 
m which this method, he believes, was developed at considerable length His 
recollection of the contents is almost entirely confined to the impression that the 
principle of the method was the same as above described, and that its suffice 
ency was proved The prior methods of this chapter are, it is almost needless 
to say, easier, though certainly less general. 
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question will be the highest minor limit of w To the above we 
may add the lelations simiLuly fanned for the detei Donation of 
the relations among the gi\ cn constants n (,s), w (/) n (1). 

1-1. The following somewhat complicated example will show 
how the limitation of a solution is effected, when the problem 
involves an arbitiaiy element, constituting it the repicsentative 
of a system of problems agieeing in their data, but unlimited in 
theii qusesita. 

Problem. — O f n events i. . . x ni the following particulars 

are known : 

1st. The probability that either the event x, will occur, or 
all the events fail, is p l . 

2nd. The probability that either the event x 2 will occur, or 
all the events fail, is p 2 . And so on for the others. 

It is required to find the probability of any single event, or 
combination of events, represented by the geneial functional form 
p fax . • x n ), or 0. 

Adopting a previous notation, the data of the problem are 

Prob. (Xx + I, . . 7„) =px . . Prob- (x„ + x, . . x„) =p n . 

And Prob. p (x, x„) is required. 

Assume gencially 

x r + jj . . a„ = s , , (1) 

p = w. (2) 

We hence obtain the collective logical equation of the problem 
2((x r + lx x„) s r + s r (I, - lx !„)) + pw + top = 0. (3) 

From this equation we must eliminate the symbols s,, .x„, and 
determine to as a developed logical function of s, . s„. 

Let us represent the iesult of the afoicsaid elimination in the 
form 

Ew + JG'(1 - ta) = 0; 

then will E be the result of the elimination of the same symbols 
from the equation 

2 {(av + Ii . . x„) J r +s r {I r - Xx . . x„)} + 1-0 = 0 (4) 

Now E will be the product of the coefficients of all the con- 
stituents (considcicd with lcfeicncc to the symbols x 2 . . x„) 
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which aic found in the development of the first member of the 
above equation. Mot cover, 0 , and therefore 1-0, will consist 
of a seiics of such constituents, having unity for their lcspective 
coefficients. In determining the forms of the coefficients in the 
development of the first member of (4), it will be convenient to 
arrange them in the following manner : 

1 st. The coefficients of constituents found in 1 - 0 . 

2 nd. The coefficient of I, , x> . . x n , if found in 0 . 

3rd. The coefficients of constituents found in 0 , excluding the 
constituent I lt I 2 . . T„ 

The above is manifestly an exhaustive classification. 

First then ; the coefficient of any constituent found in 1 - 0 , 
will, in the development of the first member of (4), be of the form 

1 + positive teims derived fiom 2 

Hence, every such coefficient may be replaced by unity, Prop. I. 
Chap ix. 

Secondly ; the coefficient of 1 a, . . x n , if found in 0 , in the 
development of the first member of (4) will be 

Sir, Or 1, 4" • . + An 

Thirdly; the coefficient of any other constituent, x L x n 
a , +1 . . x n , found in 0 , in the development of the fiist member 
of (4) will be 7, . . + 7, + s,, , . . + 

Now it is seen, that E is the product of all the coefficients 
above dctci mined, but as the coefficients of those constituents 
which aie not found in 0 reduce to unity, E may be icgardcd as 
the product of the coefficients of those constituents winch aiefound 
in 0 . From the mode in which those coefficients are formed, we 
derive the following rule for the determination of E, viz., in 
each constituent found in 0 , except the constituent a, j. . . J„, 
for Xi write *i, foi a, wiite , and so on, and add the results; 
but foi the constituent 7, , x , . . a „ , if it occur in 0 , write 7, + 7, . + 7„ ; 
the pioduct of all these sums is E. 

To find E' we must in (3) make w = 0, and eliminate x l} x } . ,x„ 
fiom the lcduccd equation. That equation will be 

2(^Ti 4 1, 4 a n) + S, (l'r“4i . a„)j4‘0 = O. (5) 
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Hence E will be formed fiom tbc constituents in 1 - <j,, i e. 
fiom the constituents nut found in <ji in the same way as E is 
formed fiom the constituents found in <j>. 

Consider next the equation 


This gives 


Ew + E' ( 1 - to) = 0. 


w = 


E' 

E-E’ 


( 6 ) 


Now E and E' are functions of the symbols s M s 2 . . s n . The 
expansion of the value of w will, therefore, consist of all the con- 
stituents which can be foimed out of those symbols, with their 
proper coefficients annexed to them, as determined by the rule 
of development. 

Moreover, E and E' are each formed by the multiplication of 
factors, and neither of them can a amsh unless some one of the 
factors of which it is composed vanishes. Again, any factor, aB 
can only vanish when all the terms by the addition of 
Avhich it is formed vanish together, since in development we at- 
tribute to these terms the values 0 and 1, only. It is ftirtber evi- 
dent, that no two factois diffciing fiom each othei can vanish 
together. Thus the factois 7, + 7, . + and can- 

not simultaneously vanish, for the foimei cinnot vanish unless 
s', = 0, or ,s, = 1 ; but the lattei cannot vanish unless s, = 0. 

First, let us deteuninc the coefficient of the constituent 
Si* . s n in the development of the value of w. 

The simultaneous assumption si = 1, si = 1 . s„ = 1, would 

cause the factor s x + s, • • + to a amsh if this should occur in 
E or E; and no othei factoi under the same assumption Avould 
vanish ; but s, + s t + s„ does not occur as a factoi of either 
E or E'; neither of these quantities, theiefoic, can vanish; and, 

E 0 

therefore, the expicssion -y , — is neither 1, 0, nor -. 

Wherefore the coefficient ofh 7> . . 7„ in the expanded value 
of w, may be represented by ~ . 

Secondly, lot us determine the coefficient of the constituent 
&l • • -Si ■ 
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The assumptions s, = 1, s t = 1, . . s a = 1, would cause the factor 
7, + 7 2 . . i T„ to vanish. Now this factor is found in E and not 
in E whenever <p contains both the constituents x 2 x 2 . . x n and 


X 2 • J-n 


Here then 


E' 

E'-E 


E 

becomes or 1. 

EJ 


The factor 


si + . . + s n is found in E and not in E, if <p contains neither 

of the constituents Xi x 2 . . x n and x 1 x 2 ..x n . Here then 


E 0 

— =, becomes - — = or 0 Lastly, the factor si + . . + 7„ is 

E - jfc — .b 

contained in both E and E\ if one of the constituents x, x . . x n 

E' 

and x,x 2 x n is found in 6, and one is not. Here then ■=; — =, 

E - E 

becomes ^ . 


The coefficient of the constituent s, s 2 . s„, mil therefore be 

1,0, or jj, according as ip contains both the constituents x,x 2 . . x n 

and xi i 2 . x n , or neither of them, or one of them and not the 
other 

Lastly, to determine the coefficient of any other constituent 

Si , • S t - Sn • 


The assumptions s, = I, . . j, = 1, s t+ , = 0, s n = 0, would 
cause the factor 7, + 7, + s l+1 . . + s n to vanish. Now this fac- 

tor is found in E, if the constituent x, . . x, x ltl x n is found in 
<j> and in E‘, if the said constituent is not found in <j>. In the 


former case we have 


E E , 
E - E~ E~ l; 


in the latter case we have 


E 0 

E^E ~0-E~ °* 

Hence the coefficient of any other constituent s 1 . 7 U1 . . 7„ 

is 1 or 0 according as the similar constituent x , x, x ltl . . x n 
is or is not found in <p. 

We may, therefore, practically determine the value of w in 
the following manner. Rejecting from the given expression of 
ip the constituents x, x 2 . . x, and and x, x, > . x, ^ should both or 
either of them be contained in it, let the symbols x,, x t , x n , 
in the result be changed into «i , s,, . . s n respectively. Let the co- 
efficients of the constituents s, s, . s„ and 7,7 2 7„ be determined 
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according to the special rules for those cases given above, and let 
every other constituent have for its coefficient 0. The result 
will be the value of to as a function of s M s 2 , . . s„ 

As a particular case, let <j> = x 2 . It is required from the 
given data to determine the probability of the event x x . 

The symbol x t , expanded m terms of the entire series of sym- 
bols x,, x st . . x H , will generate all the constituents of those 
symbols which have x, as a factor. Among those constituents 
will be found the constituent x, x t . . x„, but not the constituent 

X\ X% • , X n m 

Hence in the expanded value of &■, as a function of the sym- 
bols , s 2 , . . s n , the constituent s, s 2 . . s„ will have the coefficient 


0 

O’ 


and the constituent s, s 2 . . s„ the coefficient-. 


If fiom we reject the constituent x, x 2 . . x n , the result 
will be £| and changing therein x 2 into s,, &c., we 

have Si - a, s a . . s„ for the corresponding portion of the expres- 
sion of A’i as a function of s,, . . s n . 

Hence the final expression for x 2 is 


0 1 __ _ 
#1 — S\ — Si Sj • • S n + - • - *n + Q S\ ^2 • S n 


+ constituents whose coefficients are 0. 


(T) 


The sum of all the constituents in the above expansion whose 

coefficients are cither 1, 0, or ^ , will be 1 - . . s„. 

We shall, theieforc, have the following algebraic system for 
the determination of Prob. x, , viz : 


Prob x,= 


Sl 


with the relations 


Si 


** 5] ^ • « Sn C$i $2 • • s n 
1 — S\ $2 • • S n 


*2 Sn 


Pi Ps Pn 

~ 1 “ S\ $2 • • Sn = A 


( 8 ) 

( 9 ) 


It will be seen, that the relations for the determination of 
Si s s . s„ are quite independent of the form of the function <f > , 
and the values of these quantities, determined once, will serve 



316 


OF STATISTICAL CONDITIONS. [CHAP XIX. 

for all possible problems in which the data are the same, how- 
ever the qinpotn of tliO'C pioblems may i ary. The nature of 
that e\cnt, or combination of events, whose probability is sought, 
will affect only the form of the function in which the determined 
values of s 2 . . s n are to be substituted. 

We have fiom (9) 

Si =piA, s. « • s n = p n \. 

Whence 

1 - (1 -pik) (1 -p 2 X) . . (1 -p„X) = X 
Or, 

l-X = (l-PiX)(l-p s X). .(1-P»X); (10) 


from which equation the value of X is to be determined. 

Supposing this value determined, the value of Prob x, will be 

PiX - (1 - c) p , p 2 . . p„X n 
i - (i - pa) (i - p t \) . . (i - pn\y 

or, on reduction by (10), 

Prob. Xi = JJi - (1 - c) p,p 2 .pnX"-*. (11) 

Let us next seek the conditions which must be fulfilled 
among the constants p v , p 2 , . . p„, and the limits of the value of 
Prob Xj. 

As there is but one term with the coefficient - , theie is but 
one condition among the constants, viz., 

Minor limit, (l - «,) (l - s 2 ) (1 - s„) < 0. 

Or, re (1 - Sj) + re (1 - s 2 ) . + ra (1 - s„) - (re- 1) re(l)< 0. 

Or, re (1 ) - re (s,) - re (s 2 ) . . - re (s„) < 0. 

Whence Pi+Pi ■ + p„ > 1, 


the condition required. 

The majoi limit of Prob Xi is the major limit of the sum of 
those constituents whose coefficients are 1 or ^ . But that sum is s 2 . 
Hence, 


Major limit, Piob.Xj = major limit s, =p 2 . 
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The minor limit of Prob. x, will be identical with the minor 
limit of the expression 

s, - St s 2 .«„ + (!- s,) (1 - s 2 ) . . (1 - s„). 

A little attention will show that the diffeicut aggregates, 
terms which can be formed out of the above, each including the 
greatest possible number of constituents, will be the following, 
viz : 

Si (1 — S 3 ), Si (1 — Sj), Si (1 — s„), (1 — s 2 ) (1 — s 3 ) . . (1 — s„). 

From these we deduce the following expressions for the minor 
limit, viz. : 

P1-P2, Pi~ Pi Pi~P»> 1 - pz ~P, • • ~Pn- 

The value of Piob a-, will, thcrefoic, nol fall short of any of 
these values, nor exceed the value of p, . 

Instead, however, of employing these conditions, we may 
directly avail ourselves of the principle stated in the demon- 
stration of the general method in probabilities The condition 
that s,, s 2 , . .s„ must each be less than unity, requires that A 

should be less than each of the quantities — , — , . — And 

Pi Pi Pn 

the condition that s t , s 3 , . s„, must each be greater than 0, re- 

quires that A should also be grcatci than 0 Now p : p s . p„ 
being proper fiactions satisfying the condition 

Pi + Pi .+/»„> 1, 

it may be shown that but one positive value of A can be deduced 
from the cential equation (10) which shall be less than each of 

the quantities — , — , — That ■value of A is, thcrefoic, the 

Pi Pi Pn 

one required. 

To prove this, let us consider the equation 

(1 - jhA) (1 - p s A) . . (1 - p a A) - 1 + A = 0. 

"When A = 0 the first member vanishes, and the equation is 
satisfied. Let us examine the \ aiiations of the fiist member 

between the limits A = 0 and A = — , supposing p 1 the greatest of 

Pi 

the values p { p, . . p n 
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Bepresenting the first member of the equation by V, we have 
dV 

= ~Pl (1 ~ P-ty * • (1 ~P”ty • ~P* ~ Pity • * (1 ~Pn-l)l ) + l, 

which, when X = 0, assumes the form - pi - Pi . • - p* + 1, and 
is negative in value. 

Again, we have 

d*V 

^T= Pi Pi (l- Pity (l-,p«A) + &c., 

consisting of a series of terms which, under the given restrictions 
with reference to the value of X, are positive. 


Lastly, when X = — , we have 
Pi 


1 


F--1+-L, 

Pi 

which is positive. 

From all this it appears, that if we construct a curve, the or- 
dinates of which shall represent the value of V corresponding to 
the abscissa X, that curve will pass through the origin, and will 
for small values of X lie beneath the abscissa. Its convexity will, 

between the limits X = 0 and X = — be downwards, and at the 

Pi 

extreme limit — the curve will be above the abscissa, its ordinate 
Pi 

being positive. It follows from this description, that it will in- 
tersect the abscissa once, and only once, within the limits speci- 
fied, viz., between the values X = 0, and X = — 

Pi 

The solution of the problem is, therefore, expressed by (11), 
the value of X being that root of the equation (10), which lies 

within the limits 0 and — , — , — . 

Pi Pi p * 

The constant c is obviously the probability, that if the events 
xi, x 2 , . x n , all happen, or all fail, they will all happen. 

This determination of the value of X suffices for all problems 
in which the data are the same as in the one just considered. It 
is, as trom previous discussions we are prepared to expect, a de- 
termination independent of the form of the function <j>. 
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Let us, as another example, suppose 

<p ~ or to = X\ (1 .r,) ■ • (1 r, j * + Xji (1 2,,) . • (1 r ^ — , ) , 

This is equivalent to requiring the probability, that of the events 
«i, x t , one, and only one, will happen. The value of w will 
obviously be 

to = Sj (1 — fij). .(1 — fin) ■ +Sn(l — Si) (1 — ®n-l) + q (1 — ®i) ■ *(1 — *n)» 

from which we should have 


Prob. (a;, (1 a?,] * . (1 ^n) • . + x n (1 — £,) (1 — 2 ? n _,)J 

5, (1 5,) . (1 " fin) ■ + fin (1 “ fil) * * (1 fin-l) 

l-(l-fi,) (1-fin) 

p,A(l-^ 2 X).. (l-jD„X) +/J„X(1-7>,X) . (1-JD„.,X) 

X 

Pi (1 - A) P 2 (1 - X) Pn (1 - A) 

1-piX 1-paX ” 1-pnX 

This solution serves well to illustrate the remarks made in the 
introductory chapter (I 16) The essential difficulties of the 
problem are founded in the nature of its data and not in that of 
its qusesita The central equation by which X is determined, and 
the peculiar discussions connected therewith, are equally perti- 
nent to every form which that problem can be made to assume, 
by varying the interpretation of the arbitrary elements in its 
original statement. 
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CHAPTER XX. 

PROBLEMS RELATING TO THE CONNEXION OF CAUSES AND 
EFFECTS 

1* CO to apprehend in all particular instances the relation of 

^ cause and effect, as to connect the two extremes in thought 
according to the Older in which they are connected in natuie 
(for the modus operandi is, and must ever be, unknown to us), 
is the final object of science This treatise has shown, that tlieie 
is special reference to such an object in the constitution of the 
intellectual faculties There is a sphere of thought which com- 
pichends things only as coexistent parts of a univeisc ; but 
there is also a sphere of thought (Chap xi ) in which they aie 
apprehended as links of an unbroken, and, to human appear- 
ance, an endless chain — as having their place in an older con- 
necting them both with that which has gone liefoie, and with 
that which shall follow after. In the contemplation of such 
a series, it is impossible not to feci the pre-eminence which is due, 
above all other relations, to the relation of cause and effect 

Here I propose to consider, in their abstract form, some pio- 
blems in which the above relation is involved There exists 
among such pioblcms, as might be anticipated from the natuie 
of the relation with which they aie conceincd, a wide dncisity. 
Fiom the probabilities of causes assigned d prion, or given by 
expcnence, and tlicir lcspcctivc probabilities of association with 
an effect contemplated, it may be required to determine the pio- 
bability of that effect ; and this cither, 1st, absolutely, or 2ndly, 
under given conditions To such an object some of the earlier 
of the following problems relate. On the other hand, it may be 
required to deteiminc the piobability of a particular cause, or of 
some paiticular connexion among a system of causes, from ob- 
served effects, and the known tendencies of the said causes, singly 
or in connexion, to the production of such effects. This class of 
questions will be considered in a subsequent portion of the 
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chapter, and other forms of the general Inquiry will also be 
noticed I would remark, that although these examples are de- 
signed chiefly as illustrations of a method , no regard has been 
paid to the question of ease or convenience in the application of 
that method. On the contrary, they have been devised, with 
whatever success, as types of the class of problems which might 
be expected to arise from the study of the relation of cause and 
effect in the more complex of its actual and visible manifestations. 

2. Problem I. — The probabilities of two causes A, and A, 
are e, and c 2 respectively The probability that if the cause A 2 
present itself, an event E will accompany it (whether as a conse- 
quence of the cause A, or not) is p,, and the probability that if 
the cause A* present itself, that event E will accompany it, 
whether as a consequence of it or not, is p 2 Moreover, the 
event E cannot appear in the absence of both the causes A l and 
A t .* Required the probability of the event E. 

The solution of what tliis problem becomes in the case in 
which the causes A,, A? are mutually exclusive, is well known 
to be 

Prob. E = c, p, + c 2 p 2 ; 

and it expresses a particular case of a fundamental and very im- 
portant principle in the received theory of probabilities. Here 
it is proposed to solve the problem free from the restriction above 
stated 


• The mode in which such data as the above might be furnished by expe- 
rience is easily conceivable Opposite the window of the room in which I write 
is afield, liable to be overflowed from two causes, distinct, but capable of being 
combined, via , floods from the upper sources of the River Lee, and tides from 
the ocean Suppose that observations made on N separate occasions have 
yielded the following results On A occasions the river was swollen by freshets, 
and on P of those occasions it was inundated, whether from this cause or not 
On B occasions the river was swollen by the tide, and on Qof those occasions it 
was inundated, whether from this cause or not Supposing, then, that the field 
cannot be inundated in the absence of both the causes above mentioned, let it be 
required to determine the total probability of its inundation 

Here the elements a, b, p, q ol tbe general problem represent the ratios 
A P B Q 
N' A' N' B' 

or rather the values to »hich those ratios approach, as tbe value of JV is indefi- 
nitely increased 
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Let us represent 


The cause A* by x. 
The causers byy. 
The effect E bv z. 


Then we have the following numerical data : 

Prob. x = c„ Prob. y = c „ 

Prob. xz - Cip,, Prob. yz = c. p t . 

Again, it is provided that if the causes A „ A , are both ab- 
sent, the effect £ does not occur; whence we have the logical 
equation 

(l-«)(l-y)-r(l-r). 

Or, eliminating u, 

a (1 - x) (1 - y) = 0. (2) 

Now assume, 

xz = s, yz = f. (3) 

Then, reducing these equations (VIII. 7), and connecting the 
result with (2), 

xz(l-s)+i(l-xz)+yz(l-t)+f(l-yz)+z(l-*)(l-y)= 0. (4) 

From this equation, z must be determined as a developed 
logical function of x, y, s, and t, and its probability thence de- 
duced by means of the data, 

Prob.x = C!, Prob. y = c 2 , Prob s = c l pi, Prob t = c s p.. (5) 

Now developing(4) with respect to z, and putting x for 1 - x, 
y for 1 = y, and so on, we have 

(xs + sx + yt+ tjj + xy) z + (s + t) z = 0, 


s + t -xs-sx—yt - ty - xy 

= stxy + i stxy + ^ stxy + i stxy 

1 - _ 1 -_ 1 
+ - stxy + stxy + -stxy + — stxy 

+ ^ ^ + stxy + ^ stxy 

+ Oltxy + 0 stxy + Ostxy + 0 stxy. 


( 6 ) 
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From this result we find (XVII. 1 7)» 

V= stxy + stxy + stly + Itxy+stxy 
+ stTy + stxy 
= stxy + stxy +stxy +• If 

Whence, passing from Logic to Algebra, we have the following 
system of equations, u standing for the probability sought : 

stxy stxy + six stxy + stxy + sty 


stxy + stxy stxy \stxy 
Cj pi c a p a 

stxy 4 stxy + stxy stxy + stxy + Itxy +If T7 
_ = j = , 

from which we must eliminate s, t, x, y, and V. 

Now if we have any series of equal fractions, as 


( 7 ) 


a b c . 

= Ti *= — , = A, 

a b c 


we know that 


la + mb + nc 


= X. 


fo'+ mb' + rud 

And thus from the above system of equations we may deduce 

~stxy stxy If _ y.' 

U - Cifi U - Cipi 1 - u ’ 

whence we have, on equating the product of the three first mem- 
bers to the cube of the last, 

ssHt : xxyy = ^ 3 

(« - c,y>,) ( u - c s p s ) (1 - u) 

Again, from the system (7) we have 

If I sty stxy 


( 8 ) 


1 - U ~ Cl + Cipi " 1 - U - C z + CiPi CiPi + c.pi - u 

whence proceeding as before 

ss‘tt?xx yy 


= V, 


(1 - c, + Cipi - u) (1 - c 2 + c,p, - u) (Cipi + c a p, - v) 


= V> (9) 
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Equating the values of V 3 in (8) and (9 ), we have 
(w-c,p,) («-c a p 2 )(l -n) 

= U ~ c i (1 - PO -«i { 1 - (l -p 2 ) - u) (c^-t c 2 p 2 - u), 

which may be more conveniently written in the form 

(u- Cl pi)(u-c 2 p 2 ) = { 1 — c t (1 -pQ-n) { 1 - c 2 (l-p 2 ) - w) , 
c,p, + c 2 p 2 -U 1 - U ' 

From this equation the value of u may he found. It remains 
only to determine which of the roots must be taken for this pur- 
pose. 

3. It has been shown (XIX. 12) that the quantity ?/, in 
order that it may represent the probability required in the above 
case, must exceed each of the quantities Ctp,, c 2 p ,, and fall 
short of each of the quantities 1 - c, (1 - p,), 1 - r 2 (1 - p,), and 
c,Pi + f 2 p 2 , the condition among the constants, moreo’v ei , being 
that the three last quantities must indmdually exceed each of 
the two former ones Now I shall show that these conditions 
being satisfied, the final equation (10) has but one root which 
falls within the limits assigned. That root will therefore be the 
required value of u. 

Let us represent the lower limits r,p,, c 2 p 2 , by a, b respec- 
tively, and the upper limits 1 -c, (1 - p,), 1 - e 2 ( 1 - p 2 ), and 
Ci pi + c 2 p 2 , by a, b, d respectively. Then the general equation 
may be expressed in the form 

(u - a) (u- 6) (1 - m) - (a' - u) (6' - u) (c - u) = 0, (1 1) 

or (1 - a - b) v? — [ab- a'b' + (1 - a -b) c } u + ab-abd = 0. 

Representing the first member of the above equation by V, we 
have 

Now let us suppose a the highest of the lower limits of u, a' the 
lowest of its highci limits, and trace the progress of the -values 
of V between the limits u = a and u = a. 

When u = a, we see fi om the form of the first member of ( 1 1) 
that V is negativ c, and when u = a we see that V is positive. 
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Between those limits V varies continuously without becoming 
d 2 V. 

infinite, and is always of the same sign. 

Hence ifu represent the abscissa V the oidinate of a plane 
curve, it is evident that the cuive will pa»s from a point below 
the axis of u corresponding to u = a, to a point abov e the axis of 
u corresponding to u = a, the curve lemaimng continuous, and 
having its concavity or convexity always turned in the same di- 
rection. A little attention will show that, undci these circum- 
stances, it must cut the axis of u once, and only once. 

Hence between the limits u = a, u = a', thcie exists one value 
of u, and only one, which satisfies the equation (11). It will 
further appear, if in thought the cui vo be traced, that the other 
value of u will be less than a when the quantity 1 - a' - ft' is po- 
sitive and greater than any one of the quantities a, ft', c' when 
1 - a! - ft' is negative. It hence follows that in the solution of 
(11) the positive sign of the radical must be taken. We thus 
find 



where Q ■= (aft-a'ft'+ (1 -a'-ft'Jc')* - 4(1 -a'-ft') (aft-a'ft'c). 

4. The results of this investigation may to some extent be 
verified. Thus, it is evident that the probability of the event E 
must in general exceed the probability of the concurrence of the 
event E and the cause A x or Hence we must have, as the 
solution indicates, 

u > c, pi , u> c 2 p 2 

Again, it is clear that the probability of the effect E must in 
general be less than it would be if the causes A„ J 2 weie mu- 
tually exclusive. Iiencc 

u 5 C t fi + c s p s . 

Lastly, since the probability of the failure of the effect E con- 
curring with the presence of the cause yl, must, in general, be 
less than the absolute probability of the failure of E, we have 

Ci (1 -/>,)< 1 - 

. . u < 1 - c, (1 - p^. 
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Similarly, 

u ? 1 -e £ <] -p t ). 

And thus the conditione by which the general solution was 
limited are confirmed. 

Again, let />. = 1, p t = 1 . Thi- is to suppose that when either 
of the cauafos . 1 { , A % is present, the e\ ent E will occur. TV e ha\ e 
then a = c L , b = <?., a — 1, A" = 1, P = c, tv, and substituting in 
(13) we get 

_ e,c, - e, - c, - 1 a ^ !(c,e, - e, -r, - l) s - 4(c,c : - c, - c~A: 

- 2 

= Ci + Cj - 6A on reduction 
= i - n - c.) n - ci). 

Now this is the known expression for the probability that one 
cause at least will be present, which, under the circumstances, is 
evidently the probability of the event E. 

Finally, let it be supposed that c, and c z arc very 'mail, so 
that their product may he neglected ; then the expression for u 
reduce* to r\p v j- c t p.. Now the smaller the probability of each 
cause, the smaller, in a much higher degree, is the probability of 
a conjunction of cause' Ultimately, therefore, such reduction 
continuing, the probability of the e\ ent E becomes the tame as 
if the causes were mutually cxclu=ivc. 

I luu e dwelt at greater length upon this solution, because it 
sen cs in some re.-pect as a model for those which follow, some of 
which, being of a more complex character, might, without such 
preparation, appear difficult. 

5. Problem II — In place of the supposition adopted in the 
previou- problem, that the event E cannot happen when both the 
causes A ,, A . ai c absent, let it be assumed that the causes *1, 
cannot both he absent, and let the other circumstances remain as 
before. .Required, then, the probability of the e\ ent E. 

Here, in place of the equation (2) of the previous solution, we 
have the equation 

(l-.r) (l-p) = 0. 

The developed logical expi ession of z is found to be 
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z = stxy + - stxy + - stxy + ^stxjj 

1 _ _ _ I 1 

+ -stxy+ stxy + -stxy + -st zy 

+ jjslxy + ^ stxy + stxy + ~ stxy 

+ OsJxy + 0 slxy + 0 sTxy + ^slxy; 
and the final solution is 

Prob. E = m ; 

the quantity u being determined by the solution of the equation 

(u - a) (u - &) (a! -u) (b'-u) . , 

a + b -u u - a - ti + 1 ’ ' ' 

wherein a = c 1 p l , b = c 2 p 2 , a = 1 - c, (1 - p,), b' = 1 - c, (1 - p,). 

The conditions of limitation are the following : — That value 
of u must be chosen which exceeds each of the thiee quantities 

a, b, and «' + £>'- 1 , 

and which at the same time falls short of each of the three quan- 
tities 

a', V, and a + b 

Exactly as in the solution of the previous problem, it may be 
Bhown that the quadratic equation (1) will have one root, and 
only one root, satisfying these conditions The conditions them- 
selves were deduced by the same rule as before, excepting that 
the minor limit a' + U - 1 was found by seeking the major hmit 
of 1 - z. 

It. may be added that the constants in the data, beside satis- 
fying the conditions implied above, viz , that the quantities a, b\ 
and a + b, must individually exceed a, b, and a + li - I, must 
also satisfy the condition c, + c s > 1 . This also appeal s fi om the 
application of the rule. 

6. Problem III. — The probabilities of two events A and B 
are a and b respectively, the probability that if the c\ ent A take 
place an event E will accompany it is p, and the probability that 
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if the event B take place, the same event E will accompany it 
is q. Kequired tLe probability that if the event A take place the 
event B will take place, or vice \.ersd, the probability that if B 
take place, A will take place. 

Let ns represent the event A by x, the event B by y, and the 
event E by z. Then the data are — 

Prob. x = a, Prob. y = b. 

Prob. xz = ap t Prob. yz = bq. 

Whence it ifl required to find 

Prob. xy Prob. xy 
Prob.z 01 Prob.y" 

Let xy = i, yz = t, zy = w. 

F.lim ma ting z, we have, on reduction. 


sx + ty + syt + xts + xyw + (1 - xy) to = 0, 

sx + ty + syl+ xfs + xy 
2 xy- 1 


•\ to = 


= xyst 4 i xyst + ~zyst + i xyst 

1 _ „ _ , 1 1 

+ - xyst + 0 xyst + - xyst + - xyst 

1 _ 1 _ 1 

+ - xyst + - xyst + Qxy st + - xyst 

+ xyst + Oxyst + Oxysl + Oxysl. 
Hence, passing from Logic to Algebra, 

Prob. xy - fgfitfsiU, 


(>) 


x, y, s, and t being determined by the system of equations 

xyst + xysl + xyst + xylt xyst + xyst + xyst + xyst 
a ~ b 

xyst + xysl xyst + xyst 
ap bq 

= xyst t xysl + xylt + xyll + xyst + xylt + xyst - V. 
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To reduce the above system to a more convenient form, let every 
member be divided by ly 11, and in the result let 


xs yt , x y 

=^ = m, ^z.= m, ~ = n, = n 
xs yt x y 


We then find 


mm + m + nn' + n mm' + m' + nri + ri 


Also, 


ap bq 

= mm' + m + m! + nri + n + ri + 1 

, mm' + nri 

Prob. xy , ; : — 

J mm + m + m+nn+n + n + \ 


These equations may be reduced to the form 

mm + m mm + rri nri + n nri + ri 
ap ~ bq a (1 -p) ~ b(l~ q) 

= (m + 1) (rri + 1) + (n + 1) (ri + 1) - 1 . 


Prob. xy = 


mm + nn 


(m+l) {rri + 1) + (n + 1) (ra'+ 1) - T 

Now assume 

( * + 1 ) (™'+ 1 ) = ( " + 1} (n ' + l) = (2) 

m . , m(m' + 1) (m+ 1) my 

Ihen since mm + m = — ; = 7 rr— ; T^» 

m + 1 (m + 1) (v + y - 1) 

and so on for the other numerators of the system, wc find, on 

substituting and multiplying each member of the system by 

v + y - 1, the following results : 


my 


nv 


n v 


= 1 . 


(m + 1) ap ~ (rri + l)bq (n + 1) a (1 - p) («'+l)i(l-g) 

Prob. xy = (mm' + nri) (v + y - 1). (3) 

From the above system we have 

m ap . ap 

, — , whence m . 

m + 1 y y - ap 
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Similarly 


m = 


6g 

P~W 


n = 


Hence , u. 

m + 1 = 


(1 ~P) 
v - a (1 - p)’ 

n + 1 = 


n = 


p- ap' v-a (1 - p ) 

Substitute these values in (2) reduced to the form 

P ■ v 


6Q -g) 

v-b(\- g y 
, &c. 


v + p - 1 = ■ 


(m + 1) (m + 1) (n + 1) ( ii + 1)’ 

and we have 

, (p-ap)(p-bg) (v-a(l-p)} (v-6(l -y)} 

v + u — i — — ■ • 

fl v 

Substitute also for m, m, &c. their values in (3), and we have 

Prob. ay 
ab (1 -p) (1 - g) 


(4) 


f 2 

L (u-ap 


{p - °P) (fi - bq) (v-a(l-p)} (v- 6 (l-y)J 

= + ab(l-p) (1 -g) . 

p v J v / 

Now the first equation of the system (4) gives 

apbq 

v + p — l=p — ap-bq + 

P 


Zvw] (” + P~ l ) 


( 5 ) 


Similarly, 


abpq , z 

= v - 1 + ap + bq. 

P 


ab(l-p) (1 -g) 


= p - 1 + a (1 -p) +6(1- q). 


Adding these equations together, and observing that the first 
member of the result becomes identical with the expression just 
found for Prob ay, we have 

Prob. xy = v + p + a+ b-2. 

Let us represent Prob. xy by u, and let a + 6 - 2 = m, then 

p + v = u - m. (6) 

Again, from (5) we have 

pv = abpq - (ap + bq - 1) p. 


(7) 
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Similarly from the first and third members of (4) equated we 
have 

fiv = ab( 1 -p) (1 - q) - (<z(l -p) + 6(1 - q) - lj v . 

Let us represent ap + bq - 1 by h, and a (1 - p) + b (1 - q) - 1 by 
h'. We find on equating the above values of pv, 

lip - h'v = ab \pq + (1 - p) (1 - ^)) 

= ab(p + q - 1). 

Let ab (p i q - 1) = /, then 

bp — h'v = l. (8) 

Now from (6) and (8) we get 

h' (u-m) + l h (u - m) - l 

p , v 

m m 

Substitute these values in (7) reduced to the form 
p (v + h ) = abpq, 

and we have 

(bu - l) (A' (to - m) + l) - abpqm 2 , (9) 

a quadratic equation, the solution of which determines a, the va- 
lue of Prob xy sought. 

The solution may readily be put in the form 

,, IK + h(h'm - l) ± V [(/A' - A (Am - /))’ + Ahh'abpqm 1 '] 

2hk' ' 

But if we further observe that 

lh' - A (Km - 1) = / (A + A’) - hh'm = (/ - Jib') m, 
since A = ap + bq - 1, A'= a (1 - p) + b (1 - q) - 1, 
whence A + A' = a + b - 2 = m. 

We find 

n lh' + h(hm -l) + m\J \{l~hhy + Wiabpq] . . 

Prob. xy = > 2M* * ( l0 ) 

It rem ain s to determine which sign must be given to the radi- 
cal. We might ascertain this by the general method exemplified 
in the last problem, but it is far easier, and it fully suffices in the 
present instance, to determine the sign by a comparison of the 
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above formula with the result proper to ‘ome known ease For 
instance, if it were certain that the event .1 is always, anil the 
event B never, a--ociated with the event E, then it 1 = certain that 
the events A and B are never conjoined. Hence if p = 1, q = 0, 
we ought to have u = 0. Now the assumptions p = 1, q = 0, 
give 

h = a — 1, U — b - 1, 1=0, nt = a -r b - 2. 


Substituting in (10) we have 


Prob. xy 


(o — 1) b - 1) (a -J- b - 2) x (« + b - 2) (a - 1 ) (b - 1) 
2 (a - 1) (b - 1) 


and this expression vanishes when the lower sign i3 taken. 
Hence the final solution of the general problem will be expiessed 
in the form 


Prob. xy lit + h (h'm - 1) - my/ {{l - hit ) 1 Ahh'abpq 
TProb. x 2akk' 


wherein k = ap T bq - 1, h = a (1 - p) + b (1 - q) - 1, 
l = ab(p + q - Y), m = a + b - 2. 

As the terms in the final logical solution affected by the co- 
efficient ^ are the same as in the fiist problem of this chapter, 
the conditions among the constants will be the same, viz , 


ap < 1 - b (1 - q), bq < 1 - a (1 - p ). 

7. It is a confirmation of the correctness of the above solution 
that the expression obtained is symmetrical with respect to the 
two sets of quantities p, q, and 1 - p, 1 - q, i. e. that on changing 
p into 1 -p, and q into 1 - q, the expression is unaltered This 
is apparent from the equation 

Prob. xy = ah { — + — — ^- 11 — *ll 1 
t jU v J 

employed in deducing the final result. Now if there exist pro- 
babilities p, q of the event E, as consequent upon a knowledge 
of the occurrences of A and B, there exist probabilities 1 - p, 1 - q 
of the contrary event, that is, of the non-occurrence of E under 
the same circumstances As then the data are unchanged in 
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form, whether we take account in them of the occurrence or of 
the non-occurrence of E, it is evident that the solution ought to 
be, as it is, a symmetrical function of p, q and 1 - p, 1 - q 

Let us examine the particular case in which p = 1, q = 1, 
We find 

h = a + b - 1, h' = - 1, l = ab, m = a + 6 - 2, 
and substituting 

Prob. xy _ —ab+(a + b- 1) (2 - a- b- ab) -{a + b- 2) (ab-a -6 + 1) 
Prob. x -2a (a + 6-1) 

- 2a6(a + 6-1) , 

- 2a (a + b - 1) 

It would appear, then, that in this case the events A and B are 
virtually independent of each other. The supposition of their 
invariable association with some other event E, of the frequency 
of whose occurrence, except as it may be inferred from this par- 
ticular connexion, absolutely nothing is known, does not establish 
any dependence between the events A and B themselves. I ap- 
prehend that this conclusion is agreeable to leason, though par- 
ticular examples may appear at fiist sight to indicate a different 
result. For instance, if the probabihties of the casting up, 1st, 
of a particular species of weed, 2ndly, of a cei tain description of 
zoophytes upon the sea-shore, had been separately determined, 
and if it had also been ascertained that neither of these events 
could happen except during the agitation of the waves caused by 
a tempest, it would, I think, justly be concluded that the events 
in question were not independent. The picking up of a piece of 
seaweed of the kind supposed would, it is piesumed, lender rnoic 
probable the discovery of the zoophytes than it would otherwise 
have been. But I apprehend that this fact is due to our know- 
ledge of another ciicumstance not implied in the actual conditions 
of the problem, viz , that the occunence of a tempest is but an 
occasional phamomenon. Let the range of observation be con- 
fined to a sea always vexed with storm. It would then, I sup- 
pose, be seen that the casting up of the weeds and of the 
zoophytes ought to be regarded as independent events. Now, 
to speak more generally, theie aie conditions common to all phse- 
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nomena, — conditions which, it is felt, do not affect their mutual 
independence. I apprehend therefore that the solution indicates, 
that when a particular condition has prevailed through the whole 
of our recorded experience, it assumes the above character with 
reference to the class of phenomena over which that experience 
has extended 

8. Problem IV. — To illustrate in some degree the above 
observations, let there be given, in addition to the data of the 
last problem, the absolute probability of the event E, the com- 
pleted system of data being 

Prob. x = a, Prob. y = b, Prob. z = c, 

Prob. xz = ap, Prob. yz = bq, 

and let it be required to find Prob. ry. 

Assuming, as before, xz = s, yz=t, xy = ic, the final logical 
equation is 

w = xystz + xysTz + 0 ( xysTz + xystz -r xyzTt + xyzst 

+ xyz~sT + xyzst). 

+ terms whose coefficients are ^ (1) 

The algebraic system having been formed, the subsequent elimi- 
nations may be simplified by the transformations adopted in the 
previous problem. The final result is 

Prob. xy = ab + H z M lljl j (2) 

The conditions among the constants are 

c > ap, c > bq, c 5 1 - a (1 - p), c < 1 - b (l - q). 

Now if p = 1, q = 1, we find 

Prob. xy = 

c not admitting of any value less than a or b. It follows hence 
that if the event E is known to be an occasional one, its inva- 
riable attendance on the events x and y increases the probability 
of their conjunction in the inverse ratio of its own frequency. 
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The formula (2) may be verified in a large number of cases. 
As a particular instance, let q = c, we find 

Prob xy = ab. (3) 

Now the assumption q = c involves, by Definition (Chap. XVI.) 
the independence of the events B and E . If then B and E are 
independent, no relation which may exist between A and E can 
establish a relation between A and B ; wherefore A and B are 
also independent, as the above equation (3) implies. 

It may readily be shown from (2) that the value of Prob. z, 
which renders Piob.ary a minimum, is 

p ro b z ^ Cp?) 

V(P?W(1- PHI-?)' 

If p = q, thiS gives 

Piob. z = 

a result, the correctness of which may be shown by the same con- 
siderations which have been applied to (3). 

Problem V. — Given the probabilities of any three events, 
and the probability of their conjunction; required the proba- 
bility of the conjunction of any two of them. 

Suppose the data to be 

Prob. x = p, Prob. y = q, Prob. z - r, Prob. xyz = m, 
and the qusesitum to be Prob. xy. 

Assuming xyz - s, xy = t, we find as the final logical equa- 
tion, 

t-xyzs + xyzs+0(xy~s + ls) + - (sum of all other constituents) ; 
whence, finally, 

H - V(H 3 — 4 par 2 - 4pqrni) 

Prob xy 2= , 

wherein p = 1 -p, &c H = p~q+ (p + q)r 

This admits of verification when p = 1, when 9=1, when r = 0 , 
and therefore m = 0, &c. 

Had the condition, Prob z = r, been omitted, the solution 
would still have been definite. W e should have had 
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Prob. xy = W(l-«)+(l-f»)(l 

y 1 - m 

and it may be added, as a final confirmation of their correctness, 
that the above results become identical when m =pqr. 

9 The following problem is a generalization of Problem I., 
and its solution, though necessarily more complex, is obtained by 
a similar analysis. 

Problem VI. — If an event can only happen as a conse- 
quence of one or more of certain causes A„ A 2 , . . A„, and if 
generally c, represent the probability of the cause A„ and p t the 
probability that if the cause A, exist, the event E will occur, 
then the series of values of c, and p t being given, required the 
probability of the event E. 9 

Let the causes A,, A 2 , . A a be represented by x 2 , x n , 
and the event E by z. 

Then we have generally, 

Prob. a, = c„ Prob. x t z = 

Further, the condition that E can only happen in connexion with 
some one or more of the causes A„ A 2 , A n establishes the logi- 
cal condition, 

*(1 - *i) (1 -* 2 ) . . (1 — x„) = 0 (1) 


• It may be proper to remark, that the above problem was proposed to the 
notice of mathematicians by the author m the Cambridge and Dublin Mathema- 
tical Journal, Nov 1851, accompanied by the subjoined observations 

11 The motives which have led mo, after much consideration, to adopt, with 
reference to this question, a course unusual in the present day, and not upon 
slight grounds to be revived, are the following — First, I propose the question 
as a test of the sufficiency of received methods Secondly, I anticipate that its 
discussion will m some measure add to our knowledge of au important branch 
of pure analysis However, it is upon the former of these grounds alone that I 
desire to rest my apology 

4 4 While hoping that some may be found who, without departing from the line 
of their previous studies, may deem this question worthy of their attention, I 
wholly disclaim the notion of its being offered as a trial of personal skill or 
knowledge, but desire that it may be viewed solely with reference to those pub- 
lic and scientific ends for the sake of which alone it is proposed ” 

The author thinks it right to add, that the publication of the above problem 
lerl to sonic interesting private correspondence, but did not elicit a solution 
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Now let us assume generally 

x t z = t n 

which is reducible to the form 

x,z(l - £,) + £,(1 - x,z) = 0, 

forming the type of a system of n equations which, together with 
(1), express the logical conditions of the problem Adding all 
these equations together, as after the previous reduction we are 
permitted to do, we have 

2 { x,z (1 - £,) + 1, (1 - x,z ) J + z (1 - Xj) (1 - x 2 ) . . (1 -x„) = 0, (2) 

(the summation implied by 2 extending from t = 1 to * = n), and 
this single and sufficient logical equation, together with the 2n 
data, represented by the general equations 

Prob. x t = c„ Prob. £, = c,p„ (3) 

constitute the elements from which we are to determine Prob. z. 
Let (2) be developed with respect to 2 We have 

[2(x,(l- £,) + £,(l -2,)] + (1 - *,) (1 -x,)..(l-x„)]z 

+ 2£,(1 - z) = 0, 

whence 

g = __ ( 4 ) 

2£ l -2(x l (i-£,) + £,(l-® 1 )l ' 

Now any constituent in the expansion of the second member of 
the above equation will consist of In factors, of which n arc taken 
out of the set £„ Xj, . . x n , 1 - x„ 1 - x„ . . 1 - a„, and n out of 

the set £„ . . £„, 1 - £„ 1 - £„ 1 - t n , no such combination as 

x, (1 - Xi), /, (1 - £,), being admissible. Let us consider first 
those constituents of which (I - t,), (1 - £,)..(! - £„) forms the 
t-factor, that is the factor derived from the set £,, . . 1 - £,. 

The coefficient of any such constituent will be found by 
changing £„ L , . . t n respectively into 0 in the second member of 
(4), and then assigning to x„ x ,, . ■ x n their values as dependent 
upon the nature of the x-factor of the constituent. Now simply 
substituting for £„ t 2) . . t„ the value 0, the second member be- 
comes 


0 
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and this vanishes whatever values, 0, 1, we subsequently assign 
to x x , .r 2 , . . x n . For if those -values are not all equal to 0, the 
term does not vanish, and if they are all equal to 0, the term 
- (1 - Xi) ( 1 - x n ) becomes - 1, so that in either case the denomi- 
nator does not vanish, and therefore the fraction does. Hence 
the coefficients of all constituents of which (1 - #,) . . (1 - <„) is a 
factor will be 0, and as the sum of all possible ^-constituents is 
unity, there will be an aggregate term 0 (1 - i,) (1 - 1„) in the 

development of z. 

Consider, in the next place, any constituent of which the 
f-factor is t, . . t r (1 - . . (1 - 1„), r being equal to or greater 

than unity. Making in the second member of (4), t 2 = 1 , . . t, = 1, 
t rt i = 0, t n = 0, we get the expression 

r 

r, . +x r - av*i . • - ar„ - (1 - *i) (1 - * 2 ) . . (1 - x n ) 


Now the only admissible values of the symbols being 0 and 1, 
it is evident that the above expression will be equal to 1 when 
x x = 1 . . x, = 1, a:*! = 0, x„ = 0, and that for all other combi- 
nations of value that expression will assume a value greater than 
unity. Hence the coefficient 1 will be applied to all constituents 
of the final development which are of the form 


Xi • • X r (1 — ®i+i) (1 “ !T n ) t\ t r [1 — t r +l) (1 “ ^n)j 


the ^-factor being similar to the t-factor, while other consti- 
tuents included under the present case will have the virtual co- 


efficient -. 


Also, it is manifest that this reasoning is independent 


of the particular arrangement and succession of the individual 
symbols. 


Hence the complete expansion of z will be of the form 


*-S(Xr) + 0(1 -*,)(!-*,) ■(!-*») 


+ constituents whose coefficients are 


L 

O’ 


( 5 ) 


where T repiesents any t-constituent except (1 - f,) . . (1 - £„)> 
and X the corresponding or similar constituent of x t . . x„. 
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For instance, if n = 2, we shall have 

2(XjT) = /r, #2 tits + x x X2t\% + xiXiTi ta> 
ii , ij , &c. standing for 1 - x t , 1 - xi , &c. ; whence 
2 — X\ Xq t\ t ^ 4* tj ?2 4 Xj Xs 
+ 0 (.«i x% h U + x, x-i 7[ ?2 + X[ x % Ti % + xi x t Ti T^) ffil 

+ constituents whose coefficients are 

This result agrees, difference of notation being allowed for, with 
the developed form of z in Problem I. of this chapter, as it evi- 
dently ought to do 

10. To avoid complexity, I purpose to deduce from the above 
equation (6) the necessary conditions for the determination of 
Prob. z for the particular case in which n - 2, in such a form as 
may enable us, by pursuing in thought the same line of investi- 
gation, to assign the corresponding conditions for the more gene- 
ral case in which n possesses any integral value whatever. 

Supposing then n = 2, we have 

V= x x x, ti t 2 + Xi x 2 t{t 2 + x 2 t x t 2 + Xi x 2 Fj7 s + x, Xj7,7, 

4 " Zj ^1 ^2 4 " 3*1 *^2 ^1 ^ 2 * 
yx . X\ Xi t\ ti 4 X\ Xg ty ti "4* 3T| Xi tyti 

Jrrob. z — , 

the conditions for the determination of x,, &c , being 

X, X 2 t J 1 2 4 X, Xn t\ t 2 4 X| X 1 £j 1 2 4 X| X 2 1 1 t 2 
Cl 

X\ X 2 t j t 2 4 X, X, 4 5 1 , X 2 t \ t 2 4 X, X 2 t\ 7 

c, 

X, X, t\ t 2 4 X, Xo tj X, X 2 1 1 t 2 4 X\ X 2 t\ t 2 ^7- 

C l p l c 2 p 2 

Divide the members of this system of equations by Iji, F,7 a , 
and the numerator and denominator of Prob. z by the same quan- 
tity, and in the results assume 
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we find 


Prob. z = 


771 1 771 2 + 771 1 -}• 77^2 


+ m, + mj + WjJij + «j + Jig + 1* 


+ m x + Ti\ti% + Hi m^ + trii + nfc + n, 


77l|77l^ 4 771 ^ 771 1 772 j 4* 7722 


= m 1 m, + m i +m 1 +nin 1 + n 1 + n i -t 1, (8) 


whence, if we assume, 

(wi, + 1) (m, + 1) = M, (n Y + 1) ( n, + 1 ) = N, (9) 
we have, after a slight reduction, 


Prob. z = 


M-\ 

M + N-V 


«1 (w»+ 1) = 1) m 1 (771,4 1) = m 2 (to, + 1) = M + J . 

Ci (1 - Pi) ~ e, (1 - p 2 ) “ c,p, c 2 p, 

or, 

rthM m 2 M n t N 

(m, + 1) c,p, ~ (»!j+ l)c,p» ” (», + 1) c, (1 -p.) 

= - = M+N-l. 

(ih + i; c, (1 -p,) 

Now let a similar series of transformations and reductions be 
performed in thought upon the final logical equation (5). We 
shall obtain for the determination of Prob. z the following ex- 
pression : 


Prob. z = 


wherein 


M-l 

m+n - r 


M = {mi + 1) (m, + 1) . . (m n + 1), 

N = («i + 1) (hj + 1) . . (n« + 1), 

m lf . . m n , n t , . . n„, being given by the system of equations, 

m^M m 2 M m n M 

(m, + 1) c,p! _ {m 2 + 1) c,p, (m„ + 1) c„p„ 

_ fiiN_ _ = M + N- 1 

(«i+l)Ci(l-Pi) ' («„ + 1) c„(l -p„) 

Still further to simplify the results, assume 
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If we make for simplicity 

ci Pi = a n c n p n — a n , 1 — C] (1 — p,) = 6u &c., 

the above equations may be written as follows : 

(14) 

(15) 

This value of p substituted in (14) will give an equation in- 
volving only u, the solution of which will determine Prob. z, 
since by (13) Prob. z = u. It remains to assign the limits of w 

11. Now the very same analysis by which the limits were deter- 
mined in the particular case in which n = 2, (XIX. 12) con- 
ducts us in the present case to the following result. The quan- 
tity w, in order that it may represent the value of Prob z, must 
must have for its inferior limits the quantities a,, a 2 , . . a n , and 
for its superior limits the quantities 6„ b„ b„, a 1 + a, . . + a n . 
We may hence infer, d prion, that there will always exist one 
root, and only one root, of the equation (14) satisfying these 
conditions. I deem it sufficient, for practical verification, to show 
that there will exist one, and only one, root of the equation (14), 
between the kmits a,, a 2 , . . a n , and b l} b„ . . b n . 

First, let us consider the nature of the changes to which p is 
subject in (15), as u varies from a it which we will suppose the 
greatest of its minor limits, to 6, , which we will suppose the least 
of its major limits When u = a x , it is evident that p is positive 
and greater than a, . When u = b„ we have p = b it which is also 
positive. Between the limits u = a, , u = b x , it may be shown 
that p increases with u Thus we have 

dp = , _ (bj - u) ■ . (6„ - u) _ (Z>! - u) (fit - u ) . . (b n - u ) 
du (1 - m )"' 1 (1 - u :)* _1 

I fa lj ( 6l ~ M ) (k~ M ) (*»-«) ( 16 ) 

' ' (1 - u) n 


P-U< 


(p-a,) . . (p- g„) 


wherein 


(5i - u) (ft, - u) 

(1 - M )"- 1 


6, - u 
1 - u 




bn - u 

l-« 


X 


II ■ 


Now let 
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Evidently x lt x 2 , . . x n , will be proper fractions, and we have 

da 

"W 1 — x l x l • " x n ~ x i X 3 . . X n — Xi X 2 . . X n . y +(n — 1) X\ X 2 . X n 

= 1 - (1 - #,) X, X, X n - X x (1 - X,) x 2 . x n . . 

- Xi x 2 Xa.j (1 - x„) - ar, x 2 x n 

Now the negative terms in the second member are (if we may 
borrow the language of the logical developments) constituents 
formed from the fractional quantities x l2 x„ . x n . Their sum 

cannot therefore exceed unity ; whence ~ is positive, and fi in- 
creases with u between the limits specified 
Now let (14) be written in the form 

~ ~ o, do 

and assume u = a, The first member becomes 

fa -*■> -!}, (18) 

and this expression is negative in value For, making the same 
assumption in (15), we find 

(6, - u) . . (b a - u) 

fi~ a, = - u y,-i ~ a positive quantity 

At the same time we have 


(/U - a 2 ) (fl - Qb) _ H - O-i fJL-On 
H n ' 1 n fi 

and since the factors of the second member are positive fractions, 
that member is less than unity, whence (18) is negative. Where- 
fore the assumption u = a x makes the first member of (17) ne- 
gative. 

Secondly, let u = b t , then by ( 1 5) p = u = 6, , and the first mem- 
ber ofi(\T) becomes positive 

Lastly, between the limits u = a, and u = b i , the fiist member 
of (17) continuously increases For the first term of that ex- 
pression written under the form 


(M - «i) 


fi - Ul 


fi - a n 
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increases, since fi increases, and, with it, every factor contained. 
Again, the negative term fi - u diminishes with the increase of 
u, as appears from its value deduced from (15), viz., 

(5, -u) . . (Jb n - u ) 

(1 - m)®" 1 

Hence then, between the limits u = a l3 u = b,, the first member 
of (17) continuously incieascs, changing in so doing from a nega- 
tive to a positive value. Wherefore, between the limits assigned, 
there exists one value of u , and only one, by which the said 
equation is satisfied. 

12. Collecting these results together, we arrive at the follow- 
ing solution of the general problem. 

The probability of the event JE will be that value of u de- 
duced from the equation 

( 19 ) 

wherein 

.. . { 1 - C, (i -?,)-«} (1 -c»(1-ji„)-m) 

M = M £1 ~ u) a~i ’ 

which (value) lies between the two sets of quantities, 

CiPu c 2 p 2 , . .c n p „ and l-c, (I -pi), l-c 2 (l-p 2 ) . . 1 -c„(l-p n ), 

the former set being its inferior, the latter its supeiior, limits 
And it may further be inferred in the general case, as it has 
been prov ed m the particular case of n ■= 2, that the value of u, 
determined as above, will not exceed the quantity 


Cipi + c 2 p s . . + c n p„. 

13 Particular verifications are subjoined. 

1st. Let pi = 1 , p. = l, . p„ = 1 . This is to suppose it cer- 
tain, that if any one of the events Ai, A 2 A n , happen, the 
event E will happen In this case, then, the probability of the 
occuircnce of E will simply be the probability that the events or 
causes -1 , , - 1 , . . A n do not all fail of occurring, and its expression 
will theicfore be 1 - (1 - c,) (1 - c s ) (1 - c„). 

Now the general solution (19) gives 
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wherein 


Hence, 


„. _ 0* “ c ‘) • • 0* ~ c ») 
~ u > 

(1 - m)" , 


1 - u = (1 - Ci) . (1 - c„), 
u = 1 - (1 - Cl ) . (1 - c„), 
equivalent to the d prion determination abovo. 

2nd Let =0, p 2 = 0, p n = 0, then (19) gives 

p-U = p, 


as it evidently ought to be. 

3rd. Let c 2 , c 2 . c„ be small quantities, so that their squares 
and products may be neglected. Then developing the second 
members of the equation (19), 

M” - ( c *Pi + c 2 p 2 . . + c„p a ) p”' 1 

f* “ 

— fl ~ (plPl + C 2 p. . . + C B Pn)> 
u = c,pi + c 2 p 2 . + c n p n . 


Now this is what the solution would be were the causes 
Ai, A 2 . A n mutually exclusive But the smaller the proba- 
bilities of those causes, the more do they approach the condition 
of being mutually exclusive, since the smallei is the probability of 
any concurrence among them Hence the result above obtained 
will undoubtedly be the limiting form of the expression for the 
probability of E 

4th. In the particular case of n = 2, we may readily elimi- 
nate p from the general solution. The result is 

( U - Cup,) (u - C 2 p 2 ) = ( 1 - C t (1 - pC) - U) { I - Cj (1 - Pt) - u ) 
cip, + c 2 p 2 - u 1 — « 5 

which agrees with the particular solution before obtained for this 
case, Problem i. 

Though by the system (19), the solution is in general made 
to depend upon the solution of an equation of a high order, its 
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practical difficulty will not be great. For the conditions relating 
to the limits enable us to select at once a near value of u, and 
the forms of the system (19) are suitable for the processes of suc- 
cessive approximation 

14. Problem 7. — The data being the same as in the last pro- 
blem, required the probability, that if any definite and given 
combination of the causes A,, A 2 , . . A„, present itself, the event 
E will be realized 

The cases A x , A 2 , . . A„, being represented as before by 
Xi, x 2 , . . x„ respectively, let the definite combination of them, 
referred to in the statement of the problem, be represented by 
the 0 (*u x 2 x„) so that the actual occurrence of that combi- 
nation will be expressed by the logical equation, 

0 (a?i , x 22 r,) = 1 

The data are 

Prob ah = Ci, . Prob x „ = c„, 

Prob XiZ = Cip u Prob x„z = c„p n , 
and the object of investigation is 

Prob. 0 (*j, x 2 . x^ z 
Prob. 0 (x„x, . . x„) 

We shall first seek the value of the numerator 
Let us assume, 

X 2 Z = ti x n z = t n , 

0 (Xi s X 2 ■ • Xn) Z " 10 

Or, if for simplicity, we represent 0 (x, , x 2 . . x„) by 0, the last 
equation will be 

02 = w, (5) 

to which must be added the equation 

X\ X<i • • X ji 2 — Ob (6) 

Now any equation x r z = t T of the system (3) may be reduced 
to the form 

x,zt T + t r (1 - x r r) = 0 

Similarly reducing (5), and adding the different results together, 
we obtain the logical equation 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 
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2 {XrZtr^ t r (1 -X r z)\ + X x . . X n Z + IpZW + W (1 - tfyz) = 0, (T) 

from which z being eliminated, w must be determined as a de- 
veloped logical function of x 2 , t n . 

Now making successively z = 1, z = 0 in the above equation, 
and multiplying the results together, we have 


{ S {x r t T + Z r t r ) + Xi..X n +<f>u}+w<p}x (S# r + w) = 0 


Developing this equation with reference to w, and replacing 
in the result Sir + 1 by 1, in accordance with Prop. i. Chap, ix., 
we have 

Ew + E' (1 - w) = 0 ; 

wherein 

E — S (x, t/- *4" t r Zr) t Xy ■ Xu + (py 


And hence 


E' = Si r { 2 (x r 7 r + i r i r ) + Xi . . x n + <p] . 
E’ 

w ~ E-E 


( 8 ) 


The second member of this equation we must now develop 
with respect to the double series of symbols x, , x., .x„, i,, i } , . i„. 
In effecting this object, it will be most convenient to arrange 
the constituents of the resulting development in three distinct 
classes, and to determine the coefficients proper to those classes 
separately. 

First, let us consider those constituents of which 7, . . 7„ is a 
factor. Making i, = 0 t n = 0, wc find 

E = 0, E = Stf, + %i l n + $■ 

It is evident, that whatever values (0, 1) are given to the jr-sym- 
bols, 25 does not vanish. Hence the coefficients of all constituents 
involving T t . . 7„ are 0 

Consider secondly, those constituents which do not involve the 
factor 7, . 7„, and which are symmetrical with reference to the two 
sets of symbols . . x„ and t, t„ By symmetrical constituents 
is here meant those which would remain unchanged if Xy were 
converted into /„ x 2 into t 2 , &c , and vice versa. The constitu- 
ents Xy . . x n f, t„, x\ x„ 7, . 7„, &c., are in this sense sym- 
metrical. 
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For all symmetrical constituents it is evident that 
S (x r tr + t r •^t) 

•v anish es. For those which do not involve Tj T n . it is further 
evident that x, . . x„ also vanishes, whence 


E = <p E = 2f r ( (f), 

Ztfij,) 


For those constituents of which the 2 -factor is found in <p the 
second member of the above equation becomes 1 ; for those of 
which the 2 -factor is found in f it becomes 0. Hence the coeffi- 
cients of symmetrical constituents not invoicing 7, . T„, of which 
the x-f actor is found in <j> will be 1 ; of those of which the x-factor 
is not found in <p it will be 0. 

Consider lastly, those constituents which are unsymmetrical 
with reference to the two sets of symbols, and which at the same 
time do not involve 7, . . 7 „ . 

Here it i- evident, that neither E nor E can vanish, whence 
the numerator of the fractional value of w in (8) must exceed 
the denominator. That value cannot therefore be represented 

by 1, 0, or jj. It must then, in the logical development.be re- 


presented by — 


Such then will be the coefficient of this class 


of constituents 

15 Hence the final logical equation by which w is expressed 
as a developed logical function of x„ . . x„, f,, . t n , will be of 
the form 


w= Si ( XT ) + 0 {S 2 (X7 t ) + t| . . t„} (sum of other con- . . 

® stituents), 

wherein 2, ( XT ) represents the sum of all symmetrical consti- 
tuents of which the factor X is found in <j>, and 2 2 (X T), the 
sum of all symmetrical constituents of which the factor X is not 
found in <j>, — the constituent x, x n 7 t . . 7„ , should it appear, 
being in either case rejected. 

Passing from Logic to Algebra, it may be observed, that 
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here and in all similar instances, the function V, by the aid of 
which the algebraic system of equations for the determination of 
the values of x x , x n , t i} . .t n ia formed, is independent of the 
nature of any function <p involved, not in the expression of the 
data, but in that of the qvoesttum of the problem proposed. Thus 
we have in the present example, 


Prob w = 


2, (XT) 
V ’ 


wherein V = 2, (X T) + 2 2 (X T) + f, . t» 

= 2(XT) + t l t n . (10) 

Here 2 (XT) represents the sum of all symmetrical constituents 
of the x and t symbols, except the constituent x, x„, 7, 7„. 

This value of V is the same as that virtually employed in the so- 
lution of the preceding problem, and hence we may avail our- 
selves of the results there obtained . 

If then, as in the solution referred to, we assume 


Xit, x n t n p 

— ~r ~~ Mi 9 = — = j “ — ®C-» 

Xy A n t n Xl 

we shall obtain a result which may be thus written : 

M, 


Prob. to = 


m+n- r 


( 11 ) 


M, being formed by rejecting from the function <j> the constituent 
Xi . . x„, if it is there found, dividing the result by the same con- 
stituent x, . . x„, and then changing ^ into — into m 2 , and 

so on. The values of M and N aie the same as in the preceding 
problem. Reverting to these and to the corresponding values of 
mi, m 2 , &c., we find 

Prob to = Mi (fi + v - 1), 
the general values of m r , n r being 


rPr Ci (1 - Pr ) 

-c r pr r fl - C r (1 - P<) 


and fi and v being given by the solution of the system of equa- 
tions, 
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1 = {v-C,(l-p I ))..(l/-C,,(l-p, l )} 

M /i " 1 v"-> 

The above value of Prob. w will be the numerator of the fraction 
(2). It now remains to determine its denominator. 

For this purpose assume 

4 > (z„ x 1 x n ) = v, 

or 0 = v ; 

whence <pv + v^ = 0. 

Substituting the first member of this equation in (7) in place of 
the corresponding form <pzw + w (1 - <pz ) we obtain as the primary 
logical equation, 

2 [x r zl r + t T (1 - x, z) j + xi ..x n z + 07 + v<j> = 0, 
whence eliminating z, and reducing by Prop. II. Chap. IX , 

0« + v$ + 2t r ( 2 (x r l r + tr X r ) + XI . . S B ) =0. 

Hence 

<j> + 2£r ! + t r x r ) + ari . . } 

2^-1 

and developing as before, 

b-VXJO + Tl r B 2i j (X) + 0{2 ! (XT) + ? 1 .7„2 S (X)) 

+ ~ (sum of other constituents) (12) 

Here 2] ( X ) indicates the sum of all constituents found in 0, 
2 2 (X) the sum of all constituents not found in 0. The expres- 
sions are indeed used in place of 0 and 1 - 0 to preserve sym- 
metry. 

It follows hence that 2i ( X) + 2 2 (X) = 1, and that, as be- 
fore, 2i (X T) + 2 3 (X 7) = 2 (X T) Hence V will have the 
same value as before, and we shall have 


Prob v = 



Or transforming, as in the previous case, 


Prob. v 


M l + N l 
M+N-V 


(13) 
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wherein N x is formed by dividing <f> by a:, . . x n , and changing in 

X\ m • 

the result =r into n l9 — into rc 2 , &c. 

Now the final solution of the problem proposed will be given 
by assigning their determined values to the terms of the fraction 

Prob. <f>(x i , . . x n ) z Prob. w 

Prob. <p(x l , . x n y ° r Prob v ‘ 

Hence, therefore, by (11) and (13) we have 

M x 


Piob. sought = rjrf — . 

s Mi + Ni 


A very slight attention to the mode of formation of the func- 
tions and N x will show that the process may be greatly sim- 
plified. We may, indeed, exhibit the solution of the general 
problem in the form of a rule, as follows : 

Reject from the function 0 (a:,, x 2 . . x n ) the constituent x x . .x n if 
it is therein contained, suppress m all the remaining constituents 
the factors x l} x,, §‘c , and change generally in the result x r into 

- ° r ^ r Call this result M x . 

p-CrPr 

Again, replace in the function <p (x„ x x . . xj) the constituent 
x x . ,x n if it is therein found, by unity; suppress in all the remaining 
constituents the factors 5,, x it SfC., and change generally m the re- 
sult x T into — ■ — — ^ r - 
v-c r (l-p,) 

Then the solution required will be expressed by the formula 

mr-Ni’ w 

ju and v being determined by the solution of the system of equations 
I 1 (v-CjPi) ■■ (p-c„p n ) 


= (v-c,(l-p,)).. (v-c B (l-p„)) ^ 


It may be added, that the limits of p and v are the same as in 
the previous problem. This might be inferred from the general 
principle of continuity; but conditions of limitation, which are 
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probably sufficient, may also be established by other conside- 
rations 

Thus from the demonstration of the general method in pro- 
babilities, Chap. XVII. Prop, iv., it appears that the quantities 
x „ . . x m in the primary system of algebraic equations, 

must be positive proper fractions. Now 

x r _ c r ( 1 — p r ) 

■ — 7l r yz > • 

1 — X T V — C r (l — p r j 

Hence generally n r must be a positive quantity, and therefore 
we must have 

v> c r (l - p r ) 

In like manner since we have 


X r tf C r p r 

— m — * 

(1 - X T ) (1 -t r ) P L l-Crpr 

we must have generally 

P > CrPr- 

16. It is probable that the two classes of conditions thus re- 
presented are together sufficient to determine generally which of 
the roots of the equations determining p and v are to be taken. 
Let ub take in particular the case in which n = 2. Here we have 


. i (p~ c iPi) (p-CtPt) , x c l p,c 1 p 1 

p + v-l=— - ~ = p-iCiPi + CtpJ + — 1-, 

M’ 

c l p l c 2 p 2 (/U - CiPi)c 2 » 2 

V = 1 - c,pi - c 2 p s + — - — = 1 - c,y>, - — — — . 


Whence, since p > c l p l we have generally 


V < 1 - c,p,. 

In like manner we have 


v < 1 - c 2 p 2 , n < 1 - Ci (I - p t ), p < 1 - c, (1 - p 2 ). 

Now it has already been shown that there will exist but one 
value of p satisfy ing the whole of the above conditions relative 
to that quantity, viz. 

P > C I Pt) p < 1 — c r (1 — Pi), 

whence the solution for this case, at least, is determinate. And I 
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apprehend that the same method is generally applicable and suf- 
ficient. But this is a question upon -which a further degree of 
light is desirable. 

To verify the above results, suppose <j> (x x , ..«„)= 1, which is 
virtually the case considered in the previous problem. Now the 
development of 1 gives all possible constituents of the symbols 
*i» ■ • x n- Proceeding then according to the Rule, we find 

- 1 ■ 1 b r< 15 > 

V — v " i v i 

[v-c x {\-p ,)} .. (i»-c„(i-p B )) " 1 “ ju+T^T~ 1 ' 

Substituting in (14) we find 

Prob. 2 = 1 - v, 

which agrees with the prev ious solution. 

Again, let <p (x t , . x n ) = x„ which, after development and sup- 
pression of the factors I 2 , . . x„, gives 2 , (® 3 + 1) . . (x n + 1), whence 
we find 


v = -^-fby 

Ol-ClPl) • • (g-c„p„) ft + V - 1 

Ni m c. (1 -Pi) v"' 1 = 0 -Pi) 

1 {v-e^l -/?,)(.. (j--e n (l -fin)} ft + v-l 
Substituting, we have 

Probability that if the event A x occur, E will occur = p x . 

And this result is verified by the data. Similar verifications 
might easily be added. 

Let us examine the case in which 



$>(■* l, ■ - «2? n ) — 2?i Xz • . X n -f X 2 Xi X 3 » . X n • • + X n X\ • Xn-i» 

Here we find 

M x = -22- . . + — 

fl - Cxp t ft - c n p n 

TXT *»(1-P0 . C »d ~Pn) . 

1 v-c^l-/?,) v-c,,(1-Pb)’ 


whence we have the following result — 
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Probability that if some one 
alone of the causes A i, A, . . A „ 
present itself, the event E 
will follow. 

Let it be observed that this case is quite different from the 
well-known one in which the mutually exclusive character of 
the causes A 2 , . . A n is one of the elements of the data, expressing 
a condition under which the very observations by which the pro- 
babilities of A lt A 2 , &c. are supposed to have been determined, 
were made. 

Consider, lastly, the case in which 0 (x„ . . x„) = x, x 2 . . x v . 
Here 

JJf = C 1 Pi c » Pn = Cl Pi C,,p„ 

' (p-C 1 p l )..(jl-C n p n ) /U n ' 1 (jl + V-1)’ 

AT = C, (1 ~ Pi).- C„ (1 - p B ) = C t (l - jP,) ■ C„(l - p n ) 

1 (v - C,(l -p,)} .. (v-C B (l-p„)) V B_1 (jU 4 V - 1) 

Hence the following result — 

Probability that if all the 
causes Ai , . . A n con- 
spire, the event E will 
follow. 

This expression assumes, as it ought to do, the value 1 when any 
one of the quantities pi, . p n is equal to 1. 

17 Problem YIII. — Certain causes A,, A 2 A„ being so 
restricted that they cannot all fail, but still can only occur in cer- 
tain definite combinations denoted by the equation 

[A i, A% . An ) — 1, 

and there being given the separate probabilities c,, . . c„ of the 
said causes, and the corresponding probabilities p w p n that an 
event E will follow if those respective causes are realized, re- 
quired the probability of the event E 

This problem differs from the one last considered in several 
particulars, but chiefly in this, that the restriction denoted by the 
equation tp (A, , . A n ) = 1, forms one of the data, and is supposed 


= Pi • • jPnV 

Pi. •p w v n "' + (l -jOi) 7(1 -p n )n n1 ' 


M - L ‘r P. 

s C r'Pr + ^ Cr(l-pr) 
p-c r p T v — c r (l — p r ) 



PROBLEMS ON CAUSES. 


355 


CHAP. XX.] 

to be furnished, by or to be accordant with the very experience 
from which the knowledge of the numerical elements of the 
problem is derived 

Representing the events A i} A„ by x ly x n respectively, 
and the event E by z, we have — 

Prob x T = c r , Prob.x r 2 = c,p T (1) 

Let us assume, generally, 

n r z = t„ 

then combining the system of equations thus indicated with the 
equations 

*i = 0, <p (*„ . . x n ) = 1, or <j, = 1, 

furnished in the data, we ultimately find, as the developed ex- 
pression of 2 , 

2=S(Zr) + 0t l « s .7,2(X), (2) 

where X represents in succession each constituent found in <j>, 
and T a similar series of constituents of the symbols t u . t n ; 
S(JI) including only symmetrical constituents with reference 
to the two sets of symbols. 

The method- of reduction to be employed in the present case 
is so similar to the one already exemplified in former problems, 
that I shall merely exhibit the results to which it leads We 
find 

-p , M 
M + N 

with the relations 

= . Nl = M + N. (4) 

CiPi C v p n Cl (1 - Pi) ) 

Wherein M is formed by suppressing in <p . . x„) all the fac- 
tors xi, x„, and changing in the result Xi into m L , x n into m n , 
while N is formed by substituting in M, n\ for mj , &c. ; more- 
over M\ consists of that portion of M of which m\ is a factor, 
Ni of that portion of N of which n\ is a factor ; and so on. 

Let us take, in illustration, the particular case in which the 
causes A t A n are mutually exclusive. Here we have 

(p ( .T [ , Xn) — X j X 2 Xn . . • + Xn X\ . . 2n_i 
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Whence 

M = wij + m, . . + m n , 
N = 7ii + Ms . + n „ , 
Mi = m-i , iV, = n, , &c. 
Substituting, we have 


7K, 

Cl Pi 


WZ n 7l| 

c»p n ~ Ci (l- Pi) c B (l - p „ ) 


M+ AT. 


Hence we find 

mi + m, , + rrin = M + 

Ci Pi i - C 2 p 2 ■ • + C n p n 


or 


M 


ClPl.- + C,p» 


- = M + N. 


Hence, by (3), 

Prob.r = c,p , . . + c n p„, 

a known result. 

There are other particular cases in which the system (4) ad- 
mits of ready solution. It is, however, obvious that in most 
instances it would lead to results of great complexity. Nor does 
it seem probable that the existence of a functional relation among 
causes, such as is assumed in the data of the general problem, will 
often be presented in actual experience ; if we except only the 
particular cases above discussed. 

Had the general problem been modified by the restriction 
that the event E cannot occur, all the causes A x . . A n being ab- 
sent, instead of the restriction that the said causes cannot all fail, 
the remaining condition denoted by the equation <p{A \, . . A^) = 1 
being retained, we should have found for the final logical equation 


z= 2, (IT) + 0 2(X), 

S(X) being, as before, equal to 0 (a:,, . . x n ), but Si (X T) formed 
by rejecting from <f> the particular constituent r, . . x n if therein 
contained, and then multiplying each ^-constituent of the result 
by the corresponding ^constituent. It is obvious that in the par- 
ticular ca«e in which the causes are mutually exclusive the value 
of Prob. z hence deduced will be the same as before. 


18. Problem IX — Assuming the data of any of the pre- 
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vious problems, let it be required to determine the probability 
that if the event E present itself, it will be associated with the 
particular cause A , ; in other words, to determine the a posteriori 
probability of the cause A, when the e\ ent E has been observed 
to occur. 

In this case we must seek the value of the fraction 


Piob x r z 
Piob.x ’ 


or 


CrPr 

Prob 2 ’ " 


by the data. 


0 ) 


As in the prev ions problems, the value of Prob. z has been as- 
signed upon different hypotheses relative to the connexion or 
want of connexion of the causes, it is evident that in all those 
cases the present pioblem is susceptible of a determinate solution 
by simply substituting in (1) the value of that clement thus de- 
termined. 

If the a priori probabilities of the causes are equal, we have 
c, = c 2 . . = c r . Hence for the diffeicnt causes the value (1) will 
vary diiectly as the quantity p r . Wherefore whatever the nature 
of the connexion among the causes, the a posteriori probability of 
each cause will be propoitional to the probability of the observed 
event E when that cause is known to exist. The particular case 
of this them cm, which piescnts itself when the causes are mu- 
tually exclusive, is well known. We have then 

Prob. x r z c r p r p r 

Prob. 2 'ZCrPr Pi + Pi + /!«’ 

the values of c,, c„ being equal. 

Although, for the demonstration of these and similar theo- 
rems in the particular case in which the causes are mutually ex- 
clusive, it is not necessary to iiitioduce the functional symbol <j>, 
which is, iudeed, to claim for oui selves the choice of all possible 
and conceivable hypotheses of the connexion of the causes, yet, 
under eveiy form, the solution by the method of this work of 
problems, iu which the numbci of the data is indefinitely great, 
must always partake of a somewhat complex chaiactei bo- 
ther the systematic evolution which it presents, first, of the logi- 
cal, secondly, of the numerical lelations of a problem, furnishes 
any compensation for the length and occasional tediousness of its 
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processes, I do not presume to Inquire. Its chief value undoubt- 
edly consists in its power, — in the mastery which it gives us over 
questions which would apparently baffle the unassisted strength 
of human reason. For this cause it has not been deemed super- 
fluous to exhibit in this chapter its application to pioblems, some 
of which may possibly be regarded as lepulsive, from their diffi- 
culty. without being recommended by any prospect of immediate 
utility. Of the ulteiior value of such speculations it is, I con- 
ceive, impossible for us, at present, to form any decided judg- 
ment. 

19 The following problem is of a much easier description 
than the previous ones. 

Problem X. — The •probability of the occurrence of a certain 
natural phenomenon under given circumstances is p. Observation 
has also recorded a probability a of the existence of a permanent 
cause of that phenomenon, i.e. of a cause which would always pro- 
duce the event under the circumstances supposed. What is the 
probability that if the phenomenon is observed to occur n times in 
succession under the given circumstances, it will occur the n + 1® 
time ? What also is the probability, after such observation, of the 
existence of the permanent cause referred to ? 

First Case — Let t represent the existence of a permanent 
cause, and x„ x, . . x„^ the successive occurrences of the natural 
phasnomenon. 

If the permanent cause exist, the events x, , x 2 . . are ne- 
cessary consequences. Hence 

t = VX,, t : VX 2 , &C., 

and eliminating the indefinite symbols, 

<(1 -£,) = (), <(l-x s ) = 0> t (1 - x ntl ) = 0. 

Now we are to seek the probability that if the combination 
x, x, . . x„ happen, the event x„,i will happen, i. e. we are to seek 
the value of the fraction 

Piob x [ r, . . x 7;, , 

Prob. Xi x a . . x n 


We will first seek the value of Prob. x, x 2 . . x„. 
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Represent the combination x 2 x , . . x n by w, then we have the 
follow ng logical equations : 

t( 1 - #,) = 0, tf(l - ;r s ) = 0 t(l-ar B ) = 0, 

«2?i Xi • ■ Xji = 

Reducing the last to the form 

(®1 X n ) ( 1 - w) + W (1 - a?! X 2 . . X n ) = 0, 

and adding it to the former ones, we have 

St(l - x t ) + Xi x 2 . . x n (1 - w) + w (1 - sr, a? 2 . x n ) = 0, (1) 

wherein S extends to all values of i from It on, for the one logi- 
cal equation of the data With this we must connect the nume- 
rical conditions, 

Prob. x t = Prob. z a . . ^ Prob. x n = p, Prob t = a ; 
and our object is to find Prob. w. 

Prom (1) we have 

f 1 — ■ + Xi x% ■ Xfi 

W = ^5 5 

2 Ii Xi . . Xn - 1 

— ^ ( 1 " 3*,) + Xj X 2 ■ ■ g ^ x \ » . Xn /j __ a /g\ 

2x l x 2 ..x n ~l VXiXz. ®»- 1 ' '* ^ 1 

on developing with respect to t. This result must further be 
developed with respect to x u x 2 , . . x n . 

Now if we make a?, = 1, x t = 1, . x a = 1, the coefficients both 
of t and ofl-f become 1. If we give to the same symbols any 
other set of values formed by the interchange of 0 and 1, it is 
evident that the coefficient of t will become negative, while that 
of 1 - 1 will become 0. Hence the full development (2) will be 

w-x if,.. x n t + Xi Xi . . x n (1 - t) + 0 (1 - X\ x 3 . . x„) (l - 1) 

+ constituents whose coefficients are -, or equivalent to 

Here we have 

V — X\ X 2 . . X n t + X\ Xi . . Xn (1 — f) t (1 — X\ Xj . . (1 “ 

= X l X i . . X n t + 1 - t \ 


whence, passing from Logic to Algebra, 
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Z]Z,.. Xj + X, (1 - f) _ X, X 2 . . X„t 4 1,(1- t) 
p - p 

X\ X 2 X n t + Xn (1 ~ ^ X\ x 2 • x n t _ ^ ^ X t \ ~ t 

p 


Prob. w = 


a 

2?1 2?2 • *£r 


3C\ 3/2 3? n £ — ^ 

From the forms of the above equations it is evident that we 
have x, = x 2 ■ ■ - x„. Replace then each of these quantities by x, 
and the system becomes 

x n t + (\-f)x xPt . 

i >— = — = x”t + 1 - f, 

p a 


Prob. w -- 


x*t+l-t’ 


from which we readily deduce 

Prob. w = Prob. x 2 x 2 . . x n = a + (p - a) 

If in this result we change n into n + 1, we get 
Prob. x a a:*,, = a + (p - a) 

Hence we find — 

p , a + (p _ a) teY 

Prob x-iXj . . x nti 

Prob x,x 2 . . x„ [p - a\ n -' l 3 ' 

a + ( '— Hi^i) 

as the expression of the probability that if the phenomenon be n 
times repeated, it will also present itself the n + l" 1 time. By the 
method of Chapter XIX it is found that a cannot exceed p in 
value 

The following verifications are obvious : — 

1st If a = 0, the expression reduces to p, as it ought to do 
For when it is certain that no permanent cause exists, the suc- 
cessive occurrences of the phenomenon are independent. 

2nd Ifp= 1, the expression becomes 1, as it ought to do 
3rd Ifp = a, the expression becomes l, unless a = 0 If the 
probability of a phenomenon is equal to the probability that there 





PROBLEMS ON CAUSES. 


361 


CHAP. XX ] 

exists a cause which under given circumstances would always 
produce it, then the tact that that phenomenon has ever heen no- 
ticed under those circumstances, renders certain its 1 e-appearance 
under the same * 

4th. As n increases, the expression approaches in value to 
unity. This indicates that the probability of the recurrence of 
the event increases with the frequency of its successive appear- 
ances, — a result agreeable to the natuial laws of expectation. 

Second Case. — We arc now to seek the probability d pos- 
teriori of the existence of a peimanent cause of the phenomenon. 
This requires that we ascertain the value of the fraction 

Piob.ta!) x,‘. x n 
Prob. *, ’ 

the denominator of which has already been determined. 

To determine the numerator assume 

tX\ Xji ~ 

then proceeding as befoie, we obtain for the logical develop- 
ment, 

w = txi x s *,, + 0(1- t). 

Whence, passing fiom Logic to Algebra, we have at once 
Prob. w = a, 

a result which might have been anticipated Substituting then 
for the numerator and denominator of the abov c fraction their 
values, we have for the « posteriori probability of a permanent 
cause, the expression 


* Aa we can neither re-enter nor recall the state of infancy, we are unable to 
say how far such results as the above serve to explain the confidence with which 
young children connect events whose association they have once perceived 
But we may conjecture, generally, that the strength of their expectations is 
due to the necessity of inferring (as a part of their rational nature), and the 
narrow but impressive experience upon which the faculty is exercised Hence 
the reference of every hind of sequence to that of cause and effect A little 
friend of the author's, on being put to bed, was heard to ask his brother the 
pertinent question, — •« Why does going to sleep at night make it light m the 
morning?” The brother, who was a year older, was able to reply, that it 
would be light m the morning even if little boys did not go to sleep at night. 
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a 


a + 


(P 


->(?H 


- a\ n ~ l 


It is obvious that the value of this expression increases with the 
value of n. 

I am indebted to a learned correspondent,* whose original 
contributions to the theory of probabilities have already been re- 
ferred to, for the following verification of the first of the above 
results (3). 

“ The whole a -prion probability of the event (under the cir- 
cumstances) being p, and the probability of some cause C which 
would necessarily produce it, a, let x be the probability that it 
will happen if no such cause as C exist. Then we have the 
equation 

p = a + (1 - a) x, 

whence p -a 

nr — 1 


Now the phenomenon observed is the occurrence of the event n 
times. The & priori probability of this would be — 

1 supposing C to exist, 
a" supposing C not to exist ; 

whence the d posteriori probability that C exists is 


a + (1 - a)x"’ 

that C does not exist is 

(1 - a) 
a + (1 - a) a"' 

Consequently the probability of another occurrence is 

, (1 - a) x n 

a + (1 - a) x n " + a + (1 - a) & X a ’ 

or a + (1 - a) ®" +I 

a + (1 - a) & ’ 


Professor Donkin. 
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which, on replacing n by its value j — 2, will be found to agree 
with (3).” 

Similar verifications might, it is probable, also be found for 
the following results, obtained by the direct application of the 
general method. 

The probability, under the same circumstances, that if, out of 
n occasions, the event happen r times, and fail n-r times, it will 
happen on the n + I th time is 

a + m {p - Id) 


, . n(n ~Y) . .n-T +\ ,, r 

wherein m r~ and l = 

1.2 . .r n 


The piobability of a permanent cause (r being less than ») 
is 0. This is easily verified. 

If p be the probability of an event, and c the probability that 
if it occur it will be due to a permanent cause ; the probability 
after n successive observed occunences that it will recur on the 
n + 1“ similar occasion is 


wherein x = 


V 0 ~ c ) 
1 - cp 


c + ( 1 - c) x n 
c + (1 - c) ar' 1 ' 1 ’ 


20. It is remarkable that the solutions of the previous pro- 
blems are void of any arbitrary element We should scarcely, 
from the appearance of the data, have anticipated such a circum- 
stance. It is, however, to be observed, that in all those problems 
the probabilities of the causes involved are supposed to be known 
d prion. In the absence of this assumed element of knowledge, 
it seems probable that arbitrary constants would necessarily ap- 
pear in the final solution. Some confirmation of this remaik is 
afforded by a class of problems to which considerable attention 
has been directed, and which, in conclusion, I shall briefly 
consider. 
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It has been observed that there exists in the heavens a large 
number of double rtar~ of extreme clr>ipne=~ Either these ap- 
parent instances of connexion have some physical ground or they 
have not. If they have not, w e may regard the phenomenon of a 
double a tar as the accidental result of a *■ random distubutiun” of 
stars over the celestial vault, i e of a distribution which would 
render it just as probable that either member of the binary sys- 
tem should appear in one spot as in another. If this hypothesis be 
assumed, and if the number of stars of a requisite brightne-s be 
known, we can determine what is the probability that two of 
them should be found within such limits of mutual distance as 
to constitute the observed phenomenon. Thus Mitchell,* esti- 
mating that there are 230 stars in the heavens equal in brightness 
to (3 Capncorni, determines that it is 80 to 1 again=t such a 
combination being presented were those stars distributed at ran- 
dom. The probability, W'hen such a combination has been ob- 
served, that there exists between its members a physical ground 
of connexion, is then required. 

Again, the sum of the inclinations of the orbits of the ten 
known planets to the plane of the ecliptic in the year 1801 was 
91°-4187, according to the French measures "Were all inclina- 
tions equally probable, Laplacef determines, that there would be 
only the excessively small probability 00000011235 that the 
mean of the inclinations should fall within the limit thus as- 
signed And he hence concludes, that there is a very high 
probability in favour of a disposing cause, by which the inclina- 
tions of the planetary oi bits have been confined within such narrow 
bounds. Piofessor De Morgan, J taking the sum of the inclina- 
tions at 92°, gives to the above probability the value 00000012, 
and infers that “ it is 1 : .00000012, that there was a necessity 
cauae in the formation of the solar system for the inclinations 
being what they are.” An equally determinate conclusion has 
been drawn from observed coincidences between the direction of 


* Phil Transactions, An 1767 
t Theone Anahtique des Probability, p 276 
| Encyclopaedia Metropolitans Art Probabilities 
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circular polarization in rock-crystal, and that of certain oblique 
faces in its crystalline structure.* 

These problems are all of a similar character. A certain hypo- 
thesis is framed, of the 'various possible consequences of which 
we are able to assign the probabilities with perfect rigour. Now 
some actual lesult of obsei ration being found among those con- 
sequences, and its hypothetical piobability being theiefore known, 
it is lequired thence to deteimine the piobability of the hypo- 
thesis assumed, or its coutraiy. In Mitchell’s pioblcm, the hy- 
pothesis is that of a “ random distribution of the stais," — the 
possible and observed consequence, the appearance of a close 
double star. The very small probability of such a lesult is held 
to imply that the probability of the hypothesis is equally small, 
or, at least, of the same order of smallness. And hence the high 
and, and as some think, determinate piobability of a disposing 
cause in the 6tellar airangenients is infcried. Similar remarks 
apply to the other examples adduced. 

21. The general pioblcm, in whatsoever form it may be pre- 
sented, admits only of an indefinite solution Let x represent the 
proposed hypothesis, y a phamomcnon which might occur as one 
of its possible consequences, and whose calculated probability, on 
the assumption of the truth of the hypothesis, is p, and let it be re- 
quired to determine the piobability that if the phamomenon y is 
observed, the hypothesis x is tiue. The veiy data of this pio- 
blem cannot be expressed without the introduction of an arbi- 
trary element. We can only write 

Prob. x = a, Piob xy = ap; (1) 

a being perfectly arbitrary, except that it must fall within the 
limits 0 and 1 inclusive. If then P represent the conditional pro- 
bability sought, we have 

Piob. xy ap 

Prob. y Piob. y ' * 

It remains then to determine Prob. y 


• Edinburgh Review, No 185, p 32. This article, though not entirely free 
from error, is well worthy of attention 
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Let xy = t, then 

y = - = tx + ^ t(l - x) + 0(1 - t) x+ ^(1 -£)(1 -*)• (3) 

3» U U 


Hence observing that Prob. x = a, Prob t = ap , and passing from 
Logic to Algebra, we have 


with the relations 


, tx + c(l-t)x 


tx + (1 - t)x tx 
i — = — = tx + \ - t. 


ap 


Hence we readily find 


Prob. y = ap + c (1 - a). (4) 

Now recurring to (3), we find that c is the probability, that if 
the event (1 - t) (1 - a;) occur, the event y will occur. But 

(1 - t) (1 - x) = (1 - xy) (1 - x) - 1 - x. 

Hence c is the probability that if the event x do not occur, 
the event y will occur 

Substituting the value of Prob. y in (2), we have the follow- 
ing theorem : 

The calculated probability of any phenomenon y, upon an as- 
sumed physical hypothesis x, bemy p, the a posteriori probability P 
of the physical hypothesis, when the phenomenon has been observed, 
is expressed by the equation 

P a P (5 ) 

ap + c(l-a)’ ' 


where a and c are arbitral y constants, the former representing the 
a prion probability of the hypothesis, the latter the probability that 
if the hypothesis were false, the event y would present itself 

The principal conclusion deducible limn the above theorem 
is that, other things being the Bame, the value of P increases and 
diminishes simultaneously with that of p. Hcncc the gieatci or 
less the probability of the phenomenon when the hypothesis is 
assumed, the greater or less is the probability of the hypothesis 
when the phenomenon has been observed. When p is very small, 
then generally P also is small, unless either a is large or e small. 
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Hence, secondly, if the probability of the phenomenon is -very 
small when the hypothesis is assumed, the probability of the hy- 
pothesis is very small when the phenomenon is observed, unless 
either the d prion probability a of the hypothesis is large, or the 
probability of the phenomenon upon any other hypothesis small. 

The formula (5) admits of exact \ cufication in various cases, 
as wfaenc = 0, or a = 1, or a = 0. But it is evident that it does 
not, unless there be means for determining the values of a and c, 
yield a definite value ofP Any solutions which piofess to ac- 
complish this object, either are erroneous in principle, or involve 
a tacit assumption respecting the above arbitral y elements Mr. 
De Morgan’s solution of Laplace’s pioblem concerning the ex- 
istence of a determining cause of the narrow limits within which 
the inclinations of the planetary oibits to the plane of the ecliptic 
are confined, appears to me to be of the latter description Having 
found a probability p = .00000012, that the sum of the incli- 
nations would be less than 92° wcie all degrees of inclination 
equally probable in each orbit, this able writer remarks: “If 
there be a reason for the inclinations being as described, the 
probability of the event is 1. Consequently, it is 1 : 00000012 
(i. e 1 :p), that there was a necessary cause in the formation of 
the solar system for the inclinations being what they are.” Now 
this result is what the equation (5) would really give, if, assigning 

to p the above value, we should assume c = 1, a = -. For we 


should thus find, 


P = 


1 1 


2 ^ + 2 
1-P.P: 


l:p 


( 6 ) 


But P representing the probability, a posteriori, that all 
inclinations are equally probable, 1 - P is the probability, a pos- 
teriori, that such is not the case, or, adopting Mr Dc Morgan’s 
alternative, that a detei mining cause exists. The equation (6), 
therefore, agrees with Mr. De Morgan’s lesult 

22. Are we, however, justified in assigning to a and c parti- 
cular values? I am strongly disposed to think that we aie not. 
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The question is of less importance in the special instance than 
in its ulterior bearings . In the received applications of the theory 
of probabilities, arbitiary constants do not explicitly appear ; 
but in the above, and in many other instances sanctioned by the 
highest authorities, some virtual determination of them has been 
attempted. And this circumstance has given to the results of 
the theory, especially in refeience to questions of causation, a 
character of definite precision, which, while on the one hand it 
has seemed to exalt the dominion and extend the province of 
numbers, even beyond the measure of their ancient claim to rule 
the world ;* on the other hand has called forth vigorous protests 
against their intrusion into realms in which conjecture is the only 
basis of infeience. The very fact of the appearance of arbitraiy 
constants in the solutions of problems like the above, treated 
by the method of this work, seems to imply, that definite solution 
is impossible, and to maik the point where inquiry ought to stop. 
We possess indeed the means of interpreting those constants, but 
the experience which is thus indicated is as much beyond our 
reach as the experience which would preclude the necessity of 
any attempt at solution whatever. 

Anothei difficulty attendant upon these questions, and inhe- 
rent, perhaps, in the very constitution of our faculties, is that of 
precisely defining what is meant by Older. The manifestations 
of that principle, except in very complex instances, we ha\e no 
difficulty in detecting, nor do we hesitate to impute to it an al- 
most necessary foundation in causes operating under Law. But 
to assign to it a standaid of numencal value would be a vain, 
not to say a piesumptuous, endeavour. Yet must the attempt be 
made, before we can aspiie to weigh with acciuacy the piobabi- 
bilities of different constitutions of the universe, so as to detei- 
mine the elements upon which alone a definite solution of the 
problems in question car. be established. 

23. The most usual mode of endeavouring to evade the ne- 
cessary arbitral iness of the solution of problems in the theory of 


■ Mundum regiint numen 

t See an interesting paper by Prof Forbes in the Philosophical Magazine, 
Dec 1850, also Mill’s Logic, chap xvm 
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probabilities which rest upon insufficient data, is to assign to some 
element whose real probability is unknown all possible degrees 
of probability : to suppose that these degiees of probability are 
themseh es equally probable : and. regaiding them as so many dis- 
tinct causes of the phenomenon observed, to apply the theorems 
which represent the ease of an effect due to some one of a number 
of equally probable but mutually exelusiv e causes (Problem 9). 
For instance, the risiug of the sun after a certain interv al of 
darkness having been obsened m times in succession, the proba- 
bility of its again rising under the same circumstances is deter- 
mined, on received principles, in the following maimer. Let p 
be any unknown probability between 0 and 1 , and c (infinitesimal 
and constant) the probability, that the probability of the sun’s 
rising after an interval of daikness lie3 between the limits p and 
p + dp. Then the probability that the sun will rise m times in 
succession is 

i 

cl p m dp, 

*0 

and the probability that he will do this, and will rise again, or, 
which is the same thing, that he will rise m + 1 times in succes- 
sion, is 

c [ p mtl dp , 

J 0 

Hence the probability that if he rise m times in succession, he will 
rise the m + 1 th time, is 

c )F" d P m+ i 

: f p m dp m + 2 

Ju 

the known and generally received solution. 

The above solution is usually founded upon a supposed analogy 
of the problem with that of the draw ing of balls from an urn con- 
taining a mixture of black and white balls, between which all 
possible numerical ratios are assumed to be equally probable. 
And it is remarkable, that there are two or three distinct hypo- 
theses which lead to the same final result. For instance, if the 
balls are finite in number, and those which arc drawn arc not 
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replaced, or if they are infinite in number, -whether those drawn 
aTe replaced or not, then, supposing that m successive drawings 
have yielded only white balls, the probability of the issue of a 
white ball at the m + l' A drawing is 

™ + 1 • 

m + 2 

It has been said, that the principle involved in the above 
and in similar applications is that of the equal distribution of 
our knowledge, or rather of our ignorance — the assigning to 
different states of things of which we know nothing, and upon 
the very ground that we know nothing, equal degrees of proba- 
bility. I apprehend, however, that this is an arbitrary method of 
procedure. Instances may occur, and one such has been adduced, 
in which different hypotheses lead to the same final conclusion. 
But those instances are exceptional. With reference to the par- 
ticular problem in question, it is shown in the memoir cited, that 
there is one hypothesis, viz , when the balls are finite in number 
and not replaced, which leads to a different conclusion, and it is 
easy to see that there are other hypotheses, as strictly involving 
the principle of the “ equal distribution of knowledge or igno- 
rance,” which would also conduct to conflicting results 

24. For instance, let the case of sunrise be leprcsented by 
the drawing of a white ball from a bag containing an infinite 
number of balls, which are all either black or white, and let the 
assumed pnnciple be, that all possible constitutions of the system, 
of balls are equally probable. By a constitution of the system, I 
mean an anangement which assigns to eveiy ball in the system 
a determinate colour, cither black or white. Let us thence seek 
the probability, that if m white balls are drawn in m drawings, 
a white ball will be drawn in the m 1 l" 1 drawing. 

First, suppose the number of the balls to be p, and let the 
symbols a:,, a;,, . be appropiiated to them in the following 
manner. Let x t denote that event which consists in the i th ball 
of the system being white, the proposition declaratory of such a 
state of things being a:, = 1 In like manner the compound 


See a memoir by Bishop Tcrrot, Edinburgh Phil Trans vol xx Part iv. 
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symbol 1 - a ij will represent the circumstance of the i lh ball being 
black. It is evident that the several constituents formed of the 
entire set of symbols x lt x-,, . . will represent in like manner 
the several possible constitutions of the system of balls with 
respect to blackness and whiteness, and the number of such con- 
stitutions being 2", the probability of each will, in accordance 

with the hypothesis, be . This is the value which we should 


find if we substituted in the expicssion of any constituent for 
each of the symbols x,, x s , . . x^, the value 5 Hence, then, the 

a 


probability of any event which can be expiessed as a scries of 
constituents of the above description, will be found by substi- 


tuting in such expression the value - for each of the above 

A 


symbols. 

Now the larger fi is, the less probable it is that any ball 
which has been drawn and replaced will be drawn again As p 
approaches to infinity, this probability approaches to 0. And 
this being the case, the state of the balls actually drawn can be 
expressed as a logical function of m of the symbols a:, , . . x 3 . . 
and therefore, by development, as a series of constituents of the 
said m symbols. Hence, therefore, its probability will be fonnd 
by substituting for each of the symbols, whether in the unde- 


veloped or the developed form, the value - . But this is the very 

A 


substitution which it would be necessary, and which it would 
suffice, to make, if the probability of a white ball at each drawing 

were known, d prion, to be ^ . 

A 


It follows, therefore, that if the number of balls be infinite, 
and all constitutions of the system equally probable, the proba- 
bility of drawing m white balls in succession will be and the 

probability of drawing m + 1 white balls in succession 


whence the probability that after m white balls have been diawn, 
the next drawing will furnish a white one, will be ^ In other 



372 


PROBLEMS ON CAUSES. [cHAP. XX. 


words, past experience does not in this case affect future ex- 
pectation. 

25. It may be satisfactory to verify this result by ordinary 
methods. To accomplish this, we shall seek — 

First : The probability of drawing r white balls, and p - r 
black balls, in p trials, out of a bag containing p balls, every ball 
being replaced after drawing, and all constitutions of the systems 
being equally probable, d prion. 

Secondly : The value which this probability assumes when 
p becomes infinite. 

Thirdly : The probability hence derived, that if m white 
balls are drawn in succession, the m + ball drawn will be 
white also 

The probability that r white balls and p-r black ones will be 
drawn in p trials out of an um containing p balls, each ball 
being replaced after trial, and all constitutions of the system as 
above defined being equally probable, is equal to the sum of the 
probabilities of the same result upon the separate hypotheses of 
there being no white balls, 1 white ball, — lastly p white balls in 
the urn Therefore, it is the sum of the probabilities of this re- 
sult on the hypothesis of there being n white balls, n varying 
from 0 to p. 

Now supposing that there are n white balls, the probability 

71 

of drawing a white ball in a single drawing is -, and the proba- 

f 1 

bility of drawing r white balls and p-r black ones in a parti- 
cular order in p drawings, is 



But there being as many such orders as there are combinations 
of r things in p things, the total probability of drawing r white 
balls in p diawings out of the system of p balls of which n are 
white, is 


p{p-\) (p-r+ 1) 

1 .2..r 



0 ) 


Again, the number of constitutions of the system of p balls, which 
admit of exactly n balls being white, is 
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(i“ ~ 1 ) - - G“-«+l) 

1 -2 ..n ’ 

and the number of possible constitutions of the system is 2 M . 
Hence the probability that exactly n balls are white is 

ftp*"*) • • (jU~7i+ 1) 

1 . 2 . . n 2 * ’ 

Multiplying (1) by this expression, and taking the sum of the 
products from n = 0 to n = p, we have 

f(P~l)--P-r+l n(n-l) ..u-n + 1/V\ r /. n\f- r 

1.2 r n -0 1 . 2 . \Ji)\ l ~r) ’ ^ 2) 

for the expression of the total probability, that out of a system 
of [x balls of which all constitutions are equally probable, r white 
balls will issue in p drawings. Now 

1) (^-n4-l) /B\7, n 

■=o 1 . 2 . . n . 2 “ 1 11 


g. n ~P M (M ~ 1) • . (n-n+l) fn 


1.2 n 2“ 




*(?}'(* 


i) 




( 3 ) 


D standing for the symbol so that 0 (2>) £ (») t n0 . But 

by a known theorem, 

s t, A 2 0 m A s 0 m 

4 A 2 Qw 

D m (l + *»)>* = (1 + AO m B + — - D(D- 1)+&C.) (1+ e e y. 

L a 

In the second member let t $ = x, then 

# d A 2 ft m d* 

-H"*(l + S«)m = (1 + AO”*® — + - — X 2 — + &C.) (1 + xy, 

(IX 1 ■ A UA 


since 


, d \ 


d ( d- i).,(n-. + i).^ A 

ERRATA. — 3, 5, and 6 from bottom, /or I read 0" 1 
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In the second member of the above equation, performing the dif- 
ferentiations and making x = 1 (since 9 = 0), we get 

D m (1 + e e Y = n (A0 m ) 2"- 1 + (A 2 O’") 2"-* + &c. 

1 i a 

The last term of the second member of this equation will be 

since A"*0'“ = 1 .2.. m. When ^ is a large quantity this term 
exceeds all the others in value, and as p approaches to infinity 
tends to become infinitely great in comparison with them And 
as moreover it assumes the form p m 2“~ m , we have, on passing to 
the limit, 

Z>"‘ (1 + t e y = fi m 2' , -“ = (5)V 

Hence if <p (D) represent any function of the symbol D, which 
is capable of being expanded in a series of ascending powers of D, 
we have 

/ \ 

( 4 ) 


* ( 2 ?) (! + «•>•-*(«;) 2 *. 


if 0 = 0 and p = oo. Strictly speaking, this implies that the ratio of 
the two members of the above equation approaches a state of 
equality, as p increases towards infinity, 9 being equal to 0. 

By means of this theorem, the last member of (3) reduces to 
the form 


Hence (2) gives 




p(p- 1) (p-r+lfl\v 

1.2 T V 2 


as the expression for the probability that from an urn containing 
an infinite number of black and white balls, all constitutions of 
the system being equally probable, r white balls will issue in p 
drawings. 

Hence, making p = m,r = m, the probability that in m drawings 
all the balls will be white is (^j , and the probability that this 
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will be the case, and that moreover the m + l 1 ' drawing will 

/lY n+1 

yield a white ball is f - , whence the probability, that if the 

\2J 

first m drawings yield white balls only, the m + 1 ,A drawing will 
also yield a white ball, is 



and generally, any proposed result will have the same probability 
as if it were an even chance whether each particular drawing 
yielded a white or a black ball This agrees with the conclusion 
before obtained. 

26. These results only illustrate the fact, that when the defect 
of data is supplied by hypothesis, the solutions will, in general, 
vary with the nature of the hypotheses assumed ; so that the 
question still remains, only moic definite in foim, whether the 
principles of the theory of probabilities seive to guide us in the 
election of such hypotheses. I ha\ e ah eady expressed my convic- 
tion that they do not — a conviction strengthened by other reasons 
than those above stated. Thus, a definite solution of a problem 
having been found by the method of this woik, an equally de- 
finite solution is sometimes attainable by the same method when 
one of the data, suppose Prob. x =p, is omitted. But I have not 
been able to discover any mode of deducing the second solution 
from the first by integration, with respect to p supposed variable 
within limits determined by Chap. xix. Tins deduction would, 
however, I conceive, be possible, were the principle adverted to 
in Art. 23 valid Still it is with diffidence that I express my 
dissent on these jioints from mathematicians generally, and more 
especially from one who, of English wi iters, has most fully en- 
tered into the spirit and the methods of Laplace ; and I -venture 
to hope, that a question, second to none other in the Theory of 
Probabilities in importance, will receive the caicful attention 
which it deserves 
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CHAPTER XXI 

PARTICULAR APPLICATION OF THE PREVIOUS GENERAL METHOD 

TO THE QUESTION OF THE PROBABILITY OF JUDGMENTS. 

1. the presumption that the general method of this treatise 

^ for the solution of questions in the theory of probabilities, 
has been sufficiently elucidated in the previous chapters, it is pro- 
posed here to enter upon one ofits practical applications selected 
out of the wide field of social statistics, viz., the estimation of the 
probability of judgments. Perhaps this application, if weighed 
by its immediate results, is not the best that could have been 
chosen. One of the first conclusions to which it leads is that of 
the necessary insufficiency of any data that expci iencc alone can 
furnish, for the accomplishment of the most important object of 
the inquiry. But in setting clearly before us the necessity of 
hypotheses as supplementary to the data of expeiience, and in 
enabling us to deduce with rigour the consequences of any hy- 
pothesis which may be assumed, the method accomplishes all 
that properly lies within its scope. And it may be lcmarked, 
that in questions which relate to the conduct of our own species, 
hypotheses are more justifiable than in questions such as those re- 
ferred to in the concluding sections of the previous chaptei. Our 
general expeiience of human nature comes in aid of the scantiness 
and impeifection of statistical records. 

2. The elements involved in problems relating to criminal 
assize aic the following: — 

1st. The probability that a particular member of the jury 
will form a correct opinion upon the case. 

2nd The probability that the accused party is guilty. 

3rd. The probability that he will be condemned, or that he 
will be acquitted. 

4th. The probability that his condemnation oi acquittal will 
be just. 

5tli. The constitution of the jury. 
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6th The data furnished by experience, such as the relative 
numbeis of cases m which unanimous decisions have been arrived 
at, or particular majorities obtained; the number of cases in 
which decisions have been reversed by superior courts, &c. 

Again, the class of questions under consideration may be 
regarded as either direct or inverse. The direct questions of pro- 
bability are those in which the probability of coirect decision 
for each member of the tribunal, or of guilt for the accused 
party, are supposed to be known d prion, and in winch the proba- 
bility of a decision of a particular kind, or with a definite majority, 
is sought. Inverse problems are those in which, from the data fur- 
nished by experience, it is required to determine some element 
which, though it stand to those data in the relation of cause to 
effect, cannot directly be made the subject of observation; as 
when from the records of the decisions of courts it is required to 
determine the probability that a member of a court will judge 
correctly To this species of problems, the most difficult and 
the most important of the whole series, attention will chiefly be 
directed here 

3 There is no difficulty in solving the direct problems re- 
ferred to in the above enumeration. Suppose there is but one 
juryman. Let k be the probability that the accused peison is 
guilty; x the probability that the juryman will form a coirect 
opinion ; X the probability that the accused person will be con- 
demned : then — 

hx = probability that the accused party is guilty, and that the 
juryman judges him to be guilty 

(1 - k) (1 - x) = probability that the accused person is inno- 
cent, and that the juryman pronounces him guilty. 

Now these being the only cases in which a verdict of con- 
demnation can be given, and being moi cover mutually exclusive, 
we have 

X=kx+(l-k)(l-x). (0 

In like manner, if thei e be n jurymen whose separate proba- 
bilities of correct judgment are x,, x , . r„, the probability of an 
unanimous verdict of condemnation will be 

X = hx, x s . . x„ + (1 - A) (1 - x,) ( 1 - x l ) (1 - r*). 
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Whence, if the several probabilities x 12 x 3 . . x„ are equal, and are 
each represented by x, we have 

X = kx n + (1 - k) (1 - a:)”. (2) 

The probability in the latter case, that the accused person is guilty, 
will be 

kx n 

hx n + (1 - A) (1 - x) n 

All these results assume, that the events whose probabilities 
are denoted by A, a;,, x 2 , &c, are independent, an assumption 
which, however, so far as we are concerned, is involved in the 
fact that those events are the only ones of which the probabilities 
are given 

The probability of condemnation by a given number of voices 
may be found on the same principles. If a jury is composed of 
three persons, whose several probabilities of correct decision are 
x, x', d', the probability X 2 that the accused person will be de- 
clared guilty by two of them will be 

X 3 = A \xd (1 - d') + xx" (1 - x 1 ) + *V (1 - *)} 

+ (1 - A) {(l-a;)(l-aO^"+(l-®)(l-aO«'+(l-®')(l-®")*). 
which if x = x = a? reduces to 

3 kx* (1 - a:) + 3 (1 - A) x (1 - ®) J . 

And by the same mode of reasoning, it will appear that if 
X t represent the probability that the accused person will be de- 
clared guilty by i voices out of a jury consisting of n persons, 
whose separate probabilities of correct judgment are equal, and 
represented by x, then 

X t = n ( n Z .f)--( n - J±: f) { fa (1 _ *)*-» + (1 _ A)ar n ' l (l -z)‘). (3) 

If the probability of condemnation by a determinate majority a 
is required, we have simply 

t - a = n - », 

whence 


n + a 
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•which must be substituted in the above formula.. Of course a 
admits only of such values as make i an integer. If n is even, 
those values are 0, 2, 4, &c. ; if odd, 1, 3, 5, &c., as is otherwise 
obvious. 

The probability of a condemnation by a majority of at least a 
given number of voices m, will be found by adding together the 
following several probabilities determined as above, viz : 

1st The probability of a condemnation by an exact ma- 
jority m ; 

2nd. The probability of condemnation by the next greater 
majority m + 2 ; 

and so on ; the last element of the series being the probability of 
unanimous condemnation. Thus the probability of condemnation 
by a majority of 4 at least out of 12 jurors, would be 

X g + X a . + .Xu, 

the values of the above terms being given by (3) after making 
therein n = 12. 

4. When, instead of a jury, we are considering the case of a 
simple deliberative assembly consisting of n persons, whose sepa- 
rate probabilities of correct judgment are denoted by x, the above 
formulae are replaced by others, made somewhat more simple by 
the omission of the quantity k. 

The probability of unanimous decision is 

X = x" + (1 - x) n 

The probability of an agreement of i voices out of the whole 
number is 

»(»-l) + 0 (x* (1 - «)*'*+ a:" ‘*(1 - a;) 1 ). (4) 

1 • a l 

Of this class of investigations it is unnecessary to give any 
further account. They have been pursued to a considerable ex- 
tent by Condorcet, Laplace, Poisson, and other writers, who 
have investigated in pai ticulai the modes of calculation and re- 
duction which are necessary to be employed when n and i are 
large numbers It is apparent that the whole inquiry is of a very 
speculative character. The values of x and k cannot be deter- 
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mined by direct observation. We can only presume that they 

1 

must both in general exceed the value that the former, x, must 

A 

increase with the progress of public intelligence ; while the latter, 
A, must depend much upon those preliminary steps in the ad- 
ministration of the law by which persons suspected of crime are 
brought before the tribunal of their country. It has been re- 
marked by Poisson, that in periods of revolution, as during the 
Reign of Terror in France, the value of k may fall, if account be 

taken of political offences, far below the limit ^ . The history of 

Europe in days nearer to our own would probably confirm this 
observation, and would show that it is not from the wild license 
of democracy alone, that the accusation of innocence is to be 
apprehended. 

Laplace makes the assumption, that all values of x from 
i = ^, to 1 = 1 , 

are equally probable. He thus excludes the supposition that a 
juryman is more likely to be deceived than not, but assumes that 
within the limits to which the pi obabilities of individual cor- 
rectness of judgment are confined, we have no reason to give 
preference to one value of x over another. This hypothesis is 
entirely arbitrary, and it would be unavailing here to examine 
into its consequences. 

Poisson seems first to have endeavoured to deduce the values 
of x and k, inferentially, from experience. In the six years from 
1825 to 1830 inclusively, the number of individuals accused of 
crimes against the person before the tribunals of Fiance was 
11016, and the number of persons condemned was 5286. The 
juries consisted each of 12 persons, and the decision was pro- 
nounced by a simple majority. Assuming the above numbers 
to be sufficiently large for the estimation of probabilities, there 

would therefore be a probability measured by the fraction 

or .4782 that an accused person would be condemned by a simple 
majority. We should have the equation 

.X, + A.6 . + X 12 — .4782, 


( 5 ) 
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the general expression for X , being given by (3) after making 
therein n = 12. In the year 1831 the law, having received alte- 
ration, required a majority of at least four persons for condemna- 
tion, and the number of persons tiied for cnmes against the 
person during that year being 2046, and the number condemned 
743, the probability of the condemnation of an individual by the 
743 

above majority was — ^r, or .3631. Hence we should have 

X, + X, . . . + X u = 3631. (6) 

Assuming that the values of k and x were the same for the 
year 1831 as for the previous six years, the two equations (5) and 
(6) enable us to determine approximately their values Poisson 
thus found, 

k = .5354, x = .6786. 

.For crimes against property during the same periods, he 
found by a similar analysis, 

A = .6744, x = 7771 

The solution of the system (5) (6) conducts in each case to 
two values of k, and to two values of x, the one value in each 

pair beingl greater, and the other less, than It was assumed, 

that in each case the larger value should be preferred, it being 
conceived more probable that a party accused , should be guilty 
than innocent, and more probable that a juryman should form 
a correct than an erroneous opinion upon the evidence, 

5. The data employed by Poisson, especially those which were 
furnished by the year 1831, are evidently too imperfect to permit 
us to attach much confidence to the aboi e determinations of x and 
k ; and it is chiefly for the sake of the method that they are here 
introduced. It would have been possible to record during the 
six years, 1825-30, or during any similar period, the number of 
condemnations pronounced with each possible majority of voices. 
The values of the several elements X„, X„ . . X n , were there 
no reasons of policy to forbid, might have been accuiatcly ascer- 
tained Here then the conception of the general problem, of 
which Poisson’s is a particular case, arises How shall we, from 
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this apparently supernumerary system of data, determine the 
values of x and k ? If the hypothesis, adopted by Poisson and 
all other writers on the subject, of the absolute independence of 
the events whose probabilities are denoted by x and k be retamed, 
we should be led to form a system of five equations of the type (3), 
and either select from these that particular pair of equations which 
might appear to be most advantageous, or combine together the 
equations of the system by the method of least squares. There 
might exist a doubt as to whether the latter method would be 
6trictly applicable in such cases, especially if the values of x and/: 
afforded by different selected pairs of the given equations were very 
different from each other. M Cournot has considered a somewhat 
similar problem, in which, from the records of individual votes in 
a court consisting of four j udges, it is proposed to investigate the 
separate probabilities of a correct verdict from each judge. For 
the determination of the elements x, x, af, x", he obtains eight 
equations, which he divides into two sets of four equations, and 
he remarks, that should any considerable discrepancy exist be- 
tween the values of x, x, x', x'“, determined from those sets, it 
might be regarded as an indication that the hypothesis of the in- 
dependence of the opinions of the judges was, in the particular 
case, untenable. The principle of this mode of investigation lias 
been adverted to in (XVIII 4). 

6. I proceed to apply to the class of problems above indicated, 
the method of this treatise, and shall inquire, first, whether the 
records of courts and deliberative assemblies, alone, can furnish 
any information respecting the probabilities of correct judgment 
for their individual membcis, and, it appearing that they cannot, 
secondly, what kind and amount of necessary hypothesis will best 
compoit with the actual data. 

Proposition I. 

From the mere records of the decisions of a court or deliberative 
assembly, it is not possible to deduce any definite conclusion re- 
specting the correctness of the individual judgments of its members. 

Though this Proposition may appear to express but the con- 
viction of unassisted good sense, it will not be without interest to 
show that it admits of rigorous demonstration. 
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Let us suppose the case of a deliberative assembly consisting 
of n members, no hypothesis whatever being made respecting 
the dependence or independence of their judgments. Let the 
logical symbols x it a 5 , . . ar, be employed according to the fol- 
lowing definition, v iz : Let the generic symbol x, denote that 
event which consists in the uttering of a correct opinion by the 
i rt member, A, of the court. We shall consider the values of 
Prob. x 19 Prob x 2 , . . Prob. x„, as the quasita of a problem, the 
expression of whose possible data we must in the next place 
investigate. 

Now those data are the probabilities of events capable of 
being expressed by definite logical functions of the symbols x, , 
x t , . .x n . Let X 1? X 2 , . . X,„ lepiesent the functions in question, 
and let the actual system of data be 

Prob. Xi = a,, Prob. X 2 = a, Prob X m = 

Then from the very nature of the case it may be shown that 
X,, X 2 , . . X m , are functions which remain unchanged if 
x X) x~, . x n are therein changed into 1 - x x , 1 - . 1 - x u 

respectively. Thus, if it were recorded that in a certain pro- 
portion of instances the votes given were unanimous, the event 
whose probability, supposing the instances sufficiently numerous, 
is thence determined, is expressed by the logical function 

Xi X z • X n + — ^i) (1 . ( 1 — 

a function which satisfies the above condition. Again, let it be 
recorded, that in a certain proportion of instances, the vote of an 
individual, suppose A,, differs from that of all the other mem- 
bers of the court. The event, whose piobability is thus given, 
will be expressed by the function 

x, (1 — 3!,) . • (1 — JC,) + ( 1 ®j) r, ■■ x n , 

also satisfying the above conditions. Thus, as agreement in 
opinion may be an agreement in either truth or crior; and as, 
when opinions are divided, either party may be right or wiong ; 
it is manifest that the expression of any particular state, whether 
of agreement or difference of sentiment in the assembly, will 
depend upon a logical function of the symbols x, , a 1 ,, . x„, 
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which similarly involves the privative symbols 1 -x lt 1 -a: 2 , 
. . 1 - x n . BuL in the records of assemblies, it is not presumed 
to declare which set of opinions is right or wrong Hence the 
functions X 1 , X 2 , . . X m must be solely of the kind above de- 
scribed. 

7. Now in proceeding, according to the general method, to 
determine the value of Prob. a 19 we should first equate the func- 
tions Xi, . . X m to a new set of symbols t lf . . t m From the 
equations 

= t\1 X t = t t , • • X m = t m , 

thus formed, we should eliminate the symbols x t , x„ . . x n , and 
then determine a;, as a developed logical function of the symbols 
t u f 4 , . . t m , expressive of events whose probabilities are given. 
Let the result of the above elimination be 


E Xl + E'( 1- 3:0 = 0; (1) 

E and E' being function of t u t z , . . Then 

E 

= E^E (2) 

Now the functions X iy X 2 , . X m are symmetrical with re- 

ference to the symbols x t , . . x„ and l - x lt . .1 -x n . It is evi- 
dent, therefore, that in the equation E must be identical with E. 
Hence (2) gives 

E 


and it is evident, that the only coefficients which can appear in the 
development of the second member of the above equation are 

^ and g. The former will present itself whenever the values 


assigned to f 15 . . t m in determining the coefficient of a constituent, 
are such as to make E = 0, the latter, or an equivalent result, in 
every other case. Hence we may represent the development 
under the form 


= 


0 

0 



D, 


( 3 ) 


C and D being constituents, or aggregates of constituents, of the 
symbols f , , t a , . . t m . 
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Passing then from Logic to Algebra, we have 

v. cC 
Prob *i=-£? = c , 

the function V of the general Eule (XVII. 17) reducing in the 
present case to C. The value of Prob. x l is therefore wholly ar- 
bitrary, if we except the condition that it must not transcend 
the limits 0 and 1. The individual values of Prob x 2 , Prob.x, , 
are in like manner arbitrary. It does not hence follow, that 
these arbitraiy values are not connected with each other by ne- 
cessary conditions dependent upon the data. The investigation 
of such conditions would, however, properly fall under the me- 
thods of Chap. xix. 

If, reverting to the final logical equation, we seek the inter- 
pretation of c, we obtain but a restatement of the original pro- 
blem. For since C and D together include all possible consti- 
tuents of ti, t~, . . t m , we have 

C + D = 1 , 

and since D is affected by the coefficient it is evident that on 

substituting therein for t l} t 2 , . t m , their expressions in terms of 
x l} x„ . . x n , we should have D = 0. Hence the same substitution 
would give C= 1. Now by the rule, c is the probability that if 
the event denoted by C take place, the event x, will take place. 
Hence C being equal to 1, and, therefore, embracing all possible 
contingencies, c must be interpreted as the absolute probability of 
the occurrence of the ev ent X! 

It may be interesting to determine in a particular case the 
actual form of the final logical equation. Suppose, then, that the 
elements from which the data are deriied are the records of 
events distinct and mutually exclusive. For instance, let the 
numerical data , u 3 , . . a m , be the respective probabilities of 
distinct and definite majorities. Then the logical functions 
A,, X a , . X m bemg mutually exclusive, must satisfy the con- 
ditions 

X x X z = 0, .. Xi X m = 0, X, X m = 0, &c. 

Whence we have, 

ti t, = 0, A l n = 0, &c. 
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Under these circumstances it may easily be shown, that the 
developed logical value of x 2 will be 

= q (^1^2 t m + t 2 t 2 • • t m • • + tn #1 • ■ tm-\) ] 

+ constitutents whose coefficients are ^ 


In the above equation 1 2 stands for 1 - &c. 

These investigations are equally applicable to the case in 
which the probabilities of the verdicts of a jury, so far a9 agree- 
ment and disagreement of opinion are concerned, form the data 
of a problem. Let the logical symbol w denote that event or 
state of things which consists in the guilt of the accused person. 
Then the functions X l2 X 2 . X m of the present problem aie 
such, that no change would therein ensue from simultaneously 
converting w, x 2 , x 2 . . x n into w, 5?,, x 2 , . . x n respectively. 
Hence the final logical value ofio, as well as those of®,, x lt . . x n 
will be exhibited under the same form (3), and a like general 
conclusion thence deduced. 

It is therefore established, that from mere statistical docu- 
ments nothing can be inferred respecting either the individual 
correctness of opinion of a judge or counsellor, the guilt of an 
individual, or the merits of a disputed question If the deter- 
mination of such elements as the above can be reduced within 
the province of science at all, it must bo by virtue cither of 
6ome assumed criterion of truth furnishing us with new data, or 
of some hypothesis relative to the connexion or the independence 
of individual judgments, which may warrant a new form of the 
inv estimation. In the examination of the results of different 

O 

hypotheses, the following general Proposition will be of im- 
portance. 


Proposition II. 


8. Given the probabilities of the n simple events x lt x 2 , x„, 

viz . : — 

Prob. a?i = c„ Prob. x 2 = c 2 , . . Prob. x n *= c„; (1) 

also the probabilities of the m-\ compound events Xi , X 2 , . X m . i , 
viz . : — 

Piob. X, = Prob. X 2 = a 2 , . . Prob. A r B ,.i = a m , x ; (2) 
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the latter events X l . . X m . x berng distinct and mutually exclusive ; 
; equircd the probability of any other compound event X. 

In this proposition it is supposed, that A", X u . . X n _ u as 
weli as X, are functions of the symbols x x , . x„ alone. 
Moreover, the events A',, A s , .. A m _ M being mutually exclusive, 
we have 

Ai A 2 = 0, . . Xi A„,_, = 0, Aj X 3 = 0, &c. ; (3) 

the product of any two members of the system vanishing. Now 
assume 

-Xl “ t \ 5 A )n _i = tjn - 1 , X = t (4) 

Then t must be determined as a logical function of . . x„, 

III • ■ tin- 1 * 

Now by (3), 


t\ t 2 -- 0, ti t m _ j — 0, t 2 1 3 = 0, &c ; (5) 

all binary products of t,, . . t~ n _ u vanishing. The developed ex- 
pression for t can, theiefore, only involve in the list of constitu- 
ents which have 1, 0, or ^ for their coefficients, such as contain 
some one of the following factors, viz : — 

t x t 2 « ■ t m _i , t\ t x * . tm- 1, . • ti . « tm-2 tm-x ! (6) 

U standing for 1 - t x , &c It remains to assign that portion of 
each constituent which involves the symbols x x . . x n ; together 
with the corresponding coefficients 

Since AT, = f, (i being any integer between 1 and m - 1 inclu- 
sive), it is evident that 

A', 1 1 . . t „ ,.i = 0, 

from the very constitution of the functions Any constituent 
included in the first member of the above equation would, there- 
fore, have ^ for its coefficient. 

Now let 

X m = 1 - Aj . . - A m -i ; (7) 

and it is evident that such constituents as involve 7, . . as 
a factor, and yet have coefficients of the form 1, 0, or must be 
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included in the expression 

X m t\ . tm~ l • 

Now X„ may be resolved into two portions, viz., XX* and 
(1 - X) X„, the former being the sum of those constituents of 
X„ which are found in X, the latter of those which are not found 
in X. It is evident that in the developed expression of t, which 
is equivalent to X, the coefficients of the constituents in the 
former portion XX* will be 1, while those of the latter portion 
(1 - X) X* will be 0. Hence the elements we have now con- 
sidered will contribute to the development of t the terms 

XX n Ti • 7jn-i + 0 (1 — A) X n ti * • tgi-i * 

Agai n, since X, = t L> while X 2 1, = f, t, = 0, &c , it is evident 
that the only constituents involving f, 7 t . . 7 m _, as a factor which 

have coefficients of the form 1, 0, or ^ , will be included in the ex- 
pression 

X, tiTz • im-i 5 

and reasoning as before, we see that this will contribute to the de- 
velopment of t the terms 

XX, . . r m _, + 0 Ql - X) X,i, tj . . r m _, . 

Proceeding thus with the remaining terms of (6), we deduce 
for the final expression of t, 

t — Af Al* 1 1 a . / jji . | Af X,tj 1 2 * * t* . , » "f" A X* _ J tj . . ^DI — 1 

+ 0 (1 — X) X m ti . . tn,.! + 0 (l — X) X, fi Zg . . t m . i + &c (8) 

+ terms whose coefficients are 

In this expression it is to be noted that XX ra denotes the sum 
of those constituents which are common to X and X m , that sum 
being actually given by multiplying X and X m together, according 
to the rules of the calculus of Logic 

In passing from Logic to Algebra, we shall represent by 
(XX m ) what the above product becomes, when, after effecting 
the multiplication, or selecting the common constituents, we 
give to the symbols X,, . x a , a quantitative meaning. 
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With this understanding we shall have, by the general Rule 

(XVII. 17), 

Prob t 

(XX m ) ^jd-]^(XXi) ti I»_|..+ (XX m .i)ti,. /n\ 

y - » W 

V=X m ti . . f m -i + Xih t 2 .. t m .i . + X m .iTi . . t m -2 t m .i (10) 

whence the relations determining x x , . x„, t x , . . t „. , will be of 
the following type (i varying from 1 to ti), 

(x t X„) t, t m . ] + (a:, Ai) t x t, . t m . + (m, A m '.i) t x . . 


_ A, t, T 2 . t-1 [[ ti.|t|. : <Mfc.» i y | (li) 

fl l fl »-l 

From the above system we shall next eliminate the symbols 

t|J • • fn-l‘ 

We have 

_ _ a,V lit ° m-i ' rio\ 

t, fj . . = ~y ~ ’ • • r»-2‘ni-i •* Y • l l A) 

Ai A»-l 

Substituting these values in (10), we find 

V ~ An ti . • tm - 1 t ffj F • ■ + Um-l 1 • 

Hence, 

__ ( 1 — til • • ®M-]) ' 

tl • tm - 1 = y • 


Now let 
then we have 


a m = 1 — flj . . Ctm 


1 l • • t m -l — 


Now reducing, by means of (12) and (14), the equation (9), 
and the equation formed by equating the first line of (1 1) to the 
symbol V ; writing also Prob. X for Prob. t, we have 

Prob .X=2ll|^ + ^lE s) -.. + ^|^. ) , (15) 

Ai A 2 ^ik 

a, f^iXil ai(x,X 3 ) a m (ttiX m ) _ _ 

— — - + — v + Y ‘ ’ 

Ai A, A, 

wherein X,* and a m are given by (7) and (13). 
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These equations involve the direct solution of the problem 
under consideration. In (16) we have the type of n equations 
(formed by giving to i the values 1, 2, . . n successively), from 
which the values of x 1} x 2 , x n , will be found, and those values 
substituted in (15) give the value of Prob. X as a function of 
the constants a it c,, &c. 

One conclusion deserving of notice, which is deducible from 
the above solution, is, that if the probabilities of the compound 
events X lf X m . It are the same as they would be were the 
events x,, . . x n entirely independent, and with given probabi- 
lities Ci, . c„, then the probability of the event X will be the 
same as if calculated upon the same hypothesis of the absolute 
independence of the events x if x n . For upon the hypothesis 
supposed, the assumption Xi = c t , x n = c n , in the quantitative 
system would give X t = a,, X m = a m , whence (15) and (16) 
Would give 

Prob. X = (XX,) + (XX 2 ) . + (XX m ), (17) 

(x, X,) + (x, X,).. + (x, X m ) = c, (18) 

But since Xi + X t . + X m = 1, it is evident that the second 
member of ( 1 7) will be formed by taking all the constituents that 
are contained in X, and giving them an algebraic significance. 
And a similar remark applies to (18). Whence those equations 
respectively give 

Prob X (logical) = X (algebraic), 
x t = c L 

Wherefore, if X = $ (*,, x z , x n \ we have 
Prob X = <f>{ci,c i , c„), 
which is the result in question 

Hence too it would follow, that if the quantities c, , . . c n 
were indeterminate, and no hypothesis were made as to the 
possession of a mean common value, the system (15) (16) would 
be satisfied by giving to those quantities any such values, 
,i’, , x, , x n , as would satisfy the equations 

Xj — a i . A„, . i = X = q, 

supposing the value of the element a, like the values offli, a„ ,.i, 
to be given by experience. 
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9. Before applying the geneial solution (15) (16), to the 
question of the probability of judgments, it will be convenient to 
make the following transfoimation. Let the data be 

= Ci . X n = Cn ) 

Prob X, = a, . Prob. X m .~ = a m . 


and let it be lequired to determine Prob. A~,„ _ , , the unknown 
\ alue of which we will represent by a m _i. Then in (15) and (16) 
we must change 

X into A'„_i , Prob X into 

A„.i into Am.,, £r-i into a n -i< 

X ul into X,,,., + A m , tz m into u,n-i + 


with these transformations, and observing that (X„,_i X r ) - 0, 
except when r = m - 1, and that it is then equal to A,,,.,, the 
equations (15) (16) give 


«... i = - 


(«w-l t flm) X m _ i 


«.(®i A.) (x t A, n _ 2 ) (Gm-i + n m ) (z, A, n „, + x t A,„) . . 

Y " 1 Y ' + y , v \ i ' > ) 

■"•1 A„.j A„.i + 

Now from (19) we find 

x m ., X m A n .i ■+ X VI 

®m-i + Q in 

by virtue of which the last tcim of (20) may be reduced to the 
form 

«m- 1 (^i A «.-]) «nr(^|Aa) 

x^; xr 

With these reductions the system (17) and (18) may be rcphiced 
by the following symmetrical one, viz. : 

V V 

1 __ (21) 

W ni - 1 

(ll (.l‘t Ai) , ft; (<ii A .) , ^ /oo) 

— 4- — I y - ( I 

-A 2 Ay* 

These equations, in connexion with (7) and (13), enable us to 
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determine n m _ 1 a-; a function of c, c-„ . a, o w .j, the numerical 
data eujijio-ed to be furnished by experience We now proceed 
to their application. 

Proposition III. 

10. Given any system of probabilities drawn from recorded 
instances of unanimity, or of assigned numerical majority m the 
decisions of a deliberative assembly ; required upon a certain deter- 
minate hypothesis, the mean probability of correct judgment for a 
member of the assembly. 

In v hat way the probabilities of unanimous decision and of 
specific numerical majorities may be determined from experience, 
has been intimated in a former part of this chapter. Adopting 
the notation of Prop. i. we shall represent the e\ents whose pro- 
babilities are given by the functions X 1} X 2 , ■ . X m _j It has 
appeared from the very nature of the case that these et ents are 
mutually exclusiv e, and that the functions by which they are re- 
presented are symmetrical with reference to the symbols x,. x s . x n . 
Those symbols we continue to use in the same sense as m Prop, i., 
viz., by x, we understand that event which consists in the for- 
mation of a correct opinion by the i th member of the assembly 

Now the immediate data of experience are — 

Prob. X) = a,, Prob. X 2 = a 2 , . . Prob. X m _ s = a (1) 
Prob. X„_, = a m . , (2) 

Xj . . X m ,i being functions of the logical symbols x„ . . x„ to the 
probabilities of the events denoted by which, w e shall assign the 
indeterminate value c. Thus we shall hai e 

Prob. = Prob. x 2 . . = Prob x„ = c (3) 

Now it has been seen, Prop i , that the immediate data(l) 
(2), unassisted by any hypothesis, merely conduct us to a re- 
statement of the problem. On the other hand, it is manifest that 
if, adopting the methods of Laplace and Poisson, we employ the 
system (3) alone as the data for the application of the method of 
this work, finally comparing the results obtained with the expe- 
rimental syBtem (1) (2), we are relying wholly upon a doubtful 
hypothesis, — the independence of individual judgments. But 
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though we ought not wholly to iely upon this hypothesis, we 
cannot wholly dispense with it, or with some equivalent substi- 
tute Let us then examine the consequences of a limited inde- 
pendence of the individual judgments ; the conditions ol limitation 
being furnished by the appaiently superfluous data Prom the 
system (1) (3) let us, by the method of this work, determine 
Prob. -Xn,_i, and, comparing the result with (2), determine c. 
E\ en here an arbitrary power of selection is claimed But it is 
manifest from Piop. I. that something of this kind is unavoidable, 
if we would obtain a definite solution at all. As to the principle 
of selection, I apprehend that the equation (2) reserved for final 
comparison should be that which, from the magnitude of its nu- 
merical element a*.j, is esteemed the most important of the pri- 
mary series furnished by experience. 

Now, from the mutually exclusive character of the events 
denoted by the functions Xi, X ~, . . X„.i , the concluding equa- 
tions of the previous proposition become applicable. On account 
of the symmetry of the same functions, and the reduction of the 
system of values denoted by c, to a single value c, the equations 
represented by (22) become identical, the values of x it x s , x„ 
become equal, and may be replaced by a single value x, and we 
have simply, 






(4) 


(xX i ) ^ Oi(xX 2 ) An.) 

\r tt • . + y 

-A.1 -A* A. m 


(5) 


The following is the nature of the solution thus indicated : 

The functions X,, X m . t , and the values a,. . being 
given in the data, we have first, 

X m = 1 — A i . • — X m . i , 

a m =l-a,..~ a m . , 

From each of the functions X,, . . X. thus given or de- 

termined, we must select those constituents which contain a par- 
ticular symbol, as x t , for a factor. This will determine the func- 
tions (xX,), (xX t ), &c , and then in all the functions we must 
change x„ x i} . . x n individually to x Or we may regard any 
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algebraic function X, in the system (4) (5) as expressing the 
probability of the event denoted by the logical function X„ on 
the supposition that the logical symbols x l} x., . x n denote in- 
dependent events whose common probability is x. On the same 
supposition (.rX,) would denote the probability of the concur- 
rence of any particular event of the series x , , x 2 , x n with X,. 
The forms of X„ (i.Y,), &c. being determined, the equation (4) 
gives the value of x, and this, substituted in (5), determines the 
value of the element c required. Of the two values which its so- 
lution will offer, one being greater, and the other less, than the 
greater one must be chosen, whensoever, upon general conside- 
rations, it is thought more probable that a member of the assembly 
will judge correctly, than that he will judge incorrectly. 

Here then, upon the assumed principle that the largest of 
the values a m _ l shall be resolved for final comparison in the 
equation (2), we possess a definite solution of the problem pro- 
posed. And the same form of solution remains applicable should 
any other equation of the system, upon any otliei ground, as that 
of superior accuracy, be similarly reserved in the place of (2). 

11. Let us examine to what extent the above reseivation has 
influenced the final solution It is evident that the equation (5) 
is quite independent of the choice in question. So is likewise 
the second member of (4) Had we reserved the function Xi, 
instead of .Y„-„ the equation for the determination of a: would 
have been 

*i = X„. 


but the value of x thence determined would still have to be sub- 
stituted in the same final equation (5). We know that were 
the events x„ x>, . . x„ really independent, the equations (4), 
(6), and all otheis of which they are types, would prove equi- 
valent, and that the value of x furnished by any one of them 
would be the tiue value of c. This affords a means of verifying 
(5). For if that equation be correct, it ought, under the above 
circumstances, to be satisfied by the assumption c = x. In other 
words, the equation 

a r, (xX m ) 


a,(xX,) ^ n_ (j A,) 
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ought, on solution, to give the same value of x as the equation 
(4) or (6) Now this will be the case For since, by hypothesis, 

X\ _ _ X„ 

a \ O m 

we have, by a known theorem, 

X, X, x m x, + x 2 ..+ x m } 

(l\ d 2 a m + < 7 2 ■ . + d m 

Hence (7) becomes on substituting a, for X„ <Lc. 

OAT,) + (xX 2 ) . + (xX m ) = x 

a mere identity 

Whenever, theiefore, the events x„ x t , . . x H are really inde- 
pendent, the system (4) (5) is a correct one, and is independent 
of the arbitrariness of the first step of the piocess by which it 
was obtained. When the said events are not independent, the 
final system of equations will possess, leaving in abeyance the 
principle of selection above stated, an arbitrary element. But 
from the persistent form of the equation (5) it may be infen ed 
that the solution is arbitrary in a less degree than the solutions 
to which the hypothesis of the absolute independence of the in- 
dividual judgments would conduct us. The discussion of the 
limits of the value of c, as dependent upon the limits of the value 
of x, would determine such points. 

These considerations suggest to us the question whether the 
equation (7), which is symmetrical with refeicnce to the func- 
tions X„ X z , . . X m , fiee from any arbitrary elements, and rigo- 
rously exact when the events x„ x 2 , . . x H arc really independent, 
might not be accepted as a mean general solution of the problem. 
The proper mode of determining this point would, I conceive, be 
to ascertain whether the value of x which it would afloid would, 
in general, fall within the limits of the value of c, as detei mined 
by the systems of equations of which the system (4), (5), piesents 
the type. It seems probable that undci oidmaiy cucimi-.tances 
this would be the case. Independently of such con«ulci ations, 
however, we may regard (7) as itself the expression of a certain 
principle of solution, viz., that regarding A',, A'., . X m as ex- 
clusive causes of the event whose piobability is x, we accept the 
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probabilities of those causes a„ . a m from experience, but form 
the conditional probabilities of the event as dependent upon such 
causes, 


(xX,) 
X , ’ 


&c. (XVII. Prop, i.) 
A 2 


on the hypothesis of the independence of individual judgments, 
and so deduce the equation (7). I conceive this, however, to be 
a less rigorous, though possibly, in practice a more convenient 
mode of proccduic than that adopted in the general solution. 

12. It now only remains to assign the paiticular forms which 
the algebraic functions X„ (xX,), &c. in the above equations as- 
sume when the logical function X, represents that event which 
consists in r members of the assembly voting one way, and n - r 
members the other way. It is evident that in this case the alge- 
braic function X L expresses what the probability of the supposed 
event would be were the events x„ x., . . x n independent, and 
their common probability measured by x. Hence we should 
have, by Art. 3, 


, r n(w- l)..(»-r + l) , , . . 

X,--± — 1 ' 2 . 7 f -!* r + (l - ■bl- 


under the same circumstances (xX,) would represent the pro- 
bability of the compound event, which consists in a particular 
member of the assembly forming a correct judgment, conjointly 
with the general state of voting recorded above. It would, 
therefore, be the probability that a paiticular member votes cor- 
rectly, while of the remaining n - 1 members, r - 1 vote cor- 
rectly ; or that the same member votes correctly, while of the 
remaining n - 1 members r vote incorrectly. Hence 

( xXl ) = (»~1) (» - 8) . . (w - y + 1) ^ + (n-1) (71-2). .(n-r) ^ 
1 . 2 . . T — 1 1 • 2 • ■ T 


Proposition IV. 

13. Given any system of probabilities drawn from recorded in- 
stances of unanimity, or of assigned numerical majority m the de- 
cisions of a criminal court of justice, required upon hypotheses 
similar to those of the last proposition, the mean probability c of 
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correct judgment for a member of the court, and the general pro- 
bability k of guilt in an accused person 


The solution of this problem differs m but a slight degiee 
from that of the last, and may be referred to the same general 
formula, (4) and (5), oi (7) It is to be observed, that as there 
are two elements, c and 7t, to be determined, it is necessary to 
reserve two of the functions X„ X 2 , . . X m . u let us suppose X, 
and In, for final comparison, employing either the remaining 
m - 3 functions in the cxpicssion of the data, or the two respec- 
tive sets -Xw X„ . . X m .„ and X„ X 2 , X m . 2 In either case 
it is supposed that there must be at least two original indepen- 
dent data. If the equation (7) be alone employed, it would in 
the present instance furnish two equations, which may thus be 
written : 


afxX,) , a 2 (xX 2 ) a m ( xX m ) 

* y • » + Y 

-A-l -A-3 -^771 


( 1 ) 


afh A,) ^ a 2 (k Xj) ^ a„ (A A m ) _ ^ 


( 2 ) 


These equations are to be employed in the following manner : — 
Let x„ x 2 , . x„ represent those events which consist in the for- 
mation of a correct opinion by the membcis of the court respec- 
tively. Let also w lepiesent that event which consists in the 
guilt of the accused member. By the aid of these symbols we 
can logically express the functions X» X 3 , . . A,„.„ whose proba- 
bilities are given, as also the function X m . Then fioin the func- 
tion Xi select those constituents which contain, as a factor, any 
particular symbol of the set x u x 2 , . . x„ , and also those consti- 
tuents which contain as a factor w In both results change 
ar„ x 2 , . . x„ seveially into x, and w into k. The above results 
will give (xXj) and (AX,). Effecting the same tiansformations 
throughout, the system (1), (2) will, upon the particular hypo- 
thesis involved, detcimine x and h. 

14. We may collect fiom the above investigations the fol- 
lowing facts and conclusions : 

1st. That from the meie records of agreement and disagree- 
ment in the opinions of any body of men, no definite numerical 
conclusions can be drawn respecting either the piobability of cor- 
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rect judgment in an individual member of the body, or the merit 
of the questions submitted to its consideration. 

2nd. That such conclusions may he drawn upon various dis- 
tinct hypotheses, as — 1st, Upon the usual hypothesis of the abso- 
lute independence of individual judgments ; 2ndly, upon certain 
definite modifications of that hypothesis warranted by the actual 
data ; 3rdly, upon a distinct principle of solution suggested by 
the appearance of a common foirn in the solutions obtained by 
the modifications above adveited to. 

Lastly That whatever of doubt may attach to the final re- 
sults, rests not upon the imperfection of the method, which 
adapts itself equally to all hypotheses, but upon the uncertainty 
of the hypotheses themselves. 

It seems, however, probable that with even the widest limits 
of hypothesis, consistent with the taking into account of all the 
data of experience, the deviation of the results obtained would be 
but slight, and that their mean values might be determined with 
great confidence by the methods of Prop. hi. Of those methods 
I should be disposed to give the preference to the first Such a 
principle of mean solution having been agiecd upon, othei consi- 
derations seem to indicate that the values of c and k for tribunals 
and assemblies possessing a definite constitution, and governed 
in their deliberations by fixed rules, would remain nearly con- 
stant, subject, however, to a small secular variation, dependent 
upon the progress of knowledge and of justice among mankind. 
There exist at present few, if any, data proper for their determi- 
nation. 
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CHAPTER XXII. 

ON THE NATURE OF SCIENCE, AND THE CONSTITUTION OF THE 
INTELLECT. 

1 • XXTH AT I mean by the constitution of“ a system is the 
* ' aggregate of those causes and tendencies which pio- 
duceits obseivedchaiacter, when operating, without interference, 
under those conditions to which the system is conceived to be 
adapted Our judgment of such adaptation must be founded 
upon a study of the circumstances in which the system attains its 
freest action, produces its most harmonious lcsults, or fulfils in 
some other way the apparent design of its construction. There 
are cases in which we know distinctly the causes upon which the 
operation of a system depends, as well as its conditions and its 
end. This is the most perfect kind of knowledge 1 elatively to 
the subject undei considciation Tlicic aic aho cases in which 
we know only imperfectly 01 pai tiallv the causes which aic at 
work, but are able, nevertheless, to dctciinme to some extent 
the laws of their action, and, beyond this, to discover general 
tendencies, and to infer ulterior puipose. It lias thus, I think 
rightly, been concluded that tlieie is a moial faculty in our na- 
ture, not because wc can undei stand the special instiuments by 
which it woiks, as we connect the oigan with the faculty of sight, 
nor upon the ground that men agree in the adoption of universal 
rules of conduct , but because while, in some form oi other, the 
sentiment of moial approbation or di=appi obation manifests itself 
in all, it tends, wherever human pi ogress is observable, wherever 
society is not either stationary or hastening to decay, to attach 
itself to certain classes of actions, consentaneously, and after a 
manner indicative both of permanency and of law Always and 
everywhere the manifestation of Order affoids a presumption, not 
measurable indeed, but ic.il (XX 22), of the fulfilment of an end 
or purpose, and the existence of a giound of ordcilv causation. 
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2 The particular question of the constitution of the intellect 
has, it is almost needless to say, attracted the efforts of speculative 
ingenuity in every age For it not only addresses itself to that 
desire of knowledge which the greatest masters of ancient thought 
believed to be innate in our species, but it adds to the ordinary 
strength of tills motive the inducement of a human and personal 
interest. A genuine devotion to truth is, indeed, seldom partial 
in its aims, but while it prompts to expatiate over the fair fields of 
outward observation, forbids to neglect the study of our own fa- 
culties. Even in ages the most devoted to material interests, 
some portion of the current of thought has been reflected in- 
wards, and the desire to comprehend that by which all else is 
comprehended has only been baffled in order to be renewed. 

It is probable that this ■pertinacity of effort would not have 
been maintained among sincere inquirers after tiuth, bad the 
conviction been general that such speculations are hopelessly 
barren. We may conceive that it has been felt that if something 
of error and uncertainty, always incidental to a state of partial 
information, must ever be attached to the results of Buch in- 
quiries, a residue of positive knowledge may yet remain ; that 
the contradictions which are met with are more often verbal than 
real; above all, that even probable conclusions derive here an in- 
terest and a value from their subject, which render them not 
unworthy to claim regard beside the more definite and moie 
splendid lesults of physical science. Such considerations seem 
to be perfectly legitimate Insoluble as many of the problems 
connected with the inquiry into the nature and constitution of 
the mind must be presumed to be, there are not wanting others 
upon which a limited but not doubtful knowledge, others upon 
which the conclusions of a highly probable analogy, are attain- 
able. As the realms of day and night are not strictly contermi- 
nous, but are separated by a crepuscular zone, through which the 
light of the one fades gradually off into the darkness of the other, 
so it may be said that every region of positive knowledge lies sur- 
rounded by a debateable and speculative territory, over which it 
in some degree extends its influence and its light. Thus there 
may be questions relating to the constitution of the intellect 
which, though they do not admit, in the present state of know- 
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ledge, of an absolute decision, may recciie so much of reflected 
information as to lendei their probable solution not difficult; and 
there may also be questions 1 elating to the nature of science, and 
even to particular ti utlis and doctrines of science, upon which 
they who accept the geneial principles of this woik cannot but be 
led to entertain positn c opinions, diffenng, it maybe, fiom those 
which aie usually leceiied in the pie«ent da).* In what fol- 
lows I shall lecapitulate some of the more definite conclusions 
established in the former paits of this tie.itisc, and shall then 
indicate one 01 two tiains of thought, connected with the gene- 
ral objects aboie adieited to, which they seem to me calculated 
to suggest 

3. Among those conclu-ions, relating to the intellectual con- 
stitution, which may be considcied as belonging to the 1 calm of 
positive knowledge, we may reckon the scientific laws of thought 
and leasoning, which ha\e foimed the basis of the geneial me- 
thods of this ticatise, together with the punciples, Chap, v., by 
which their application lias been detci mined The resolution of 
the domain of thought into two spheres, distinct but coexistent 
(IV. XI.) , the subjection of the intellectual operations within 
those splieics to a common system of laws (XI); the general 
mathematical character of those laws, and then actual cxpiession 
(II. Ill ) ; the extent of then affinity with the laws of thought in 
the domain of nniubei, and the point of then dneigcncc therc- 
fiom ; the dominant chaiactci of the two limiting conceptions of 
univeise and eternity among all the subjects of thought with 
which Logic is concerned, the i elation of those conceptions to 
the fundamental conception of unity in the science of number, — 
these, with many similai results, are not to be lanked as merely 


• The following illustration may sufhcc — 

It is maintained by some of the highest modern authorities in grammar that 
conjunctions connect propositions only Now, without inquiring directly whe- 
ther this opinion is sound or not, it is obvious that it cannot consistently beheld 
by any who admit the scientific principles of this treatise, for to such it would 
seem to involve a denial, either, 1st, of the possibility of performing^ or 2ndly, of 
the possibility ofej pressing, a mental operation, the laws of w'hieh, viewed in 
both these relations, ha^e been investigated and applied in the present work — 
(Latham on the English Language, Sir John Stnddart’s Universal Gram- 
mar, Stc ) 
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probable or analogical conclusions, but are entitled to be re- 
garded as truths of science. Whether they be termed meta- 
physical or not, is a matter of indifference. The nature of the 
evidence upon which they icst, though in kind distinct, is not 
infenoi in value to any which can be adduced in support of the 
general truths of physical science. 

Again, it is agieed that there is a certain older observ- 
able in the progress of all the exacter forms of knowledge. 
The study of every department of physical science begins with 
observation, it advances by the collation of facts to a presump- 
tive acquaintance with their connecting law, the validity of 
such piesumption it tests by new cxpei intents so devised as to 
augment, if the presumption be well founded, its probability in- 
definitely , and finally, the law of the phenomenon having been 
with sufficient confidence deteiimned, the investigation of causes, 
conducted by the due mixture of hypothesis and deduction, 
ciowns the inquiiy. In this advancing ordei of knowledge, the 
particular faculties and laws whose nature has been consideied 
in this woik bcai their pait. It is evident, therefore, that if we 
would impartially lm estigate either the nature of science, or 
the intellectual constitution in its 1 elation to science, no part of 
the two senes aboie piesented ought to be legal ded as isolated. 
More especially ought those truths which stand in any kind of 
supplemental relation to cacli other to be consideied in their mu- 
tual bcaiing and connexion. 

4. Thus the necessity of an experimental basis for all positive 
knowledge, viewed in connexion with the existence and the 
peculiar character of that system of mental laws, and principles, 
and operations, to which attention has been directed, tends to 
throw light upon some impoi taut questions by which the world 
of speculative thought is still in a gicat measure divided How, 
from the particular facts which experience presents, do we arrive 
at the general propositions of science ? What is the nature of 
these piopositions? Are they solely the collections of experi- 
ence, oi does the mind supply some connecting principle of its 
own? In a word, what is the natuie of scientific truth, and 
what aie the grounds of that confidence with which it claims to 
be lcceived? 
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That to such questions as the above, no single and general 
answer can be given, must be evident. There aie eases in which 
they do not even need discussion. Instances are familiar, in 
which general propositions meiely expiess per tnumerationem 
simplicem, a fact established by actual obscivation in all the 
cases to which the pioposition applies The astronomer as- 
serts upon this ground, that all the known planets move from 
west to east lound the sun But there aie also cases in which 
general propositions aie assumed from observation of their truth 
in pai ticular instances, and extension of that truth to instances 
unobserved. No principle of meiely deductive leasoning can 
warrant such a pioceduie. When fiom a huge nunihei of ob- 
servations on the planet Mars, Keplei infened that it 1 evolved 
in an ellipse, the conclusion wa 3 laigei than Ins picmises, 01 in- 
deed than any premises which mere obseivation could give. 
What other element, then, is neccssaiy to give even a pio-peetive 
validity to such genei alizations as this? It is the ability in- 
herent in our nature to appreciate Older, and the conciment pie- 
eumption. however founded, that the phenomena of Nature are 
connected by a piinciple of Order Without these, the geneial 
truths of physical science could nevei have been ascei tamed. 
Grant that the piocediue thus established can only conduct us 
to piobable 01 to appioximatc lcsults; it only follows, that the 
larger number of the genei alizations of physical science possess 
but a piobable 01 appioxnnate ti uth The sccuuty of the tenure 
of knowledge consists in this, that wlieiesocvci such conclusions 
do truly represent the constitution of Natuie, oui confidence in 
their truth leceives indefinite confirmation, and soon becomes 
undistinguishable fiom ceitamty. The existence of that prin- 
ciple above represented as the basis of inductive masoning 
enables us to solve the much disputed question as to the neces- 
sity of general propositions in reasoning The logician affirms, 
that it is impossible to deduce any conclusion from particular 
premises. Modern writers of high repute have contended, that 
all reasoning is from particular to particular truths. They in- 
stance, that in concluding fiom the possession of a property by 
certain members of a class, its possession by some other member, 
it is not necessary to establish the intermediate general conclu- 
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sion which affirms its possession by all the members of the class 
in common Now whether it is so or not, that principle of 
order or analogy upon which the reasoning is conducted must 
either be stated or apprehended as a geneial truth, to give vali- 
dity to the final conclusion. In this foim, at least, the necessity 
of general propositions as the basis of infcience is confirmed, — a 
necessity which, how ever, I conceive to be involv cd in the very 
existence, and still more in the peculiar nature, of those faculties 
whose laws have been investigated in this work For if the pio- 
cess of leasoning be carefully analyzed, it will appear that ab- 
straction is made of all peculiaiities of the individual to which 
the conclusion refeis, and the attention confined to those pio- 
perties by which its membership of the class is defined. 

5 But besides the geneial propositions which aic derived by 
induction fiom the collated facts of expeiicnce, theieexiot otlieis 
belonging to the domain of vvliat is termed necessary ti uth. Such 
arc the geneial piopositions of Aiitlnnetic, as well as llicpiopo- 
sitions exjn e-sing the laws of thought upon which the geneial 
methods of this ticatisc aie founded, and thc-c pioposition 1 ? 
are not only capable of being ngoiou-ly vcnficd m paiticular 
instances, but aic made manifest in all then geneiahty fiom the 
study of paiticular instances Again, tlicie exist geneial pro- 
positions cxpieasive of neccs-aiy tiuths, but incapable, fiom the 
impel fection of the senses, of being exactly vcnfied Some, if 
not all, of the propositions of Geometry arc of this natuie, but 
it is not in the region of Geometiy alone that such piopositions 
are found. The question concerning then natuie and origin 
is a vciy ancient one, and as it is more intimately connected 
with the inquiry into the constitution of the intellect than any 
otliei to which allusion has been made, it will not be iirelevant 
to consider it lieie. Among the opinions which have most 
widely prevailed upon the subject are the following. It has 
been maintained, that propositions of the class referred to exist 
in the mind independently of cxpeiience, and that those concep- 
tions which aie the subjects of them are the impunts of eternal 
aichetjpes. With such aichetjpes, conceived, however, to pos- 
sess a reality of which all the objects of sense are but a faint 
shadow or dim suggestion, Plato furnished his ideal woi Id. It 
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has, on the other hand, been variously contended, that the 
subjects of such piopositions aie copies of individual objects of 
expei lence, that they aic rncie names; that they arc individual 
objects of expei lenee themselves , and that the piopositions \\ Inch 
relate to them aie, on account of the impel fcction of those objects, 
bnt pai tially true; lastly, that they aie intellectual pioducts 
formed by absti action fiom the sensible perceptions of indiv idual 
things, but so formed a-- to become, iv hat the indiv idual things 
never can be, subjects of science, 1. c. subjects concerning winch 
exact and general piopositions may be aftinned And theie ex- 
ist, perhaps, yet otlici v lews, in sonic of which the sensible, in 
otheis the intellectual or ideal, element piedonnnates. 

Now if the last of the views above adv ei led to be taken (for 
it is not pioposed to consider cithei the puicly ideal or the 
purely nominalist view) and if it be inq lined what, in the 
sense above stated, are the proper objects of science, objects in 
relation to which its piopositions arc true without any mixtuie 
of enor, it is conceived that but 011c answer can be given. It 
is, that neither do individual objects of expei leucc, nor with all 
probability do the mental images which they suggest, possess 
any stiict claim to this title It seems to be ccitain, that neither 
in natui c nor in art do w e meet vv ith anything absolutely agi ceing 
with the geometiical definition of a stiaight line, 01 of a tuangle, 
or of a circle, though the deviation thciefiom may be mappie- 
ciable by sense , and it may be concciv cd as at least doubtful, 
whetliei we can foim a pci feet mental image, 01 conception, with 
which the agiecmcnt shall be moie exact But it is not doubtful 
that such conceptions, howcvei impelled, do point to something 
beyond themselves, in the giadual appioach towaids which all 
impel fection tends to disappear Although the pcifect tiiangle, 
or squai e, or circle, exists not in natuic, eludes all our powers of 
representative conception, and is presented to us in thought 
only, as the limit of an indefinite process of absti action, yet, by 
a wonderful faculty of the understanding, it may be made the 
subject of propositions which are absolutely true. The domain of 
reason is thus revealed to us as laiger than that of imagination. 
Should any, indeed, think that we are able to picture to ourselves, 
with rigid accuracy, the scientific elements of form, direction, mag- 
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nitude, &c., these things, as actually conceived, will, in the view 
of such persons, be the proper objects of science. But if, as 
seems to me the more just opinion, an incurable imperfection 
attaches to all our attempts to realize with precision these ele- 
ments, then we can only affirm, that the more external objects 
do appioach in reality, 01 the conceptions of fancy by absti action, 
to certain limiting states, never, it may be, actually attained, the 
moie do the geneial propositions of science concerning those 
things or conceptions appioach to absolute truth, the actual devi- 
ation therefiom tending to disappear. To some extent, the same 
observations are applicable also to the physical sciences. What 
have been termed the “ fundamental ideas” of those sciences as 
force, polarity, crystallization, &e.,* are neither, as I concert e, 
intellectual products independent of cxpci lcncc, nor mere copies 
of external things ; but while, on the one hand, they have a ne- 
cessary antecedent in experience, on the other hand they require 
for thoii formation the exeicise of the power of abstraction, in 
obedience to some general faculty or disposition of our nature, 
which ever pioinpts us to the lesearch, and qualifies us for the 
appreciation, of oidci t Thus we study approximately the effects 
of giavitation on the motions of the lieaieuly bodies, by a re- 
ference to the limiting supposition, that the planets aie perfect 


* Whe well's Philosophy of the Inductive Sciences, pp 71, 77, 213 
f Of the idea of order it has been profoundly said, that it carries within itself 
its own justification or its own control, the very trustwoi thiucss of our faculties 
being judged by the conformity ot their results to an order which satisfies the 
reason “ L’id£e de l’oi dre a cela de smgulier et d'enunent, qu'elle porte en elle 
meme sa justification ou son contrdlc Pour trouver si nos autres faculty nous 
trompent ou nous ne trompent pas, nous exammons si les notions qu’elles nous 
donnent sYnchalnent on ne s’enchafnent pas suivant un oidre qui satisfasse la 
raison” — Cournot , Essai sur lesfondtmeitts de n os Connaissances Admitting this 
principle as the guide of those powers of abstraction which we undoubtedly pos- 
sess, it seems unphilosophical to assume that the fundamental ideas of the 
sciences are not derivable from experience Doubtless the capacities which 
have been given to us for the comprehension of the actual world would avail us 
in a diffeiently constituted scene, if in some form or other the dominion of 
order was still maintained It is conceivable that in such a new theatre of spe- 
culation, the laws of the intellectual procedure remaining the same, the funda- 
mental ideas of the sciences might be wholly different from those with which we 
are at present acquainted 
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spheies or spheroids We deteiminc approximately the path 
of a 1 ay of light tlnough the atmosphere, by a pioecss in which 
abstraction is made of all distuibing influences of tempcratinc. 
And such is the order of pioccdurc in all the higher walks of 
human knowledge Xow what is rem.uk.ible in connexion with 
these piocesses of the intellect is the disposition, and the cor- 
responding ability, to ascend fioni the inipeifect lepiesentations 
of sense and the dn ei si tics of individual expeiicnce, to the pei- 
ception of general, and it maybe of immutable tiuths. Whoic- 
eter tliio disposition and this ability unite, each senes of con- 
nected facts in nature may furnish the lntnn itions of an older 
more exact than that which it dnectly manifests For it may 
seive as ground and occasion foi the cxeiei^e of those poweis, 
whose oflficc it is to appiehenil the general tiuths which aie in- 
deed exemplified, but nevei with peifeet fidelity, in a woild of 
changeful phenomena 

6. The tiuth that the ultimate laws of thought aie mathe- 
matical in theii fonn, tie wed in connexion with the fact of tho 
possibility of ciior, establishes agiound for some rcmaikablc con- 
clusions. If wc diicctcd our attention to the scientific tiuth 
alone, wc might be led to infer an almost exact parallelism be- 
tween the intellectual opci.itions and the movements of external 
natuie Suppose any one conveisant with pliy sieal science, but 
unaccustomed to lcfiect upon the natme of Ins own faculties, to 
hate been infoimed, that it had been pioted, that the law's of 
those faculties were mathematical, it is piobablc that aftei the 
first feelings of liicicduhty had subsided, the impie«sion w r ould 
aiise, that the older of thought must, thetejine, be as ncces- 
saiy as that of the matciial univeise Wc know' that in the 
realm of natuial science, the absolute connexion between the 
initial and final elements of a pioblem, exhibited in the mathe- 
matical form, fitly symbolizes that physical necessity which binds 
together effect and cause. The necessary sequence of states and 
conditions in the inoi game w'orld, and the necessaiy connexion 
of premises and conclusion in the processes of exact demonstra- 
tion thereto applied, seem to be co-ordinate. It may possibly be 
a question, to which of the two series the primary application of 
the term “necessary” is due, w hether to the observed constancy of 
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Nature, or to the indissoluble connexion of propositions in all v alid 
reasoning upon her woiks. Histoi ically we should pci haps give 
the prefeience to the founci, philosophically to the latter view. 
But the fact of the connexion is indisputable, and the analogy to 
which it points is obvious 

Weie, then, the laws of valid icasoning uniformly obeyed, a 
very close paialklism would exist between the opciations of the 
intellect and those of external Nature Subjection to laws ma- 
thematical in their foim and expression, even the subjection of 
an absolute obedience, would stamp upon the two seiies one 
common chaiactei. The reign of necessity ovci the intellectual 
and the physical vvoild would be alike complete and universal 

But while the obscivation of external Nature testifies with 
evci -strengthening evidence to the fact, that umfoimity of 
operation and unvaijing obedience to appointed laws prevail 
throughout hci entiic domain, the slightest attention to the pro- 
cesses of the intellectual vvoild lcveals to 11s anothei state of 
things. The mathematical laws of reasoning aie, propeily speak- 
ing, the laws of nght icasoning only, and then actual transgres- 
sion is a pcipctually learning pliienonicnon Eiroi, which has 
no place in the mateiial system, occupies a laigc one hcie. We 
must accept this as one of those ultimate facts, the ongin of which 
it lies beyond the piovincc of science to dcteimuie We must 
admit that tlieie exi-t laws which even the ligour of their ma- 
thematical fonns does not pic-eivc fioin violation. We must 
ascribe to them an authoiity the essence of winch does not con- 
sist in powei, a&upieinacy which the analogy of the inviolable 
ordei of the natural vvoild 111110 way assists us to compiehend. 

As the distinction thus pointed out is real, it lemains un- 
affected by any pcculiuuty in 0111 views lespecting othei poitions 
of the mental constitution. If we legaid the intellect as fiec, 
and this is appaiently the view most in accordance with the gene- 
ral spint of these speculations, its freedom must be viewed as 
opposed to the dominion of necessity, not to the existence of a 
certain just supremacy of truth. The laws of coirect inference 
may be violated, but they do not the less truly exist on this ac- 
count. Equally do they remain unaffected in character and au- 
thoiity if the hvpothesis of necessity in its extieme foim be 
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adopted Let it be gi anted that the laws of valid reasoning, 
such as they are determined tube in this woik, 01, to speak more 
gcneiall) , such as they would finally appeal in the conclusions of 
an exhaustne analysis, fonn but a pm t of the sj stem of laws by 
•which the actual piocessea of leasoiiing, wlicthci light or wiong, 
aie got ci ned Let it be gi anted that if that sj stem w cie known 
to us m its completeness, we should pci cen e that the whole in- 
tellectual pioccduic was wcr\smy, e\en as the 11101 cments of the 
inorganic woihl aie ncccssaiy. And let it finally, as a conse- 
quence of this hypothesis, be gi anted that the phenomena of 111- 
coircct leasonmg or cnor, whensoever piesented, aie due to the 
inteifeience of otliei law's with those laws of which right leason- 
ing is the pioduci. Still it would leniain that tlieic exist among 
the intellectual laws a mmiboi liuukcd outfiom the lest by this 
special chaiactcr, \ i? , that c\ei\ mot cnient of the intellectual 
system which is accomplished solely undev then dncction is 
right, that cteiy inteifeience thciewith bj other laws is not m- 
teifcicnce only, but violation. It cannot but be felt that this 
circumstance would gi\c to the laws in question a chaiactcr of 
distinction and of pi cdominance They would but the moie 
evidently seem to indicate a final pui pose which is not always 
fulfilled, to possess an authonty nihcient and just, but not 
always commanding obedience. 

Now a little consuleiation will show that tlieic is nothing 
analogous to this in the goi eminent of the woild by natuial law. 
The lealm of moigamc Natiuc admits ncithci of piefeiencc nor 
of distinctions. We cannot sepaiatc any poition of hci laws 
from the lest, and pi onounce them alone woitliy of obedience, — 
alone cliaiged w'lth the fulfilment of hei highest pui pose On 
the contiuiy, all her laws seem to stand co-oiduute, and the 
larger our acquaintance with them, the 11101c necessai y does their 
united action seem to the haimony and, so far as wc can com- 
prehend it, to the geneial design of the system How often the 
most signal dcpartuics fioin appaient older in the inoi game 
world, such as the pcituibations of the planctaiv system, the in- 
terruption of the piocess of ciystallization by the mtiusion of a 
foreign foice, and otheis of alike nature, either merge into the 
conception of some more exalted scheme of oidei, 01 lose to a 
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more attentive and instructed gaze theii abnormal aspect, it is 
needless to remaik. One explanation only of these facts can be 
given, viz., that the distinction between t> ue and false, between 
cor rec t and incorrect, exists in the pi ocesscs of the intellect, but 
not in the region of a physical necessity. As we advance from 
the Ion cr stages of organic being to the higher grade of conscious 
intelligence, this contiast gradually dawns upon us. Wlierev er 
the phenomena of life are manifested, the dominion of 1 lgid law 
in some degree yields to that mysterious punciple of activity. 
Thus, although the stiucture of the animal tribes is confbi niable 
to certain general types, yet aie those types sometimes, peihaps, 
in relation to the highest standauls of beauty and propoition, 
always, impeifcctly lealized. The two alternatives, between 
which Ait in the picscnt day fluctuates, are the exact imitation 
of individual foi ms, and the endeavour, by abstraction fiom all 
such, to amve at the conception of an ideal grace and expression, 
never, it may be, peifcctly manifested in foimsof caithly mould. 
Again, those teleological adaptations by which, without the 01- 
g.uiic type being sacuflccd, species become fitted to new con- 
ditions 01 abodes, aie but slowly accomplished, — accomplished, 
howevci, not, apparently, by the fateful power of external cir- 
cumstances, but by the calling foith of an energy from within. 
Life in all its foims may thus be contrasted with the passive fixity 
of inoiganic nature But inasmuch as the perfection of the types 
in which it is corpoieally manifested is in some measure of an 
ideal cliaiacter, inasmuch as we cannot precisely define the 
highest suggested excellency of fbim and of adaptation, the con- 
tiast is less maiked lieie than that winch exists between the in- 
tellectual pi ocesscs and those of the purely material world. For 
the definite and technical cliaractei of the mathematical laws by 
which both arc gov eined, places in sti onger light the fundamental 
diffeience between the kind of authority which, in their capacity 
of government, they respectively exeicise. 

7. Theie is yet another instance connected with the general 
objects of this chapter, in which the collation of truths or facts, 
drawn from different sources, suggests an instructive tiain of re- 
flection. It consists in the comparison of the laws of thought, in 
their scientific expression, with the actual forms which physical 
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speculation in early ages, and metaphysical speculation in all 
ages, have tended to assume. There are two illustrations of this 
reniaik, to which, in paiticular, I wisli to diiect attention here. 

1st. It has been shown (III. 13) that there is a scientific 
connexion between the conceptions of unity in Number, and the 
univeise in Logic. They occupy in theii respective systems the 
same lelative place, and are subject to the same formal laws. 
Now to the Gieek mind, in that eaily stage of activity, — a stage 
not less marked, pcihaps not less necessary, in the progression of 
the human intellect, than the era of Bacon or of Newton, — when 
the gieat pioblems of Nature began to unfold themselves, while 
the means of observation were as yet wanting, and its necessity 
not understood, the terms “ Uiuvci se” and “The One” seem to 
have been leganlcd as almost identical. To assign the nature of 
that unity of which all existence was thought to be a manifesta- 
tion, was the fiist aim of philosoph) .* Thales sought for this 
fundamental unity in water. Anaximenes and Diogenes con- 
ceiv ed it to be air. Hippasus of Mctapontum, and Heraclitus 
the Ephesian, pronounced that it was hie Less definite or 
less confident in bis views, Paimenidcs simply declaied that all 
existing things weic One; Mclissus that the Universe was infi- 
nite, unsusceptible of change or motion, One, like to itself, and 
that motion was not, but seemed to be.t In a spint which, to the 
leflectivc mind of Aiistotlc, appealed sober when contrasted 
with the rashness of pievious speculation, Anaxagoras of Clazo- 
mense, following, peihaps, the stops of his fellow-citizen, Ilcrmo- 
timus, sought in Intelligence the cause of the woild and of its 
ordei 1 The pantheistic tendency which penaded many of these 
speculations is manifest m the language of Xenophanes, the 
founder of the Eleatic school, who, “ surveying the expanse of 


* See various passages in Aristotle’s Metaphysics, Booh i 
■f 'Edoicci tie avrtp ro ir civ amipov elvat, Kai avaWoitiirov , Kai Akiv^tov , leal 
iv, ofioiov iavT<p tcai irXijpEC Kivtjfftv T£ pr\ tlvai boicelv bk tlvat — Dioy Laerl IX. 
cap. 4 

J Nouv Stj Tig tiirojv kvtivat, KaQamp tv role Ztpotg, Kai tv rp 0u<rei, rdv 
alriov row Kotrpov Kai rrjg rd^eiog rrdtr?/g olov vrjifHsiv ktpdvTj Trap ' tiKy \kyovrag 
robg irportpov *t>avapioQ pkv ovv 'A va^ayopav lafuv aij/apevov tovtwv t Civ A o- 
y (dv, airtav S' ext* irp&rtpov 'Epponpog 6 KA aZopkvtog eItteXv. — A nst Met I 3 
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heaven, declared that the One was God.”* Perhaps there are few, 
if any, of the forms in which unity can be conceived, in the ab- 
stract as numerical or rational, in the conciete as a passive sub- 
stance, 01 a central and living principle, of which i\c do not 
meet with applications in these ancient doctrines. The wiitings 
of Aristotle, to which I have chiefly lefened, abound with allu- 
sions of this nature, though of the larger number of those who 
once addicted themselves to such speculations, it is piobable that 
the very names have perished. Stiange, but suggestive tiutli, 
that while Nature in all but the aspect of the hcav ens must hav e 
appeared as little else than a scene of unexplained disoider, while 
the popular belief was distracted amid the multiplicity of it- gods, 
— the conception of a primal unity, if only in a rude, mateiial form, 
should have stiuck deepest root, suivmng in many a thought- 
ful bieast the chills of a lifelong disappointment, and an endless 
search If 

2ndly. In equally intimate alliance with that law of thought 
which is cxpiesscd by an equation of the second degiec, and 
which has been teimcd in this tieatise the law of duality, stands 
the tendency of ancient thought to those foims of philosophical 
speculation winch aie known undci the name of dualism. The 
theory of Empedocles, | which explained the appaient contradic- 
tions ofnatuic by refening them to the two opposing punciples 


* Atvofavt/g 11 tic t6v o\op ovpuvov dirofiXiif/ai,, to tv tTvai tov 
Q tdv — lb 

f The following lines, preserved by Sextus Empiricus, and ascribed to Timon 
the Sillograph, aru not devoid ol pathos — 

b)£ icni Bytov o <fit\ov ttvkli'ov voqv avTtfioXijffai 
dfiipoTfp6fiXt7rToe (oo\ty £' betp t^tTrariiQrjv, 
irptfffivytvije tr tuii') A.ai dva/.i<prjpi<rrag dndorjg 
<7kt7rTO»Tvi*ij{, Sjttti j y dp ipov voov eipv<raip,t l 
tig tv t 1 avrb tb irdv avtXuero 

I quote them from Ritter, and venture to give the following version 

Bo mine, to partial views no more confin'd 
Or sceptic doubts, the truth-illumm’d mind 1 
For, long deceiv’d, yet still on Truth intent, 

Life’s waning years in wand’nngs wild are spent 
Still restless thought the same high quest essays, 

And still the One, the All, eludes my gaze 

J Anst Met x 4 6 
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of “strife” and “fiiendship and the theory of Leucippus,* 
which resolved all existence into the two elements of a plenum 
and a vacuum, aie of this nature The famous comparison of the 
univeise to alyre or a bow,t its “lecunent hannony” being the 
product of opposite states of tension, betiavs the same origin. 
In the system of Pytlingoias. which seems to ha\e been a combi- 
nation of dualism with othei elements denied fiom the study of 
numbers, andoftheii i elation*, ten fundamental antitheses are 
recognised: finite and infinite, eien and odd, unity and multitude, 
right and left, male and female, rest and motion, straight and 
cuneil, light and daikness, good and enl, the squaic and the 
oblong. In that of Alcnneon the same fundamental dualism is 
accepted, but without the definite and liunieiical limitation ivith 
which it is connected m the Pjthagoiean system. The grand 
development of this idea is, lion ever, met with m that ancient 
Mamchtean doctrine, which not only foiined the basis of the re- 
ligious system of Peisia, but spiead widely thiough other legions 
of the East, and became memoiable in the histoiy of the Christian 
Chinch. The origin of dualism a* a speculative opinion, not 
yet connected with the pei Bonification of the Evil Principle, but 
naturally succeeding those doctrines which had assumed the 
pnmal unity of Nat uie, is thus stated by Anstotlc • — “ Since 
there manifestly existed in Natuie things opposite to the good, 
and not only oidei anil beauty, but al«o disoi dei and defonnity; 
and since the evil tiling* dul manifestly piopondoiate in number 
ovei the good, and the defoimed ovci the beautiful, some one 
else at length intioduccd stufc and fi ieii<l-liip a* the lespectivc 
causes of these divci«e pluenomenn ”+ And in Chocec, indeed, 
it seems to have been chiefly as a philosophical opinion, 01 as an 
adjunct to philosophical speculation, that the duali-tic theoiy ob- 
tained giound.§ The moial application of the doctunc most in 


• Arist Met I 4 9 

J 7ra\iVTpu~or appovcp iIkwc ~ fp riiEov Kai A vfltjC — Heraclitus, quoted in 
Orujems Pliilosophi menu, IX 9 Also Plutarch, De lade el Ocinile 

t ’En-tt ft uai rdvavrta roi^ ayafluic a uv-a iftarvero tv ry ipvati, Kai oil 
fiovov raZig Kai rii KaXvv aX\d Kai drallta sat to aiaxpov, Kai rrXtito rd sated 
tuv dyaQ'Ji v (cat ra tpavXa tuiv saXu/v, ourcut, uXXur rtf, tpiXtav tiarivtyKt Kai vt I- 
icot, tKurtpov iKarepuiv a’riov rnvruv — Ansi Metophi/sica, I 4 

{ Witness Aristotle’s well-known derivation of the element-, from the quail- 
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accordance with the Greek mind is preserved in the great Pla- 
tonic antithesis of “being and non-being,” — the connexion of the 
former with vv hatsoever 1= good and true, w ith the eternal ideas, 
and the archetypal world: of the latter with evil, with error, 
with the perishable phsenomena of the present scene The two 
forms of speculation which we have considered wei e here blended 
together; nor svas it during the youth and maturity of Greek 
philosophy alone that the tendencies of thought above described 
were manifested. Ages of imitation caught up and adopted as 
their own the same spuit. Especially wherever the genius of 
Plato exercised sway was this influence felt. The unity of all 
real being, its identity with truth and goodness considered 
as to their essence , the illusion, the profound unreality, of all 
merely phenomenal existence , such weie the views, — such the 
dispositions of thought, which it chiefly tended to fo-ter. Hence 
that strong tendency to mysticism which, when the days of le- 
nown, whether on the field of intellectual or on that of social en- 
terprise, had ended in Greece, became prev alent in her schools 
of philosophy, and reached their culminating point among the 
Alexandrian Platomst-.. The supposititious treatises of Dionysius 
the Areopagite served to convey the same influence, much modi- 
fied by its contact with Aristotelian doctrines, to the scholastic 
disputants of the middle ages. It can furnish no ju»t giound of 
controversy to say, that the tone of thought thus eneoiuaged was 
as little consistent with genuine devotion as with a sober phi- 
losophy That kindly influence of human affections, that homely 
intercourse with the common things of life, which form so large 
a part of the true, because intended, discipline of our nature, 
would be ill replaced by the contemplation even of the highest 
object of thought, viewed by an excessive abstraction as some- 
thing concerning which not a single intelligible proposition could 
either be affiimed or denied * I would but slightly allude to 
those connected speculations on the Divine Nature which asciibed 


ties “ warm," and “ dry," and their contraries It is characteristic that Plato 
connects their generation with mathematical principles — Tmaus, cap xi 

• Aiiriic xai vmp fleiriv lari sat afatpeoiv —Dion Areop De Divims No- 
mmbus, cap rr 
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to it the perfect union of opposite qualities,* * * § or to the remarkable 
treatises of Anselm, designed to establish a theory of the universe 
upon the analogies of thought and being The piimal unity is 
thei e 1 cpresented as having its abode in the one eternal Truth. 
The conformity of Natuie to her laws, the obedience of moral 
agents to the dictates of rectitude, are the same Truth seen in 
action; the world itself being but an expression of the self-reflect- 
ing thought of its Author J Still more marked was the revival 
of the older forms of speculation dining the sixteenth and seven- 
teenth centuries. The fi lends and associates of Lorenzo the 
Magnificent, the recluses known m England as the Cambridge 
Platonists, together with many meditative spiiits scattered 
through Europe, devoted tlicmseh es anew, eithci to the task of 
solving the ancient pioblem, De Uno, Vero, Bono, or to that of 
proving that all such inquiries aie futile and vain § The logical 
elements which underlie all these speculations, and fiom which 
they appear to bonow at least then form, it would be easy to 
tiace in the outlines of moie modem systems, — more especially 
in that association of the doctime of the absolute unity with the 
distinction of the ego and the non-ego as the type of Nature, 
which forms the basis of the philosophy of Hegel. The attempts 
of speculative minds to ascend to some high pinnacle of truth, 
from which they might survey the entiie framework and con- 

• See especially the lofty stiain of Hildebcit beginning ** Alpha et Q magne 
Dcus ” (Trench’s Sacred Latin Poetry ) The principle upon which all these 
speculations rest is thus stated in the treatise inferred to in the last note 
Ovd'tv ovv aT07rov , afivdpiov iiKoviov E7rt to ituvtiov cutiov avafiavrag, inrcp- 
Koapinig 6<p9a\polg Qeiopijocii iravra iv rip tt avriov airiip, k at ra aXXrjXoig ivav- 
ria povoetSoig xal *jvu>p.iv<oQ — De Divinis Noniiiubu* t cap v And the kind of 
knowledge which it is thus sought to attain is described as a “darkness beyond 
light,” virtptyiuroQ yvotyoQ ( De MyMca Tkeoloyia t cap i ) Milton has a simi- 
lar thought — 

“ Dark with excessive bright Thy skirts appear ” 

Par Lost , Book III 

Contrast with these the nobler simplicity of 1 John, i 5 

f Monologiuin, Prosologium, and De Vcritate 

J “ Idcn co cum ipse summus spintus dieit seipsum dieit omnia qum facta 
sunt ” — Monolog cap xxin 

§ See dissertations in Spinoza, Picus of Mirandula, H More, &c Modern 

discussions of this nature are chiefly in connexion with {esthetics, the ground of 
the application being contained m the lormula of \ugiistim? “ Omnis porro 
pulchntudmis forma, umtas est ” 
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nexion of things in the order of deductive thought , have differed 
less in the forms of theory which they have pioduced, than, 
through the natuic of the interpietations which have been as- 
signed to those foims * And herein lies the leal question as to 
the influence of philosophical systems upon the disposition and 
the life. For though it is of slight moment that men should 
agiee in tracing back all the forms and conditions of being to a 
primal unity, it is otkeiwise as concerns tlicii conceptions of 
what that unity is, and what are the kinds of relation, beside 
that of mere causality, which it sustains to themselves. Herein 
too may be felt the povverlessness of mcic Logic, the insufficiency 
of the profoundest knowledge of the laws of the undci standing, 
to lesolve those pi oblems which lie neaicr to our hcaits, as pro- 
gressive years stiip away fiom om life the illusions of its golden 
dawn 

8. If the extremely aibitiaiy chaiactcr of human opinion be 
considered, it will not be expected, noi i< it heie maintained, that 
the above aie the only forms in which speculative men have 
shaped then conjcctiual solutions of the pioblcm of existence. 
Undci paiticulai influences other fomis of doctune have ansen, 
not unfiequently, hovvcvei, masking those poitiayed abovc.t 

* For instance, the learned mysticism of Gioberti, widcl) as it differs in its 
spirit and its conclusions from the pantheism of Ilegil (both being, perhaps, 
equally remote from truth), resembles it m applung both to thought and 
to hemg the principles of unity and duality It is asked — “Or non £ egli 
clnaro die ogm distorso si nduce in fine in fine alio idee di Dio, del mondo, e 
della creazionc, 1' ultima delle quail e ll lcgame (Idle due prime And this ques- 
tion being affirmatively answered in the formula, “ 1 Elite crea le esistenre,” it 
is said of that foimula, — “ Essa ablnaccia la rcalta universale nella dualita del 
necessano e del contingent©, ospi ime ll vmcolo di questi due ordini, e collocan- 
dolo nella cica/ion sostan/iale, nduce la dualita leale a un principio unico, all 
unita pnmordiale dell* Ente nonastratto, complcssivo, e genenco, ma concreto, 
indmduato, assoluto, e creatore M — Del Bdlo e d< l Buono, pp 30, 31 

f Evidence in support of this statement will be found in the remarkable 
tieatisc recent]} published under the title (the correctness of which seems doubt- 
ful) of Ontfcni’t l J hih*ophumena The early corruptions of Chnstianity of which 
it contains the iecord p though many of them, as is evident fiom their Ophite 
chaiactcr, dcuved from the very dicgs of paganism, manifest certain persistent 
forms ol philosophical speculation For Llic most part the} either bdong to the 
dualistic scheme, oi recognise three principles, primary or derived, between two 
of which the dualistic relation may be traced — Orig Phil „ pp 135, 139, 150, 
235, 253, 264 
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But the wide prevalence of the particular theories which we have 
considered, together with their manifest analogy with the ex- 
pressed laws of thought, may justly be conceived to indicate a 
connexion between the two systems. As all other mental acts 
and procedures are beset by their peculiar fallacies, so the opera- 
tion of that law of thought teimed in this work the law of duality 
may have its own peculiar tendency to error, exalting mere want 
of agreement into conti anety, and thus form a world which wc 
necessarily view as formed of parts supplemental to each other, 
framing the conception of a woild fundamentally divided by op- 
posing powers. Such, with somelaige but hasty inductions fiom 
phenomena, may have been the origin of dualism, — indepen- 
dently of the question whether dualism is in any form a true 
theory or not. Here, however, it is of moic importance to con- 
sider in detail the beaiing of these ancient forms of speculation, 
as revived in the present day, upon the progicss of leal know- 
ledge; and upon this point I desiic, in pursuance of what has 
been said in the pievious section, to add the following remarks : 

1st. All sound philosophy gives its vcidict against such spe- 
culations, if regarded as a means of determining the actual con- 
stitution of things. It may be that the piogress of natural 
knowledge tends towards the lecognitiou of some central Unity 
in Natuie. Of such unity as consists in the mutual relation of 
the parts of a system there can be little doubt, and able men 
have speculated, not without grounds, oil a more intimate corre- 
lation of physical foiccs than the nicie idea of a system would 
lead us to conjectuic. Further, it may be that in the bosom of 
that supposed unity arc involved some gcncial principles of di- 
vision and re-union, the soul ccs, under the Supi cmclV ill, of much 
of the related variety of Narine. The instances of sex and po- 
larity has e been adduced in support of such a view. As a sup- 
position, I will venture to add, that it is not v cry improbable 
that, in some such way as this, the constitution of tlimgs without 
may correspond to that of the mind within. But such corres- 
pondence, if it shall ever be prov ed to exist, will appear as the 
last induction fiom human knowledge, not as the first principle 
of scientific inquiry. The natuial oidei of discov ciy is fiom the 
particular to the univ crsal, and it may confidently be affirmed 
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that we have not yet advanced sufficiently far on this track to 
enable ns to determine w hat are the ultimate forms into wliich all 
the special differences of Nature shall meige, and from which 
they shall receive their explanation. 

2ndly. "Were this cone-pondence betw een the forms of thought 
and the actual constitution of Natuie proved to exist, whatso- 
ever connexion or relation it might he supposed to establish be- 
tween the two systems, it would in no degiee affect the question 
of their mutual independence. It would in no sense lead to the 
consequence that the one system is the mere product of the other. 
A too great addiction to metaphj «ical speculations seems, in 
some instances, to have produced a tendency towaid tins species 
of illusion. Thus, among the many attempts which have been 
made to explain the existence of evil, it has been sought to assign 
to the fact a merely relative chaiaetcr, — to found it upon a species 
of logical opposition to the equally relath e element of good. It 
suffices to say, that the assumption is piucly giatmtous What 
evil may be in the eyes of Infinite wisdom and puntv, w'c ean at 
the best but dimly conjecture; but to us, in all its foims, whe- 
thci of pain or defect, 01 moial tiansgicssion, 01 letubutory w r o, 
it can wcai but one aspect, — that of a sad and stem leality, 
against which, upon somewhat 11101c than the highest order of 
prudential consideiations, the whole piev entive foice of our 
nature may be excited. Now what has been said upon the 
paiticular question just consideicd, is equally applicable to many 
other of the debated points of philosophy , such, for instance, 
as the external icality of space and lime Wc have no war- 
rant for lcsohmg tlie-e into meic forms of the undei standing, 
though they unquestionably dcteiimnc thepiesent sphere of 
oui knowledge. And, to '•peak moie geneially, theie is no war- 
rant for the cxtiemely subjective tendency of much modem spe- 
culation. Whenei ei, in the view of the intellect, different 
hypothc-cs aie equally consistent with an observed fact, the 
instinctiie testimony of consciousness as to their relative value 
liiu-t be allowed to possess authority. 

3rdly. If the study of the laws of thought avails us neither 
to determine the actual constitution of things, nor to explain the 
facts involved in that constitution which have perplexed the wise 
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and saddened the thoughtful in all ages, — still less does it enable 
us to rise above the present conditions of our being, or lend its 
sanction to the docti ine which affirms the possibility of an in- 
tuitive knowledge of the infinite, and the unconditioned, — whe- 
ther such knowledge be sought for in the realm of Nature, or 
above that realm We can never be said to comprehend that 
which is repiesented to thought as the limit of an indefinite 
process of abstiaction. A progiession ad infinitum is impos- 
sible to finite powcis. But though we cannot comprehend the 
infinite, there may be eicu scientific giounds for believing that 
human nature is constituted in some relation to the infinite. We 
cannot perfectly express the laws of thought, or establish in the 
most general sense the methods of which they foim the basis, with- 
out at least the implication of elements which ordinary language 
expresses by the teims “ Umveise” and “ Eternity.” As in the 
piue abstractions of Geometry, so in the domain of Logic it is 
seen, that the empire of Ti nth is, in a certain sense, larger than 
that of Imagination. And as thcie aic many special departments 
of knowledge which can only be completely surveyed from an ex- 
ternal point, so the theory of tlic intellectual processes, as applied 
only to finite objects, seems to imolvc the recognition of a 
sphere of thought fiom which all limits are withdrawn. If then, 
on the one hand, we cannot discos ei in the laws of thought and 
their analogies a sufficient basis of proof for the conclusions of 
a too daring mysticism ; on the other hand we should cir in re- 
garding them as wholly unsuggestive. As paits of our intellec- 
tual nature, it seems not impiobablc that they should manifest 
their presence otlieiwise than by mciely preset ibing the condi- 
tions of foimal infciencc. Whatci ci grounds we have for con- 
necting them with the peculiar tendencies of physical speculation 
among the Ionian and Italic pliilosopheis, the same grounds 
exist for associating them with a disposition of thought at once 
more common and moic legitimate. To no casual influences, at 
least, ought we to attnbutc that mcditath e spiiit which then 
most delights to commune with the external magnificence of 
Nature, when most impiessed with the consciousness of sempi- 
ternal verities, — which leads in the nocturnal heavens a bright 
mauifestation of order ; or feels in some wild scene among the 



420 


CONSTITUTION OF THE INTELLECT. [CHAP. XXH. 

Mis, the intimations of more than that abstract eternity "which 
liad rolled away eic yet their dark foundations were laid.* 

9. .Refraining from the fin flier prosecution of a train of thought 
which to some may appear to be of too speculative a character, 
let us briefly rev lew the positive results to which we have been led. 
It has appealed that there exist in our nature faculties which 
enable us to ascend fi om the particular facts of experience to the 
general piopositions which form the basis of Science ; as well as 
faculties whose office it is to deduce from general propositions 
accepted as true the paiticular conclusions which they involve 
It has been seen, that those faculties aie subject in their opera- 
tions to laws capable of precise scientific expression, but invested 
with an authority which, as contrasted with the authority of the 
laws of nature, is distinct, sui geneus, and underived. Further, 
there has appeared to be a manifest fitness between the intel- 
lectual procedure thus made known to us, and the conditions of 
that system of things by which we are surrounded,— such condi- 
tions, I mean, as the existence of species connected by general 
resemblances, of facts associated under general law3 ; together 
with that union of permanency with ordei, which while it gives 
stability to acquired knowledge, lays a foundation for the hope 
of indefinite piogiession. Human nature, quite independently 
of its observed or manifested tendencies, is seen to be constituted 
in a certain 1 elation to Tiuth ; and this relation, considered as a 
subject of speculative knowledge, is as capable of being studied 
in its details, is, moicovci, as vvoithy of being so studied, as are 
the sev eral depai tments of physical science, considered in the same 
aspect I would especially <1 licet attention to that view of the 
constitution of the intellect which represents it as subject to laws 
determinate in then cliaiactei, but not opeiating by the power of 
necessity, which exhibits it as lcdcemed from the dominion of 
fate, without being abandoned to the lawlessness of chance Wc 
cannot embxace this view without accepting at least as probable 
the intimations which, upon the principle of analogy, it seems to 
furnish respecting another and a higher aspect of our nature, — its 
subjection in the spheic of duty as well as in that of knowledge to 


* Psalm xc. 2. 
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fixed laws whose authority docs not consist in power, — its con- 
stitution with reference to an ideal standard and a final purpose. 
It has been thought, indeed, that scientific pui suits foster a dis- 
position eithei to oveilook the specific diffeiences between the 
moral and the mate) ial woild, or to legard the foimer as in no pro- 
per sense a subject for exact knowledge. Doubtless all exclusive 
pursuits tend to produce partial views, and it may be, that a mind 
long and deeply immersed in the contemplation of scenes over 
which the dominion of a physical necessity is unquestioned and su- 
preme, may admit with difficulty the possibility of another order of 
things. But it is because of the exclusiueness of this devotion to a 
particular sphere of knowledge, that the prejudice in question 
takes possession, if at all, of the mind. The application of 
scientific methods to the study of the intellectual phenomena, 
conducted in an impartial spirit of inquiry, and without over- 
looking those elements of error and disturbance which must be 
accepted as fact’s, though they cannot be regarded as laws, in 
the constitution of our nature, seems to furnish the materials of 
a juster analogy. 

10 If it be asked to what practical end such inquiries as the 
above point, it may be replied, that there exist various objects, 
in relation to which the courses of men’s actions are mainly de- 
tei mined by their speculative views of human nature Educa- 
tion, consideied in its laigest sense, is one of those objects. The 
ultimate gi ound of all inquiry into its nature and its methods 
must be laid m some previous tlicoiy of what man is, what are 
the ends Ibi which his scveial faculties weic designed, what 
are the motives which have powei to influence them to sustained 
action, and to elicit their most pci feet and most stable results. 
It may be doubted, vvlicthci these questions have ever beeD 
consideied fully, and at the same time impartially, in the rela- 
tions here suggested. The highest cultivation of taste by the 
study of the pure models of antiquity, the largest acquaintance 
with the facts and theories of modem physical science, viewed 
from this larger aspect of oui natuie, can only appear as parts of 
a perfect intellectual discipline. Looking from the same point 
of view upon the means to be employed, we might be led to in- 
quire, whether that all but exclusive appeal which is made in 
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the present day to the spirit of emulation or cupidity, does not 
tend to weaken the influence of those more enduring motives 
•which seem to have been implanted in our nature for the imme- 
diate end in view Upon these, and upon many other questions, 
the just limits of authonty, the reconciliation of fieedom of 
thought with discipline of feelings, habits, manners, and upon 
the whole moral aspect of the question, — what unfixedness of 
opinion, what diversity of practice, do we meet with* Yet, in 
the sober view of leason, there i^> no object within the compass 
of human endeavouis which 13 of 111010 weight and moment than 
this, considered, as I have said, m its largest meaning Now, 
whatsoever tends to make more exact and definite our v iew of 
human natuic, in any of its real aspects, tends, in the same pro- 
portion, to reduce these questions into nanower compass, and 
restrict the limits of their possible solution Thus may even 
speculative inquiries pio\ e fiuitful of the most important prin- 
ciples of action. 

11 . Peiliaps the most obviously legitimate bearing of such 
speculations would he upon the question of the place of Mathe- 
matics in the system of human knowledge, and the nature 
and office of mathematical studies, as a means of intellectual 
discipline No one who has attended to the couisc of lecent 
discussions can think this question an unimportant one. Those 
who have maintained that the position of Mathematics is in 
both respects a fundamental one, have diawn one of then strongest 
arguments from the actual constitution of things. The mate- 
rial fiame is subject in all its parts to the i clarions of number. 
All dynamical, chemical, electrical, tlicimal, actions, seem not 
only to be measuiable in themselves, but to be connected with 
each other, even to the extent of mutual convertibility, by nu- 
merical relations of a perfectly definite kind But the opinion 
in question seems to me to rest upon a deeper basis than this. 
The laws of thought, 111 all its processes of conception and of 
icasoning, in all those opciations of which language is the ex- 
pression 01 the instrument, are of the same kind as are the laws 
of the acknowledged processes of Mathematics It is not con- 
tended that it is necessary for us to acquaint ourselv es w ith those 
laws in order to think coherently, or, in the ordinary sense of 
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the terms, to reason well. Men draw inferences without any 
consciousness of those elements upon which the entire proceduie 
depends. Still less is it desired to exalt the reasoning faculty 
over the faculties of observation, of reflection, and of judgment. 
But upon the very ground that human thought, traced to its 
ultimate elements, reveals itself in mathematical forms, we have 
a presumption that the mathematical sciences occupy, by the 
constitution of our nature, a fundamental place in human know- 
ledge, and that no system of mental culture can be complete or 
fundamental, which altogether neglects them. 

But the very same class of consideiations shows with equal 
force the error of those who regard the study of Mathematics, 
and of their applications, as a sufficient basis either of knowledge 
or of discipline. If the constitution of the mateiial frame is ma- 
thematical, it is not merely so. If the mind, in its capacity of 
formal reasoning, obeys, whether consciously or unconsciously, 
mathematical laws, it claims through its other capacities of sen- 
timent and action, through its perceptions of beauty and of 
moral fitness, thiough its deep spiings of emotion and affection, 
to hold relation to a diffeicnt older of things. There is, more- 
over, a breadth of intellectual vision, a powei of sympathy with 
truth in all its forms and manifestations, which is not measured 
by the force and subtlety of the dialectic faculty. Even the 
revelation of the mateiial universe in its boundless magnitude, 
and pervading older, and constancy of law, is not necessaiily the 
most fully appiehended by him who has tiaced with minutest 
accuracy the steps of the great demonstration. And if we em- 
brace in oui survey the interests and duties of life, how little do 
any processes of meie latiocination enable us to compiehend the 
weightier questions which they present ! As truly, thciefoic, as 
the cultivation of the mathematical or deductive faculty is a pai t 
of intellectual discipline, so truly is it only a part. The pre- 
judice which would either banish or make supreme any one 
department of knowledge or faculty of mind, bctiays not only 
error of judgment, but a defect ofthat intellectual modesty 
which is insepaiable fiom a pine devotion to truth. It assumes 
the office of criticising a constitution of things which no human 
appointment has established, or can annul. It sets aside the 
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ancient and just conception of truth as one though manifold. 
Much of this error, as actually existent among us, seems due 
to the special and isolated character of scientific teaching — 
which character it, in its turn, tends to foster. The study of 
philosophy, notwithstanding a few marked instances of exception, 
has failed to keep pace with the advance of the several depart- 
ments of knowledge, whose mutual relations it is its province to 
determine. It is impossible, however, not to contemplate the 
particular evil in question as pai t of a larger system, and connect 
it with the too prevalent view of knowledge as a merely secular 
thing, and with the undue predominance, aheady adverted to, of 
those motives, legitimate within their proper limits, which are 
founded upon a regard to its secular advantages. In the extreme 
case it is not difficult to see that the continued operation of 
such motives, uncontrolled by any higher principles of action, 
uncorrectcd by the personal influence of supciior minds, must 
tend to lower the standard of thought in reference to the objects 
of knowledge, and to render void and ineffectual whatsoever ele- 
ments of a noble faith may still survive And ever in proportion 
as these conditions are icalized must the same effects follow. 
Hence, peihaps, it is that we sometimes find jus ter conceptions 
of the unity, the vital connexion, and the subordination to a 
moral purpose, of the different parts of Truth, among those who 
acknowledge nothing higher than the changing aspect of col- 
lective humanity, than among those who profess an intellectual 
allegiance to the Father of Lights. But these aie questions 
which cannot further be pursued here To some they will ap- 
pear foreign to the professed design of this work But the 
consideration of them has arisen naturally, either out of the 
speculations which that design involved, or in the course of 
reading and reflection which seemed necessary to its accomplish- 
ment. 


THE END. 




